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I.5 Poincaré duality quotients of F V . . . . . . . . . . . . . . . . . . . . . . 21
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Introduction

O SET THE STAGE let F be a field (in much of what follows F will beT finite, e.g., F2, the field with 2 elements) and n N a positive integer.
Denote by V = Fn the n-dimensional vector space over F, and by F V the
graded algebra of homogeneous polynomial functions on V . To be specific,
F V is the symmetric algebra S V ∗ on the vector space V ∗ dual to V .
Since graded commutation rules play no role here we will grade this as an
algebraist would, i.e., putting the linear forms in degree 1 no matter what
the characteristic of the ground field F. The homogeneous component of
F V of degree d will be denoted by F V d . If we need a notation for a
basis of V ∗ we will use z1 , . . . , zn; the corresponding basis for V will be
denoted by u1 , . . . , un . For up to three variables we will most often write
x , y , z, respectively u , v , w for the variables and their duals. Recall that
a graded vector space, algebra, or module is said to have finite type if the
homogeneous components are all finite dimensional vector spaces.

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION: Let H be a commutative graded connected algebra of finite
type over the field F. We say that H is a Poincaré duality algebra of formal
dimension d if

(i) Hi = 0 for i > d,
(ii) dimF Hd = 1,
(iii) the pairing Hi ⊗ Hd−i Hd given by multiplication is nonsingu-

lar, i.e., an element a Hi is zero if and only if a · b = 0 Hd for
all b Hd−i .

If H is a Poincaré duality algebra we write f dim H for the formal dimen-
sion of H. If the formal dimension is d and H in Hd is nonzero, then
H is referred to as a fundamental class for H. Fundamental classes are
determined only up to multiplication by a nonzero element of F.

1



2 INTRODUCTION

The notion of Poincaré duality comes from the study of closed manifolds
in algebraic topology, and goes back at least to H. Poincaré; see e.g. [77]
Section 69. Apart from the graded commutation rules the cohomology of a
closed oriented manifold with field coefficients is the prototypical example
of a Poincaré duality algebra. However, Poincaré duality algebras also ap-
pear quite naturally in invariant theory as rings of coinvariants of groups
whose rings of invariants are polynomial algebras. Indeed, the less than
complete understanding of the role of Poincaré duality algebras in invari-
ant theory is part of the motivation for this study. We explain this next.

In characteristic zero, ormore generally in the nonmodular case, i.e., where
the order G of G is invertible in the ground field, it is well known (see
e.g. [80] or [87] Section 7.4) that pseudoreflection groups (better said,
pseudoreflection representations) are characterized by the fact that their
invariant rings are polynomial algebras. This is known to fail in the modu-
lar case: the ring of invariants of a reflection group need not be a polyno-
mial algebra (see e.g. [100] or [87] Section 7.4 Example 4).

If : G GL n, F is a representation of a finite group G over the field
F for which the ring of invariants F V G is a polynomial algebra then the
ring of coinvariants F V G is a Poincaré duality quotient of F V ([87] The-
orem 6.5.1). Such a ring of coinvariants is therefore a very special type
of Poincaré duality algebra, viz., a complete intersection. A theorem of
R. Steinberg [98] (as formulated by R. Kane [40], [41] Chapter VII) says:
if : G GL n, F is a representation of a finite group over a field F of
characteristic zero, then the ring of coinvariants F V G is a Poincaré duality
algebra if and only if G is a pseudoreflection group. Although Steinberg’s
proof, as well as Kane’s, makes central use of the fact that the characteristic
of F is zero and not just relatively prime to the order of the group, as would
seem more natural, T.-C. Lin [47] has recently removed the need for this
extra assumption and shown the result holds in the nonmodular case.

It is not known what the best extension of Steinberg’s theorem to fields of
nonzero characteristic might look like. Several variations of its hypothe-
ses and conclusion are possible. There is an ad hoc, characteristic free,
proof of the result as originally stated if one restricts to the case of two
variables [92]. Examples in the modular case show that in more variables
the original statement can be false. For example, consider the tautological
representation of the alternating group An over a field of characteristic p
less than or equal to n. Then F z1 , . . . , zn An is a Poincaré duality algebra,
but the ring of invariants is not a polynomial algebra (see [25], Section 11,
[83] Section 5, and [93] Section 2). It is also not clear that in the modu-
lar case a ring of coinvariants which is a Poincaré duality algebra must be



INTRODUCTION 3

a complete intersection, though this is again correct for n = 2 by [102].
Other places where Poincaré duality algebras appear in connection with
invariant theory may be found in [19] and [41].

An important feature of an algebra over a field of characteristic p=0 is the
operation of raising an element to the p-th power. This is loosely referred
to as the Frobenius map. The Steenrod operations and the Steenrod al-
gebra represent one way to organize information hidden in the Frobenius
homomorphism provided the ground field is finite. Let Fq be the Galois
field with q = p elements, V = Fn

q , and define
1

PPPPP : Fq V Fq V

by the rules
(i) PPPPP is F-linear,
(ii) PPPPP v = v + vq for v V ∗,
(iii) PPPPP u · w = PPPPP u · PPPPP w for u, w Fq V ,
(iv) PPPPP 1 = 1.

PPPPP is a ring homomorphism of degree 0 if we agree has degree 1 − q .
By separating out homogeneous components we obtain Fq-linear maps

P
i : Fq V Fq V

by the requirement

PPPPP f =
i=0

P
i f i .

The maps P i may be assembled into an algebra called the Steenrod algebra
P∗ of the Galois field Fq (see e.g. [87] Chapters 10 and 11). The strength
of these operations lies in the fact that they commute with the action of
GL V on Fq V and satisfy the unstability conditions

P
i f =

f q i = deg f
0 i > deg f

for all f Fq V . The first unstability condition is a nontriviality condition,
the second a triviality condition, and together they impose a very rigid re-
striction on Fq V G as well as on which Poincaré duality quotients of Fq V
can arise as Fq V G for some representation : G GL n, Fq . For exam-
ple, using ideas from algebraic topology one can define invariants of such
quotients called Wu classes. In Appendix B of [60] it is shown that the
Wu classes (see Section IV.2) of a ring of coinvariants which is a Poincaré
duality algebra are always trivial. Not all Poincaré duality quotients with
an unstable action of the Steenrod operations have this property.

1 If A is a ring then A denotes the ring of formal power series over A in the variable .



4 INTRODUCTION

Steinberg’s paper [98] contains a number of other results on rings of coin-
variants that are Poincaré duality algebras, such as how to construct a fun-
damental class. Again, as they stand, the proofs work only in characteristic
zero. Some of these results have been extended to nonzero characteristic
[91], but by no means all. This unsatisfactory state of affairs suggested
that a systematic study of Poincaré duality quotients of Fq V admitting
Steenrod operations satisfying the unstability conditions might be fruitful.
We begin such a study here.

The first step in our program led us to Macaulay’s theory of irreducible
ideals in polynomial algebras. Due to the enormous changes in terminol-
ogy since [49] was written, this theory is not as accessible as it might be.
We present a treatment in current parlance and extend it to encompass
the extra structure of a Steenrod algebra action when the ground field is
finite. In doing so we uncover a very unexpected connection betweenP∗-
Poincaré duality quotients of Fq V and the so calledHit Problems,2 e.g., the
determination of theP∗-indecomposable elements in Fq V . This relation-
ship is particularly appealing if formulated along the lines of M. C. Crabb
and J. R. Hubbuck [16]. Applications to this problem based on what we
have learned about P∗-Poincaré duality algebras appear at various places
in Parts III and VI, and in detail in Part V, where we work out a number of
special cases.

There are many other motivations for studying Poincaré duality quotients
of F V . Let us just mention one more: it has its origins in algebraic topol-
ogy and connects up with certain problems in invariant theory which we
have not discussed here (see [44]). We paraphrase from the introduction
to [1]. “Recently, in studying the coinvariants of reflection groups, I had
occasion to consider the formulae of Thom and Wu [111] . . . although these
formulae are simple and attractive, I did not feel that they gave me that com-
plete understanding that I sought.” In [1] J. F. Adams proves these formulae
by constructing a universal example that is no longer a Poincaré duality al-
gebra3 but is an inverse limit of rings of coinvariants (see e.g. [10] or [44])
and verifying certain other formulae in this new object. We would like to
understand why the formulae of Thom and Wu are also consequences of

2We use the expression Hit Problem(s) as in [108] Section 7: quite generally, if M is a graded
module over the positively graded algebra A over the field F, we say that u M is hit if
there are elements u1 , . . . , uk M and a1 , . . . , ak A with deg a1 , . . . , deg ak > 0
with u= a1u1 + · · ·+ ak uk. The elements of M that are hit form the A-submodule A · M , and
the quotient M/A · M the module of A-indecomposable elements F ⊗A M . Hit Problem(s)
refer to the characterization of elements of M that are hit or not, e.g., in the case of the
Steenrod algebraP∗ acting on Fq z1 , . . . , zn finding conditions on a monomial that assure
it is P∗-indecomposable.
3 In fact it isn’t even Noetherian.
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their validity in the Poincaré duality quotients of Fq V admitting an unsta-
ble Steenrod algebra action. The action of the Steenrod algebra in these
cases is completely formal, it being a consequence of unstability and the
Cartan formula. Why should these determine the formulae for arbitrary
P∗-unstable Poincaré duality algebras?

4
HE MANUSCRIPT divides naturally into several parts. The material inT Part I is largely expository. There we explain the connection between

Poincaré duality algebras, Gorenstein algebras, and irreducible ideals. Sev-
eral different characterizations of irreducible ideals are given and a vari-
ety of methods to construct them are presented. We specialize and refine
these results and constructions to the main case of interest for us, namely
the Poincaré duality quotient algebras of F V . A method is developed for
counting the number of isomorphism classes of such quotients over a Galois
field. It is based on invariant theory and is applied to count the number of
such quotients of F2 x, y .

Part II reformulates a number of results from [49] in modern language. In
Section II.2 we present Macaulay’s concept of inverse systems (which are
called dual systems here) in the language of Hopf algebras and derive a
number of results that will be useful in later sections. This is then illustrated
with examples and connected with the classical form problem of ninteenth
century invariant theory. A fundamental tool for making computations, the
K L paradigm, appears in Section II.5. Section II.6 contains a result first
proved in the ungraded case by R. Y. Sharp. Namely, a Frobenius power
of an irreducible ideal in a regular local ring is again irreducible. Careful
study of his proof has allowed us to give a proof adapted to the graded case.
We use this to construct new Poincaré duality quotients from existing ones.
As a bonus, the proof in the graded case yields formulae for a fundamental
class and a generator for the dual principal system of the new Poincaré
duality quotient.

In Part III we restrict the ground field to a Galois field. Here the Frobenius
homomorphism provides us with an additional structure which we or-
ganize4 into the Steenrod algebra P∗ of Fq whose elements are called
Steenrod operations. Section III.1 introduces the Steenrod algebra P∗

and in Section III.2 we rework Macaulay’s Double Annihilator Theorem

4This is by no means the only way to extract information from the Frobenius homomorphism:
see [73] and [71] for a different approach altogether.



6 INTRODUCTION

(see Section II.2) in this enhanced context. Wu classes are invariants of
the action of the Steenrod algebra on a Poincaré duality algebra; they are
introduced in Section III.3. In the case of a Poincaré duality quotient of
Fq V their vanishing is related by means of Macaulay’s P∗-Double Anni-
hilator Theorem to the problem of computing the invariants V P∗

of the
Steenrod algebra acting5 on the dual divided power algebra V . These
results culminate in a surprising connection with a Hit Problem, namely of
finding a minimal set of generators of Fq V as a P∗-module.

In Part IV we investigate the structure of algebras of coinvariants that are
Poincaré duality quotients of Fq z1 , . . . , zn . A ring of coinvariants over
a finite field is an unstable algebra over the Steenrod algebra. If a ring of
invariants is a polynomial algebra then the corresponding ring of coinvari-
ants is a Poincaré duality algebra, so potentially has nonzero Wu classes.
The Dickson and symmetric coinvariants are such algebras and they are
examined in detail. We determine fundamental classes, Macaulay duals,
and by explicit computations show that the Wu classes are trivial. The re-
lation of these algebras to the Hit Problem is explained here, with detailed
computations carried out in Part V. In [60] S. A. Mitchell showed that a
complete intersection algebra with unstable Steenrod algebra action that
is a quotient of Fq V has trivial Wu classes. We present a variant of his
proof in Section IV.2 that exploits our computations with the Dickson coin-
variants and the Adams and Wilkerson/Neusel Imbedding Theorem, [66]
Theorem 7.4.4.

Part V contains some detailed applications to the Hit Problem for F2 V .
We have confined ourselves to the choice of F2 as ground field to keep the
gymnastics with binomial coefficients mod p within reasonable bounds.
Section V.1 examines ideals generated by powers of the Dickson polyno-
mials d2,0, d2,1 F2 x, y where we determine which of these ideals are
A ∗-invariant, and precisely which amongst those have a Poincaré duality
quotient with trivial Wu classes. In Section V.2 we show that representa-
tives for the fundamental classes of the latter, together with the so-called
spikes (see [82]), provide a vector space basis for the A ∗-indecomposable
elements of F2 x, y . Some topological questions arising from these re-
sults are considered in [56]. Section V.3 extends this line of investigation
to three variables. Our work with ideals generated by powers of Dickson
polynomials culminates in a complete list of such ideals in an arbitrary
number of variables that are A ∗-invariant and determines which of these

5 If one introduces the total Steenrod operator PPPPP = 1 + P
1 + · · · + P

k + · · ·, then PPPPP in-
duces an ungraded action of the integers Z on V and V P∗

is the subalgebra of elements
invariant under this action.
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have trivial Wu classes. We close this part by commencing a study of the
ideals generated by powers of Stiefel–Whitney classes; these results are
not as complete as for the case of powers of Dickson polynomials. Section
V.5 examines ideals generated by powers of the Stiefel–Whitney classes
w2, w3, w4 F2 x, y, z , which provide some interesting examples of A ∗-
indecomposable monomials.

Part VI grew out of a simple observation concerning the relation of the Hit
Problems for Fq z1 , . . . , zn and D n . We decided to develop a more gen-
eral context in which to present this observation. The results in Part VI
center around a discussion of the classical lying over relation, not for prime
ideals, but for irreducible and regular ideals. We first introduce Macaulay’s
inverse systems in their original form using inverse polynomials. This we
use to explain the catalecticant matrices which provide a tool to make com-
putations. We illustrate this in a pair of examples in Section VI.2. We use
the inverse system formulation of Macaulay’s theory, together with our re-
sults on lying over for irreducible and regular ideals to prove a variety of
change of rings results (see Sections VI.5 and VI.7). This allows us to bet-
ter study the relation between two Poincaré duality quotients F V I and
F V J under the hypothesis that I J. We obtain a number of results
relating fundamental classes and generators for the inverse principal sys-
tems. In the special case that F = Fq and the ideals are closed under the
action of the Steenrod algebra we enhance these results to include Steenrod
operations, and apply them to the Hit Problems for the Dickson and other
algebras.

For unexplained terminology or notation please see the index of notation,
[68], or [87].





Part I
Poincaré duality quotients

N THIS part we collect a certain amount of background material. There isI basically not much new here, but these results are scattered throughout
the literature, and where they do appear, they rarely do so in the form we
need. We emphasize at the outset that, unless explicitly mentioned to the
contrary, all algebras considered here are commutative, graded, connected
algebras of finite type over a field. The component of degree k of a graded
object X is denoted by Xk . We start by reviewing some definitions and then
develop the relation between Gorenstein algebras, Poincaré duality alge-
bras, and irreducible ideals. The study of irreducible ideals seems to have
fallen out of favor with time so it is difficult to locate adequate references
for some results. We therefore include a fair number of elementary proofs.

Once the basic objects of study have been introduced and their elementary
properties developed we use them to present several different ways to con-
struct Poincaré duality algebras that are quotients of a polynomial algebra.
In the final section of this part we examine the problem of counting such
Poincaré duality quotients up to isomorphism in the case of a finite ground
field. This leads to an interesting invariant theoretic problem.

I.1 Poincaré duality, Gorenstein algebras, and irreducible
ideals

If A is a commutative graded connected algebra over a field F we denote
by A the augmentation ideal of A: this is the ideal of all homogeneous
elements of strictly positive degree. This notation becomes a bit cumber-
some for F x, y, z , viz., F x, y, z , so if the algebra A is clear from the
context we introduce the alternative notation m for its augmentation ideal.

9



10 POINCARÉ DUALITY QUOTIENTS [PART I

Note that this is the unique graded maximal ideal in A. If H is a commu-
tative graded connected algebra over a field F and H H is an element
of degree d, then it is easy to see that H is a Poincaré duality algebra of
formal dimension d with fundamental class H if and only if Hi = 0 for
i > d, AnnH H = H, and AnnH H = F · H .

The study of Poincaré duality algebras is permeated with double duality
results of one form or another. Here is one of the most basic of these (see
e.g. [18] page 416 or [63]).

LEMMA I.1.1LEMMA I.1.1LEMMA I.1.1LEMMA I.1.1LEMMA I.1.1: Let H be a Poincaré duality algebra over the field F and
I H an ideal. Then AnnH AnnH I = I.

PROOFPROOFPROOFPROOFPROOF: Let the formal dimension of H be d and choose a fundamental
class H Hd. Define a bilinear pairing

 : H × H F

by

a  b = 0 if deg a + deg b = d
if deg a + deg b = d and a · b = H .

Note that this pairing is symmetric, middle associative, and nondegenerate,
i.e.,

a  b = b  a ∀ a, b H

a · c  b = a  c · b ∀ a, c, b H

a  b = 0 ∀ b H ⇐⇒ a = 0.

We claim that AnnH I = h H h  I = 0 . To see this suppose that
u AnnH I and w I. If deg u + deg w = d then u  w = 0 by
definition. If deg u + deg w = d, then since u annihilates I, we have
u · w = 0 = 0 · H , so u  w = 0. Therefore it follows that AnnH I
{h H h  I = 0}. On the other hand, if u {h H h  I = 0},
and w I, then for any x Hd− deg u +deg w we have w · x I, so

0 = u  w · x = u · w  x .

Hence u · w annihilates Hd− deg u +deg w so by Poincaré duality u · w = 0,
therefore u AnnH I . This establishes the claim. From this the lemma
follows using elementary facts about nondegenerate bilinear forms (see
for example [35] Chapter V Section 3).

The tensor product H = H ⊗ H of two Poincaré duality algebras H and
H is again a Poincaré duality algebra: if H Hd and H Hd are
fundamental classes, then H ⊗ H Hd +d is a fundamental class for
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H. This follows directly from the definitions, and shows in addition that
f dim H ⊗ H = f dim H + f dim H .

If two Poincaré duality algebras H and H have the same formal dimen-
sion d, one can define their connected sum H #H in the following way:

H #H k =
F · H #H if k = d
Hk ⊕ Hk if 0 < k < d
1 · F if k = 0.

The products of two elements in either H or H are as before, modulo
the identification of the three fundamental classes H , H #H , H .
The product of an element of H of positive degree and of H of positive
degree is zero. The operation # turns the isomorphism classes of Poincaré
duality algebras of a fixed formal dimension d over a fixed ground field
F into a commutative torsion free monoid. The Poincaré duality algebra1

H∗ Sd ;F serves as a two sided unit: this is the algebra H with H0 =F=Hd
and all other homogeneous components trivial. Already at this point a
number of unsolved problems appear. Here is one such.

PROBLEM I.1.2PROBLEM I.1.2PROBLEM I.1.2PROBLEM I.1.2PROBLEM I.1.2: What are the indecomposable Poincaré duality alge-
bras with respect to the connected sum operation, i.e., what generates the
monoid of isomorphism classes of Poincaré duality algebras over a fixed
ground field and of a fixed formal dimension under the operation of con-
nected sum? What is the Grothendieck group of this monoid?

One might hope for a simple answer, such as: the complete intersections
provide generators. However this is not the case: the Poincaré duality
algebra H = H∗ S2 × S2;F cannot be written as a nontrivial connected

sum. This is best seen on the basisx · x•
x • • x

•
1

of the accompanying graphic for this
algebra. In the graphic the two gen-
erators of the algebra, which appear

in degree 2, are x and x , whose squares are zero, but whose product is
a fundamental class. Up to a change of basis a nontrivial connected sum
decomposition H = H #H would have to put x in H say, and x in H .
But then both x 2 and x 2 would have to be fundamental classes of H
and H respectively, so in H the squares of x and x would become a
fundamental class, contrary to the fact that they are zero in H.

Moreover complete intersections need not be indecomposable: for example
if CP 2 is the complex projective plane and CP 2 #CP 2 the connected

1 If X is a topological space H∗ X ;F denotes the cohomology of X with coefficients in F. Sd

denotes the d-dimensional sphere.
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sum of two copies of it, then the cohomology algebra H∗ CP 2 #CP 2 ;F
is a complete intersection, viz., F x, y x2 + y2, x y , but decomposable
since it is isomorphic to H∗ CP 2 ;F #H∗ CP 2 ;F .

A Poincaré duality quotient of F V is just that: a quotient algebra H of
F V that is a Poincaré duality algebra. We use the notation F V H if
we need to make the quotient map explicit. The dimension dimF H1 of
the component of H of degree one is called the rank of H and is denoted
by rank H . If the ideal ker contains no linear forms this is just the
dimension of V as a vector space.

There are many different ways to construct and classify Poincaré duality
quotients of F V . For example the connected sum of two Poincaré duality
quotients H = F V I and H = F V I is a Poincaré duality quotient
of F V ⊕ V so Problem I.1.2 can be reformulated for the restricted class
of Poincaré duality quotients of F V as V ranges over the finite dimensional
F-vector spaces. See Example 2 in Section VI.2 for more about this.

Since we are discussing quotient algebras, one could place the emphasis on
the kernel of the quotient map, instead of on the quotient itself. Of these
two extremes, we begin with the former, which is the most ideal theoretic,
and work towards a description of Poincaré duality quotients of F V via
Macaulay’s dual systems ([49] Chapter IV) in the language of Hopf algebra
duality and double annihilators in Part II.

As is often the case it is convenient to set things up in a bit more generality
than we actually make use of here.

We recall that an ideal I in a commutative graded connected algebra A
is called irreducible if whenever I = I ∩ I for ideals I , I , then either
I = I or I = I . If A is Noetherian, a parameter ideal for A is an ideal
generated by a system of parameters. A parameter ideal is A-primary.

LEMMA I.1.3LEMMA I.1.3LEMMA I.1.3LEMMA I.1.3LEMMA I.1.3: Let A be a commutative graded connected algebra of fi-
nite type over a field and I A an ideal. If A/I satisfies Poincaré duality
then I is irreducible and A-primary.

PROOFPROOFPROOFPROOFPROOF: If A/I satisfies Poincaré duality then it is totally finite. Hence
the elements of positive degree in A/I must be nilpotent which implies
I = A, so I is A-primary. Let A be a fundamental class for A. If J is a
nonzero ideal of A/I and u=0 J then there is a w in A/I with w · u= A ,
so A J. Since A belongs to every nonzero ideal of A/I the zero ideal
of A/I cannot be written as an intersection of two or more nonzero ideals.
This lifts to A to say that I is not the intersection of proper ideals containing
it, so I is irreducible.
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A regular ideal is one that is generated by a regular sequence. Cohen–
Macaulay algebras are characterized by the fact that their parameter ideals
are regular; the Gorenstein algebras are a special class of Cohen–Macaulay
algebras.

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION:A commutative graded connected Noetherian algebra over
a field is called Gorenstein if it is Cohen–Macaulay and every parameter
ideal is irreducible.

REMARKREMARKREMARKREMARKREMARK: It is actually enough to check one parameter ideal is irre-
ducible, in other words, if A is a commutative graded connected algebra
over a field that is Cohen–Macaulay and one parameter ideal is irreducible,
then every parameter ideal is irreducible (see e.g. the classic paper of H.
Bass [6] or [68] Corollary 5.7.4).

The reason why Gorenstein algebras are relevant for us is clarified by the
following elementary results.

PROPOSITION I.1.4PROPOSITION I.1.4PROPOSITION I.1.4PROPOSITION I.1.4PROPOSITION I.1.4: A commutative graded connected Noetherian
Cohen–Macaulay algebra A over a field is Gorenstein if and only if for ev-
ery parameter ideal I A the quotient algebra H = A/I satisfies Poincaré
duality.

In point of fact, the proof of this proposition shows a bit more is true, so
we reformulate the positive portion of this result as follows.

PROPOSITION I.1.5PROPOSITION I.1.5PROPOSITION I.1.5PROPOSITION I.1.5PROPOSITION I.1.5: Let A be a commutative graded connected Noether-
ian algebra over a field F. Then for every A-primary irreducible ideal I A
the quotient algebra H = A/I satisfies Poincaré duality.

PROOFPROOFPROOFPROOFPROOF: Suppose that I A is an A-primary irreducible ideal. There is
no loss in generality in assuming that I = A, so H = F. Since I A is irre-
ducible, 0 H is irreducible. Let J be the intersection of all the nonzero
ideals of H. Since 0 is irreducible in H, it follows that J = 0 , and is
therefore the unique nonzero minimal ideal of H. The totalization2 of H
is finite dimensional because I contains a power of A since A is Noether-
ian and I is A-primary. Let d N be the largest integer such that Hd = 0.
Then dimF Hd = 1 since otherwise H would have more than one nonzero
minimal ideal. (If x , y Hd are linearly independent then x , y H
are distinct nonzero minimal ideals in H.) Let H Hd be a basis vector.
Then J = H . If w = 0 H then the ideal w contains J since J is the
unique nonzero minimal ideal in H. So there is an element u H such that
uw = H and H satisfies Poincaré duality with fundamental class H .

2 The totalization of H is the ungraded algebra ⊕i=0Hi .
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PROOF OF PROPOSITION I.1.4PROOF OF PROPOSITION I.1.4PROOF OF PROPOSITION I.1.4PROOF OF PROPOSITION I.1.4PROOF OF PROPOSITION I.1.4: If A is Gorenstein then parameter ideals
are irreducible A-primary so the positive assertion follows from Proposi-
tion I.1.5. Conversely, if I A is a parameter ideal and H = A/I satisfies
Poincaré duality with fundamental class H , then the principal ideal gen-
erated by H is the unique nonzero minimal ideal of H. Therefore 0 H
is irreducible in H which implies I A is irreducible in A.

So the study of Poincaré duality quotient algebras of a Gorenstein algebra
A is the same as the study of the A-primary irreducible ideals of A.

I.2 Properties of irreducible ideals

If A is a commutative graded connected Noetherian algebra over a field F
and I A is an ideal, we denote by over I the set of all over ideals of I,
i.e.,

over I = J J A is an ideal, and I J .
Note that a proper ideal I is irreducible if and only if it has a unique minimal
proper over ideal, i.e., if and only if there is a unique minimal element in
the set over I \ {I}.

If I is an A-primary irreducible ideal then the correspondence on ideals
defined by

J = I : J
induces an involution3

: over I over I

with the following properties:
J J ⇒ J J

J ∩ J = J + J

J + J = J ∩ J

J : J = J · J = J : J

J : J = J · J
whenever J , J over I . Moreover, J over I is irreducible if and only
if J is principal modulo I, i.e., J = a + I for some element a A.

3 According to W. Krull ([43] page 32) and W. Gröbner ([28] footnote 15 in Section III) the
fact that is an involution in this generality is due to Emmy Noether, who felt her proof
was too long and complicated to publish. The first published proof would appear to be [28]
and a modern reference is [114] Chapter IV Theorems 34 and 35. Prior to this the result
had been established for homogeneous ideals in polynomial rings by F. S. Macaulay (see [48]
page 114). A proof in the graded case is much easier than the one in [114] so for the sake of
completeness we include one in the text.
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Following K. Kuhnigk [44] we call such an element a A a transition ele-
ment for J over I or a transition invariant for J over I. Such an invariant
becomes unique in A/I up to a nonzero scalar. For the sake of easy ref-
erence in later sections we record this as a theorem. The proof yields a
number of bonuses in the graded context appearing in the corollaries that
follow.

THEOREM I.2.1THEOREM I.2.1THEOREM I.2.1THEOREM I.2.1THEOREM I.2.1: Suppose that A is a commutative graded connected
Noetherian algebra over a field and I is an A-primary irreducible ideal.
For J over I denote by J the ideal I : J . Then : over I is an
involution, and an ideal J over I is itself irreducible if and only if J
is principal over I.

PROOFPROOFPROOFPROOFPROOF: Since I is an A-primary irreducible ideal in A the ideal 0 is
an A/I-primary irreducible ideal in A/I. So if we pass down to A/I we may
suppose without loss of generality that A is a Poincaré duality algebra and
I = 0 . In this new context we need to prove the following three facts.

(i) The map defined on the ideals of A by J = 0 : J =AnnA J
is an involution.

(ii) If J A is an irreducible ideal then AnnA J is a principal ideal.
(iii) If 0 = a A then AnnA a A is an irreducible ideal.

The first statement is just Lemma I.1.1, so we turn to the second state-
ment. Let a1 , . . . , am A be a minimal set of generators for the ideal
AnnA J . By minimality none of the principal ideals a1 , . . . , am A
is contained in one of the others. Since the map reverses inclusions none
of the annihilators AnnA a1 , . . . , AnnA am A is contained in one of
the others also. So, using that = AnnA is an involution, we obtain

J = AnnA AnnA J = AnnA a1 , . . . , am = AnnA a1 ∩ · · · ∩ AnnA am .

Since J is irreducible we must have m = 1 which means that AnnA J is a
principal ideal.

Choose a fundamental class A A. For a = 0 A let a∨ be a Poincaré
dual to a, i.e., aa∨ = A . Set B = A/AnnA a and let B be the image of
a∨ in B and d =deg B . Suppose that 0 = b B. Lift b to b A and note
that b / AnnA a , so ba = 0 A. In particular, this implies that deg b ≤ d
since Ak = 0 for k > d + deg a . So there is an element c A such that
c ba = A = aa∨. Let b# be the image of c in B. Since

0 = cba − a∨a = cb − a∨ a

we see that cb − a∨ AnnA a and hence b#b= B in B, proving that B is a
Poincaré duality algebra with fundamental class B . Therefore AnnA a
A is an irreducible ideal by I.1.3.
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If A is a polynomial algebra over a field then m-primary regular ideals are
irreducible. If I J are two such ideals then an explicit formula for a
transition element for J over I is given in Proposition VI.3.1.

An A-primary ideal I A in a Noetherian ring A contains a system of
parameters for A, and also the ideal that they generate. Therefore in a
Gorenstein algebra, since is an involution, the A-primary irreducible
ideals are all of the form Q : a for some parameter ideal Q A and ele-
ment a A.

If H is a Poincaré duality algebra over a field then the zero ideal 0
H is H-primary and irreducible, and 0 : I = AnnH I for any ideal I
H. Therefore Theorem I.2.1 has the following consequence for Poincaré
duality algebras. Indeed, this was shown in the proof of Theorem I.2.1.

COROLLARY I.2.2COROLLARY I.2.2COROLLARY I.2.2COROLLARY I.2.2COROLLARY I.2.2: Let H be a Poincaré duality algebra over a field.
Then taking annihilator ideals sets up a bijective correspondence between
nonzero proper irreducible ideals I H and nonzero proper principal
ideals h H. In other words, a nonzero proper ideal I H is irre-
ducible if and only if AnnH I H is a nonzero proper principal ideal.

Lemma I.1.1 allows us to reformulate Corollary I.2.2 using the bilinear
form  given by taking products into the top degree of the Poincaré
duality algebra H. Here is one way to do so conceived as an analog of
dualizing a line bundle in topology. It records additional information about
the formal dimension.

COROLLARY I.2.3COROLLARY I.2.3COROLLARY I.2.3COROLLARY I.2.3COROLLARY I.2.3: Let H be a Poincaré duality algebra over a field and
0 = u H. Then H/AnnH u is a Poincaré duality algebra of formal di-
mension f dim H − deg u . If u∨ H is a Poincaré dual for u, then the
image of u∨ in H/AnnH u is a fundamental class for H/AnnH u .

Rephrased in terms of transition elements this corollary takes the following
form.

COROLLARY I.2.4COROLLARY I.2.4COROLLARY I.2.4COROLLARY I.2.4COROLLARY I.2.4: Let A be a commutative graded connected Noether-
ian algebra A over a field. If I J are A-primary irreducible ideals in
A and I : J = a + I, so a is a transition invariant for J over I, then
deg a = f dim A/I − f dim A/J .

One final result that belongs to this circle of ideas will be of use in the
sequel.
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COROLLARY I.2.5COROLLARY I.2.5COROLLARY I.2.5COROLLARY I.2.5COROLLARY I.2.5: Let H be a Poincaré duality algebra over a field and
0 = u H. If h H projects in H/AnnH u to a fundamental class then
uh H represents a fundamental class of H.

PROOFPROOFPROOFPROOFPROOF: Let u∨ be a Poincaré dual to u. The element u∨ − h lies in
AnnH u for a suitable F× so 0 = u u∨ − h and hence uu∨ = uh.
The result follows from the fact that uu∨ represents a fundamental class of
H.

I.3 The ancestor ideals

The A-primary irreducible ideals with Poincaré duality quotients of formal
dimension d are determined by their degree d homogeneous components.
To explain this we introduce a construction due to A. Iarrobino and V. Kanev
[34] (see also [24]).

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION: Let A be a commutative graded connected algebra over
the field F and W Ad a vector subspace of the homogeneous component
Ad of A of degree d. The little ancestor ideal of W , denoted by a W , is
the ideal generated by the sets

W , W : A1 , . . . , W : Ad−1

where, for vector subspaces X Ai and Y Aj with j ≤ i, X : Y denotes
the set of all elements a Ai−j such that a · Y X . The ideal a W + A≥d+1,
where A≥k denotes the ideal of all elements whose degree is greater than or
equal to k, is called the big ancestor ideal of W and is denoted by A W .

The big ancestor ideal is an A-primary extension of a W . In the special
case A=F V note that F V ≥k = F V k so A = a + F V d+1 in this case.

If H , H are Poincaré duality algebras over the field F of formal dimen-
sion d a map of algebras f : H H is said to have degree one if it
maps a fundamental class to a fundamental class. Such a map must be a
monomorphism as we next show.

LEMMA I.3.1LEMMA I.3.1LEMMA I.3.1LEMMA I.3.1LEMMA I.3.1: Let H and H be Poincaré duality algebras of the same
formal dimension d and : H H a map of algebras. If d : Hd Hd
is an epimorphism, so has degree one, then is monic.

PROOFPROOFPROOFPROOFPROOF: Suppose not, and let u = 0 ker . Choose fundamental
classes H Hd and H Hd such that H = H , which is possible
since is an epimorphism in degree d. Let u∨ H be such that uu∨= H .
Then

0 = u u∨ = uu∨ = H = H
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which is a contradiction. Therefore no such u can exist and is monic as
claimed.

PROPOSITION I.3.2PROPOSITION I.3.2PROPOSITION I.3.2PROPOSITION I.3.2PROPOSITION I.3.2: Let A be a commutative graded connected Noether-
ian algebra over the field F and I A an A-primary irreducible ideal with
Poincaré duality quotient H = A/I of formal dimension d. Then Id Ad
is a codimension one subspace and I = A Id . Conversely, if W Ad is
a codimension one subspace, then A W A is an A-primary irreducible
ideal with Poincaré duality quotient A/A W of formal dimension d.

PROOFPROOFPROOFPROOFPROOF: Suppose that W Ad is a codimension one vector subspace.
Then the homogeneous component of A/A W of degree d is one dimen-
sional. Choose an element a Ad \ W . Then the residue class of a in
A/A W is a basis for the homogeneous component of degree d. Call this
residue class A . Let u = 0 in A/A W and choose b A a representative
for u. Since u = 0 it follows that b = A W so there must exist an ele-
ment b∨ of degree d − deg b such that bb∨ / W . If u∨ denotes the residue
class of b∨ then uu∨ = A for some nonzero F, and hence A/A W
is a Poincaré duality algebra, so A W is an irreducible ideal by Theorem
I.2.1.

Conversely, suppose A/I is a Poincaré duality quotient of A of formal di-
mension d. Then Id Ad is a codimension one subspace since A/I in de-
gree d is one dimensional. It follows from the definition of the big ancestor
ideal that A Id projects to zero in A/I. Hence A Id I, so there is an
induced epimorphism A/A Id A/I. By Lemma I.3.1 this map is also a
monomorphism, so we conclude A Id = I.

COROLLARY I.3.3COROLLARY I.3.3COROLLARY I.3.3COROLLARY I.3.3COROLLARY I.3.3: Let A be a commutative graded connected Noether-
ian algebra over a field and I , I A be A-primary and irreducible ideals
in A. Let d = f dim A/I and d = f dim A/I . Then I = I if and only
if d = d and Id = Id .

PROOFPROOFPROOFPROOFPROOF: Proposition I.3.2 implies I = A Id and I = A Id , so the
result follows.

I.4 Fundamental classes

In the study of Poincaré duality quotients of a commutative graded con-
nected algebra A it is also possible to place the emphasis on a fundamental
class of the Poincaré duality quotient rather than on the kernel of the quo-
tient map as we have done up to this point. In fact one might wonder
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whether there are any restrictions on the representatives in A for a fun-
damental class of a Poincaré duality quotient of A. There are none, apart
from the obvious requirement that the element be nonzero, as the next
result shows.

PROPOSITION I.4.1PROPOSITION I.4.1PROPOSITION I.4.1PROPOSITION I.4.1PROPOSITION I.4.1: Let A be a commutative graded connected Noether-
ian algebra over a field and a = 0 Ad . If I is maximal among all ideals
not containing a then I is an A-primary irreducible ideal and a represents
a fundamental class of the Poincaré duality quotient A/I .

PROOFPROOFPROOFPROOFPROOF: From the maximality of I we see that I contains all elements
of A of degree strictly greater than d and that Id Ad is a complementary
subspace for SpanF{a}. So Id has codimension one as a vector subspace of
Ad . For an element c A denote by c its residue class in A/I. If b / I, then
I + b is strictly larger than I, so must contain a by the maximality of I.
This means that a= h+ bb∨ for some h I and b∨ with deg b +deg b∨ =
d. In the quotient algebra A/I this says b · b∨ = a so A/I is a Poincaré
duality algebra with fundamental class a .

Fix a graded connected commutative Noetherean algebra A over a field
and a nonzero element a Ad . Propositions I.3.2 and I.4.1 say that the
set of Poincaré duality quotients of A that admit a as a representative for
their fundamental class are in bijective correspondence with the codimen-
sion one subspaces W Ad such that W + SpanF{a} = Ad . The set of all
codimension one subspaces of Ad forms the projective space P Ad of the
vector space Ad . So we can reformulate Proposition I.3.2 in the following
way.

PROPOSITION I.4.2PROPOSITION I.4.2PROPOSITION I.4.2PROPOSITION I.4.2PROPOSITION I.4.2: Let A be a commutative graded connected Noether-
ian algebra over a field and d N. Then there is a bijective correspondence
between Poincaré duality quotients A of formal dimension d and the points
of the projective space P Ad .

PROOFPROOFPROOFPROOFPROOF: The desired bijection quite simply associates to a codimension
one subspaceW Ad , first the ideal A W , and then the quotient A/A W .

If what one wants is a moduli space for the isomorphism classes of Poincaré
duality quotients of formal dimension d of a fixed commutative graded
connected algebra A over the field F, one needs to pass to an orbit space of
the projective space. For the special case of A=F V this is made explicit in
Section I.5 and exploited in Section I.6 to count the number of isomorphism
classes if the ground field is a Galois field.

The complete intersection algebras arising as quotients of F V present an
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attractive class of Poincaré duality algebras. We collect some of their prop-
erties in the next example.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Suppose H is a Poincaré duality quotient of F V which is
a complete intersection, viz., H = F V f1 , . . . , fn where f1 , . . . , fn
F V is a system of parameters. Since F V is Cohen–Macaulay f1 , . . . , fn
are a regular sequence in F V , so algebraically independent, and F V is a
free finitely generated F f1 , . . . , fn -module (see e.g. [87] Section 6.2).
Therefore the Poincaré series P H , t is given by

P H , t =
P F V , t

P F f1 , . . . , fn , t
=

1
1 − t n

1
n

i=1
1 − tdeg fi

=
n

i=1

1 + t + · · · + tdeg fi −1 .

From this we see that the formal dimension of H is n
i=1 deg fi − 1 . In

addition [86] (or see [87] Proposition 6.5.1) provides a means to compute
a fundamental class for H. Namely, if we write

fi =
n

j=1

hi, j zj i = 1 , . . . , n ,

where z1 , . . . , zn V ∗ is a basis for the linear forms, then

H = det hi, j

represents a fundamental class for H. If the characteristic of F does not
divide the product deg f1 · · ·deg fn then the formula of Euler

deg f · f =
n

j=1

f
zj
zj

shows that we may in fact take the Jacobian determinant

det
fi
zj

as a representative for a fundamental class. Simple examples show this
can fail if the characteristic of F divides the product deg f1 · · ·deg fn .
For example take f = zp F z where F has characteristic p. It can even
fail for a ring of invariants. For example it fails for the usual algebra of sym-
metric functions F z1 , . . . , zn n if the characteristic of the ground field F
divides  n = n!. In this modular situation the Jacobian determinant is
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the discriminant which belongs to the ideal generated by the elementary
symmetric polynomials (see [25], [83], or [93]). For a related result see
Section II.5 Example 3.

See Proposition VI.3.1 for an ideal theoretic generalization of this example
and Section II.5 for another way to compute a fundamental class.

I.5 Poincaré duality quotients of F V

We are principally interested in Poincaré duality quotient algebras H of
F V . If H has formal dimension d and H H is a fundamental class then
we may use H to identify Hd with F, so the quotient map F V d Hd
defines a linear form : F V d F. The following lemma allows us to
classify the Poincaré duality quotients H of F V up to isomorphism from
this viewpoint.

LEMMA I.5.1LEMMA I.5.1LEMMA I.5.1LEMMA I.5.1LEMMA I.5.1: Suppose that F V H and F V H are Poincaré
duality quotient algebras of formal dimension d. Choose fundamental
classes for H and H and let , : F V d F be the associated lin-
ear forms. If : H H is a map of algebras such that H = H
then there exists a map : V V of vector spaces such that the diagram

F V d Hd

F V d Hd

F∗
d d

≅

≅

commutes. If dimF V =dimF V and is an isomorphism, then we may
choose to be an isomorphism. If rank H = dimF V = dimF V =
rank H then is unique.

PROOFPROOFPROOFPROOFPROOF: The existence of a linear map completing the diagram

V ∗ = F V 1 H1

1

V ∗ = F V 1 H1

is elementary linear algebra. Its dual has all the asserted properties.
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We next show how a streamlined version of the big ancestor ideal can be
used to construct all examples of Poincaré duality quotient algebras of F V .
As with any such general construction it gives rather little insight into the
structure of any particular algebra, and raises more questions than it an-
swers.

Let d be a natural number and :F V d F a nonzero linear map defined
on the degree d component of F V . We associate to an ideal I F V
as follows:

f I ⇐⇒∀ h F V d−deg f one has f · h = 0.

Let H = F V I be the quotient algebra. Notice that the definition
puts all the elements in F V of degree > d into I , and the elements of
F V d that are not in I are the forms f of degree d for which f = 0.
A form of degree k, with k < d, lies in I if and only if its product with
all forms of degree d − k lies in ker{ : F V d F}, so I = A ker ,
and from Proposition I.4.2 and Lemma I.5.1 one obtains the following.

PROPOSITION I.5.2PROPOSITION I.5.2PROPOSITION I.5.2PROPOSITION I.5.2PROPOSITION I.5.2: Let F be a field, n , d N positive integers, V = Fn ,
and : F V d F a nonzero linear map. Then H is a Poincaré duality
quotient algebra of F V . Every Poincaré duality quotient of F V of formal
dimension d arises from some nonzero linear form : F V d F in this
way. Two nonzero linear forms , : F V d F define the same ideal
I if and only if they are nonzero scalar multiples of each other. They
define isomorphic quotient algebras if and only if they are in the same
GL n, F -orbit of the action of GL n, F on the space of linear forms on
F V d .

So to construct a Poincaré duality quotient H of F V of formal dimension d
is the same thing as to give a nonzero linear form F V d F which defines
the corresponding ideal I that is the kernel of the induced epimorphism

F V H. By way of example, if the maps F V d F F V d de-
fine the Poincaré quotients H of F V and H of F V , then the algebra
H #H is a Poincaré quotient of F V ⊕ V ≅ F V ⊗ F V . It is defined
by the linear form # where

# f ⊗ f =
f ⊗ f if deg f = d and deg f = 0

f ⊗ f if deg f = 0 and deg f = d
0 otherwise.

Let H be a Poincaré duality quotient of F V of formal dimension d defined
by the linear form : F V d F. So H = F V I . By Lemma I.5.1 any
other Poincaré duality quotient of F V that is isomorphic to H must be of
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the form F V ∗ I for some isomorphism : V V . The number of
distinct such quotients is the index of the isotropy subgroup GL V I of
the ideal I F V for the natural action of GL V on F V , i.e.,

GL V I = GL V I = I

is the subgroup that stabilizes I setwise.

Here is a simple example to illustrate some of the concepts introduced up
to this point.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 (F. S. Macaulay [49] Section 71): Consider the linear func-
tion on the quadratic forms in n variables defined by specifying its value
on the monomial basis {zi zj i ≤ j} as follows

F z1 , . . . , zn 2
n F n zi zj = 1 if i = j

0 otherwise.

If the characteristic of F is not 2, then n can be thought of as half the
Laplacian 1

2

2

z21
+ · · · +

2

z2n
regarded as a map of quadratic forms to field

elements. One easily sees that

I n = z21 − z22 , . . . , z
2
1 − z2n , zi zj i < j ,

which means that H n ≅ F z1 z31 # · · ·#F zn z3n . This calculation
can be done with the catalecticant matrix method described in Section VI.2.
See in particular Example 1 in that section, as well as [34] Example 1.20,
and [24] Lecture 9. The algebra H n is a complete intersection for n = 1
or 2, but not for n ≥3. These areMacaulay’s original examples of m-primary
irreducible ideals that are not regular ([49] Section 71).

I.6 Counting Poincaré duality quotients up to
isomorphism

Over a finite field Fq there can be only a finite number of Poincaré duality
quotients of Fq V of a given formal dimension up to isomorphism. So in-
stead of asking for a moduli space as we did in Section I.5 one could ask
for a count. As an application of Proposition I.5.2 we describe an invari-
ant theoretic procedure to compute the number of nonisomorphic Poincaré
duality quotients of Fq z1 , . . . , zn of formal dimension d, where Fq is the
Galois field with q elements. This leads to a number of interesting prob-
lems in invariant theory which we are able to solve in a few cases. We
present the solution for n =2= q and comment on a couple of other small
cases.

The starting point is the Cauchy–Frobenius lemma whose proof is an el-
ementary counting argument (see e.g. [96] volume II page 404). For a
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finite set Y write Y for the number of elements in Y . If the group G acts
on a set X then X/G is the set of G-orbits and is called the orbit space. If
g G then X g denotes the subset of X whose elements are fixed by g.

LEMMA I.6.1LEMMA I.6.1LEMMA I.6.1LEMMA I.6.1LEMMA I.6.1(A. Cauchy, G. Frobenius): Let G be a finite group and X
a finite G set. Then X/G = 1

G g G X g.

Proposition I.5.2 tells us that to count the number of isomorphism classes
of Poincaré duality quotients of F z1 , . . . , zn of formal dimension d we
must count the number of GL n, Fq orbits on the space of linear forms on
Fq z1 , . . . , zn d . As a first step we show that this is equivalent to counting
orbits on Fq z1 , . . . , zn d itself.

LEMMA I.6.2LEMMA I.6.2LEMMA I.6.2LEMMA I.6.2LEMMA I.6.2: Let Fq be a finite field and g GL n, Fq . Denote by
gtr GL n, Fq the transpose of g and set V = Fn

q . Then dimFq V g =
dimFq V gtr .

PROOFPROOFPROOFPROOFPROOF: Let Fq̄  Fq be a field extension that contains all the eigenvalues
of g. Since for any h GL n, Fq one has dimFq V h =dimFq̄ V ⊗Fq Fq̄

h

we may start over replacing Fq by Fq̄ . Then the characteristic polynomial
of g splits into linear factors, and g can be put into Jordan normal form.
Let J GL n, Fq be the Jordan form of g. Then g and J are similar, as are
gtr and Jtr. Since

dimFq V g = dimFq V J

and

dimFq V gtr = dimFq V J
tr

it will be enough to show that

dimFq V J = dimFq V J
tr
.

The matrix J is a block diagonal matrix,

J =
J1

0
.
.
.
0
Js

where each block Ji has the form

Ji =

i i,1 0 · · ·
0 .

.
. 0

0 · · · i i, k
0 · · · 0 i

where i F×
q is an eigenvalue of J and i, j {0, 1}. Inspection shows that
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dimFq V J is the cardinality of the set

i, j i = 1 and i, j = 0 i i = 1 .

Passing from J to Jtr does not change this count, which becomes dimFq V J
tr
.

LEMMA I.6.3LEMMA I.6.3LEMMA I.6.3LEMMA I.6.3LEMMA I.6.3: Let Fq be a finite field and g GL n, Fq . Set V = Fn
q

and let V ∗ be the dual vector space. Then dimFq V g = dimFq V ∗ g .

PROOFPROOFPROOFPROOFPROOF: Let E1 , . . . , En V be the standard basis and E∗
1 , . . . , E

∗
n

V ∗ the corresponding dual basis. The matrix of g acting on V ∗ with respect
to the basis E∗

1 , . . . , E
∗
n is just g

tr so the result follows from Lemma I.6.2.

PROPOSITION I.6.4PROPOSITION I.6.4PROPOSITION I.6.4PROPOSITION I.6.4PROPOSITION I.6.4: Let : G GL n, Fq be a representation of a fi-
nite group over the finite field Fq . Set V = Fn

q and let V
∗ be the dual vector

space. Then V/G = V ∗/G.

PROOFPROOFPROOFPROOFPROOF: Both V and V ∗ are finite G-sets so we may use the Cauchy–
Frobenius lemma, Lemma I.6.1 to count the number of orbits, viz.,

V/G =
1

G g G

V g

V ∗/G =
1

G g G

 V ∗ g.

The number of elements in Fq is q, so

V g = qdimFq V g

 V ∗ g = qdimFq V ∗ g

for any g G, and it is enough to show that

dimFq V g = dimFq V ∗ g .

This is the content of Lemma I.6.3.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Let :G GL n, Fq be a representation of a finite group
over the finite field Fq , and V =Fn

q with V ∗ the dual vector space. Although
Proposition I.6.4 tells us that the numbers of orbits of G on V and V ∗ are
the same, it does not tell us anything about their structure. It certainly
should not, as the orbit structures can be quite different as we show next.
Choose

G =
1 0 ∗
0 1 ∗
0 0 1

where ∗ F2 < GL 3, F2 .
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Abstractly G is Z/2 ⊕ Z/2. The embedding into GL 3, F2 makes it a
transvection group, i.e., a group in which the nonidentity elements are
transvections (see e.g. [87] Section 8.2 or [68] Section 6.2). If x, y, z V
denote the standard basis vectors, then the 8 elements of V = F3

2 decom-
pose into 5 orbits as follows.

Orbit 1 2 3 4 5

Elements 0 x y x + y z, z + x, z + y, z + x + y

Cardinality 1 1 1 1 4

TABLE I.6.1TABLE I.6.1TABLE I.6.1TABLE I.6.1TABLE I.6.1: Orbits of G on V

By contrast, if x∗, y∗, z∗ V ∗ is the dual basis, then the 8 elements of V ∗

decompose also into 5 orbits, but as follows.

Orbit 1 2 3 4 5

Elements 0 z∗ y∗, y∗ + z∗ x∗, x∗ + z∗ x∗ + y∗, x∗ + y∗ + z∗

Cardinality 1 1 2 2 2

TABLE I.6.2TABLE I.6.2TABLE I.6.2TABLE I.6.2TABLE I.6.2: Orbits of G on V ∗

So although the numbers of orbits are the same, as they should be, their
cardinalities are not.

The preceding discussion leads naturally to the following result.

THEOREM I.6.5THEOREM I.6.5THEOREM I.6.5THEOREM I.6.5THEOREM I.6.5: The number of orbits of GL n, Fq acting on the ho-
mogeneous polynomials of degree d in Fq z1 , . . . , zn is the same as
the number of orbits of GL n, Fq acting on the space of linear forms on
Fq z1 , . . . , zn d . Therefore the number of isomorphism classes of Poincaré
duality quotient algebras of Fq z1 , . . . , zn of formal dimension d is equal
to Fq z1 , . . . , zn d GL n, Fq − 1.

So to count the number of isomorphism classes of Poincaré duality quo-
tients of Fq z1 , . . . , zn of formal dimension d we need to count the num-
ber of GL n, Fq -orbits on F z1 , . . . , zn d . Lemma I.6.1 gives us a formula
for the number of GL n, Fq -orbits on Fq z1 , . . . , zn d , viz.,

Fq z1 , . . . , zn d GL n, Fq =
1

GL n, Fq  g GL n,Fq

Fq z1 , . . . , zn
g
d .
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The number of fixed points of g GL n, Fq on Fq z1 , . . . , zn d can be
computed by exponentiating the dimension of the fixed point set in degree
d of the ring of invariants of the subgroup generated by g. The preceding
sum can be further simplified4 by summing over one representative for
each conjugacy class of elements of GL n, Fq . To use this method one
needs to compute

(1) a transversal g1 , . . . , gk for the conjugacy classes of GL n, Fq ,
(2) for each conjugacy class, the number of elements it contains, and
(3) for each gi the Poincaré series of the ring of invariants of the cyclic

group Ci generated by gi .

Here is an example to show how this works. The group GL 2, F2 is the
symmetric group 3. The conjugacy classes of elements in standard per-
mutation group notation are listed in the following table along with other
useful information.

Conjugacy Class 1 2 3

Elements id 12 , 23 , 13 123 , 132

Number of Elements 1 3 2

Order of Elements 1 2 3

Generic Representative id = 12 = 123

TABLE I.6.3TABLE I.6.3TABLE I.6.3TABLE I.6.3TABLE I.6.3: GL 2, F2

From this we derive the following formula for the number of isomorphism
classes of Poincaré duality quotients of F2 x, y of formal dimension d:

✣
1
6

2d+1 + 3 · 2dimF2 F2 x, y d + 2 · 2dimF2 F2 x, y d − 1.

So we need to compute the dimensions of F2 x, y d and F2 x, y d .

Let us handle the involution first. Since permutes x and y the ring of
invariants is F2 x + y, x y and this has Poincaré series

P F2 x + y, x y , t =
1

1 − t 1 − t2
=

i=0

i + 1 t2i +
i=0

i + 1 t2i+1 .

Therefore we obtain

dimF2 F2 x, y d =
d
2

+ 1.

4Other ways of rearranging this sum may be found in [42]. For example, one could em-
ploy Burnside’s Lemma, [42] Lemma 3.1.4, and sum over the conjugacy classes of subgroups
instead.
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The three cycle can be lifted to characteristic zero. The Poincaré series
of the rings of invariants in characteristic 0 and 2 are the same (see e.g.
[68] Section 3.1, in particular Proposition 3.1.2). In characteristic 0 the
computationsmay bemadewithMolien’s theorem ([87] Section 4.3). Here
are the details of this method.

We first pass from the ground field F2 to the quadratic extension F4 which
contains a third root of unity . Over F4 we can diagonalize obtaining
the matrix

0
0 −1 .

To obtain a Brauer lift identify with the complex third root of unity −1+ −3
2

.
Then the matrix

A =
0

0 −1 GL 2, Z

provides a lift to characteristic 0 of GL 2, F4 . Namely, 2 Z is prime
and Z 2 ≅ F4, so passing to the quotient field the matrix A becomes
conjugate to . The ring of invariants of the lifted action to C x, y of is
easily computed (see e.g. [87] Chapter 4 Section 3 Example 3). One finds

C x, y = C x3, y3 ⊕ C x3, y3 · xy ⊕ C x3, y3 · xy 2.

For the Poincaré series of C x, y we therefore have

P C x, y , t =
1+ t2 + t4

1 − t3 2

=
i=0

i + 1 t3i +
I=0

i + 1 t3i+2 +
i=0

i + 1 t3i+4 .

Hence

dimF2 F2 x, y d =
d
3

+ 1 for d ≡ 0, 2 mod 3
d
3

for d ≡ 1 mod 3.

Putting all this information into the formula ✣ and applying Proposition
I.5.2 yields the following result.

PROPOSITION I.6.6PROPOSITION I.6.6PROPOSITION I.6.6PROPOSITION I.6.6PROPOSITION I.6.6: The number of nonisomorphic Poincaré duality
quotient algebras of F2 x, y of formal dimension d is

1
6

2d+1 + 3 · 2
d
2
+1 + 2 · 2

d
3
+1 − 1 for d ≡ 0, 2 mod 3

1
6

2d+1 + 3 · 2
d
2
+1 + 2 · 2

d
3 − 1 for d ≡ 1 mod 3.
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For example, if the formal dimension is d = 8, we find there are

1
6

29 + 3 · 24+1 + 2 · 22+1 − 1 =
1
6
512 + 96 + 16 − 1 =

624
6

− 1 = 103

distinct nonisomorphic Poincaré duality quotients of F2 x, y .

A similar analysis can be carried out for other low rank examples over small
fields, such as GL 3, F2 , GL 2, F3 and GL 2, F5 . In each of these cases
it is not the p-Sylow subgroup that causes the most trouble, but the large
cyclic subgroups. What makes the computations possible is that in these
cases there is a Hall subgroup whose index is the order of the p-Sylow sub-
group and there are not too many conjugacy classes of elements to worry
about. For GL 3, F2 we obtain after a tedious computation a recursion of
length 36 for the number of Poincaré duality quotients of a given formal
dimension. In other words, if d denotes the number of isomorphism
classes of Poincaré duality quotients of F2 x, y, z of formal dimension d,
and d ≥ 36, then there is a formula expressing d in terms of d − 36 .
The first 36 values 0 , . . . , 35 were computed individually and tab-
ulated. There is little new to be learned from these computations, so we do
not include them. We do think however that the problem of counting the
number of GL n, Fq orbits on Fq z1 , . . . , zn is an interesting problem
worthy of more attention.





Part II
Macaulay’s dual systems and
Frobenius powers

E BEGIN this part with an exposition of Macaulay’s theory of ir-W reducible ideals in polynomial algebras, [49] Part IV. Curiously
enough, despite the passage of time, the original treatment is the closest to
what we require, but the mathematical terminology used byMacaulay is no
longer current. Of the several possible presentations of F. S. Macaulay’s the-
ory in current terminology we have chosen a Hopf algebra approach, as it is
best adapted to our study of Poincaré duality quotients of F V . Macaulay
used the term inverse system but we will use the phrase dual system (see
Section II.2) which seems more appropriate to the context of Hopf algebra
duality. We use the theory of dual systems to provide a computational tool,
the K L paradigm, that allows us to deduce information about F V L
from information about F V K , where K L are irreducible ideals that
are F V -primary. For alternative expositions of Macaulay’s theory see [50],
Macaulay’s own translation of [49] into the language of modern algebra à
la Emmy Noether [69]. Other contemporary treatments may be found in
[34], [24], [21], and [27]. In Section VI.1, we explain Macaulay’s original
version using inverse polynomials.

In some sense the parameter ideals in F V provide the simplest examples
of F V -primary irreducible ideals. From such an ideal Q = f1 , . . . , fn
one can create new F V -primary irreducible ideals by taking powers of the
generators. The methods employed in Example 1 of Section I.4 allow one
to compute the formal dimension, fundamental classes, and so on for the
new Poincaré duality quotient from the original data. In the case where the
ground field F has characteristic p it turns out that the Frobenius power
I p = f p f I of an arbitrary irreducible ideal I is again irreducible. This
was first shown to us by R. Y. Sharp in the ungraded case (see Section II.6).

31
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We use the K L paradigm to deduce a number of additional relations
between the Poincaré duality quotients F V I and F V I p . In particular
we relate generators of their Macaulay duals and their fundamental classes
by means of simple formulae (see Theorem II.6.6). We also show that
F V I p can be expressed using a graded version of the Frobenius functor
of [73] shown to us by N. Nossem in terms of F V I and F V V p (see
Proposition II.6.7).

II.1 Divided power algebras and operations

We devote this section to some preliminaries needed for our discussion of
Macaulay’s theory of F V -primary irreducible ideals. References for this
material are: [49] Chapter IV, [21] pages 526–527 and Exercise 21.7, as
well as [24]. Our intention is to present Macaulay’s theory in the language
of Hopf algebra duality. To do so we first define a Hopf algebra structure on
F V and review the structure of its dual Hopf algebra, the divided power
algebra V .

The polynomial algebra F V can be made into a Hopf algebra as in [59]
by demanding that the coproduct1 : F V F V ⊗ F V be a map of
algebras and satisfy z = z ⊗ 1 + 1 ⊗ z for any linear form z V ∗.
The dual Hopf algebra is denoted by V and the canonical pairing
V i × F V i F by  . The algebra V is a divided power

algebra (see [13] Exposé 7) and its multiplication may be described as
follows: let z1 , . . . , zn V ∗ be a basis for the space of linear forms and
denote the associated monomial basis for F V by {zE = ze11 · · · zenn E =
e1 , . . . , en Nn

0 }. Let { E V E Nn
0 } be the dual basis for V ,

so that E  zF = E, F . The multiplication of V is determined by
the rule

E · E =
E + E

E E +E ,

where
A + B
B

=
A + B !
A!B!

=
A + B
A

,

and

C! = c1! · · · cn! ∀ C Nn
0 .

The structure of the divided power algebra is dependent on the charac-
teristic of the ground field F. If F has characteristic zero then a simple
change of basis shows that V is a polynomial algebra on the generators

1 The terminology comultiplication or diagonal is also used for the coproduct.
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i V 1, where for i = 1 , . . . , n, i = 1, i , . . . , n, i Nn
0 . By con-

trast, if F has characteristic p = 0 then p = 0 for all V . Hence, in
characteristic p = 0, V is the nil radical of V and V is not Noe-
therian.

To make this a bit more explicit, let z1 , . . . , zn V ∗ be a basis. Then we
have F V ≅ F z1 ⊗ · · · ⊗ F zn as Hopf algebras. If u1 , . . . , un V 1 is
the basis dual to z1 , . . . , zn then V ≅ u1 ⊗ · · · ⊗ un . If the ground
field has characteristic zero then, in the case of a single variable u one has
in u the formula k=

1
k!

k
1 , and hence one sees that u is a polynomial

algebra (cf. the theorem of Samelson and Leray [59] Theorem 7.20 or [13]
Exposé 7). If the ground field F has characteristic p = 0 then

u ≅
F u
up ⊗

F up

up2
⊗ · · · ⊗

F upk

upk+1
⊗ · · ·

as an algebra and the diagonal is determined on the algebra generators
by upk = ∗ upk = i+j=pk u

i ⊗ uj . Taking tensor products leads to a
description of u1 , . . . , un as a large tensor product of truncated poly-
nomial algebras, with the generators in degrees pk for k N0, each gener-
ator being truncated at height p. For yet another description of the divided
power algebra as an associated graded algebra of the polynomial algebra
with respect to the filtration by the Frobenius powers of the maximal ideal
see [13] and [84].

The algebra V supports a system of divided power operations, also
called -operations, 0 , 1 , . . . , k , . . . . These are operators

k : V i V ki i > 0

satisfying the rules (see e.g. [13] Exposé 7 or [21] Proposition A.2.6) listed
in Table II.1.1. In the table u, v V and F.

These properties of the -operations are those of the operators x 1
k!
xk

in the polynomial algebra F x for F a field of characteristic zero. If
z1 , . . . , zn V ∗ is a basis and u1 , . . . , un V the dual basis, then p ui
is just p ui , i.e., the dual to zpi .

REMARKREMARKREMARKREMARKREMARK: Perhaps the most obscure of these rules is the last, which im-
plies that k k !

k ! k k !
is an integer. The following argument of P. Zion extracted

from [24] page 86 shows this to be the case.

LEMMA II.1.1LEMMA II.1.1LEMMA II.1.1LEMMA II.1.1LEMMA II.1.1: Let d, a N. Then d! divides da !
a! d .
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0 u = 1

1 u = u

k u k u =
k + k

k k +k u

k u + v =
i+j=k

i u j v

k u = k
k u

k uv = k! k u k v

k k u =
k k !

k ! k k ! k k u for k > 0

TABLE II.1.1TABLE II.1.1TABLE II.1.1TABLE II.1.1TABLE II.1.1: Properties of the -operators

PROOF (P. Zion)PROOF (P. Zion)PROOF (P. Zion)PROOF (P. Zion)PROOF (P. Zion): One notes that

da !
a! d =

da
a · · · a

d

=
da
a

d − 1 a
a

· · ·
a
a

is an integer, so it is enough to show that d divides da
a

for any d, a N.
Since

da
a

=
da da − 1 · · · da − a + 1

a a − 1 !
=

da
a

da − 1
a − 1

and da−1
a−1

is an integer we are done.

If u1 , . . . , un V 1 is the vector space basis dual to z1 , . . . , zn F V 1

then i uj = i j where j is the index sequence with a 1 in the j -th
position and 0 elsewhere. Put another way, i uj is the dual of z ij with
respect to the monomial basis of F V . In particular, if n = 1, and we write
u for the Hopf algebra dual to F z , then k u = k is dual to zk.

Assuming the characteristic of the ground field is p = 0 and the p-adic
expansion of k is k = ks ps + · · · + k1p + k0, then the product formula

k u k u = k +k
k k +k u in conjunction with the composition for-

mula yields

k u = k0 u k1 p u · · · ks ps u

as well as

pi u = p · · · p u · · ·
i

.
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II.2 Macaulay’s dual principal systems

This section is devoted to an exposition of Macaulay’s theory of F V -
primary irreducible ideals using the dual pair of Hopf algebras F V and
V . For a discussion of these ideas in Macaulay’s original context see

[49] Part IV or Section VI.1. Other sources for Macaulay’s theory in mod-
ern language are [24] Lecture 9 and [34].

If V d we may regard as a linear form defined on F V d via the
duality pairing, viz.,

f =  f F for f F V d .

We associate to this linear form the ideal I F V defined by

f I ⇐⇒ f · h = 0 ∀ h F V d−deg f ,

cf. Section I.5. By Proposition I.5.2, if is nonzero, then I = A ker ,
and hence by Proposition I.3.2 I F V is an F V -primary irreducible
ideal. Alternatively, reasoning as in the proof of Proposition I.4.1, one can
prove this directly, as I consists of all elements of F V for which there is
no Poincaré dual element in the quotient algebra F V I . The following
result in different language is due to F. S. Macaulay ([49] Section 72).

THEOREM II.2.1THEOREM II.2.1THEOREM II.2.1THEOREM II.2.1THEOREM II.2.1(F. S. Macaulay): Let F be a field, n N, and set V=Fn .
The assignment I induces a correspondence between nonzero ele-
ments V d and F V -primary irreducible ideals I F V such that
the corresponding Poincaré duality quotient algebra F V I has formal
dimension d. Two nonzero elements , V d determine the same
ideal I if and only if each is a nonzero multiple of the other: equivalently,
they have the same kernel.

PROOFPROOFPROOFPROOFPROOF: This follows from the fact that I = A I d , that A I d
is determined by I d = ker , and Proposition I.3.2.

Macaulay’s dual systems as they apply to the study of Poincaré duality quo-
tients of F V ([49] Sections 69–72) are a reformulation of Theorem II.2.1
in ideal and module theoretic terms. To explain this we introduce an F V -
module structure on V . The product of an element f F V with an
element V is denoted by f ∩ and is defined by the rule

f ∩  h =  f · h ∀ f , h F V , V

with deg = deg f +deg h . Note that for f F V i and V j we
have f ∩ V j−i , i.e., the action of F V on V lowers the grading;
it does not raise it. For this reason V is not a finitely generated F V -
module. Topologists should recognize this F V -module structure on V
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as an analog of the cap-product for cohomology acting on homology, or a
stripping operation. It is for this reason that we have chosen the notation
f ∩ for the product of an element f F V with an element V .
The relation between the F V -module structure and the algebra structure
of V is expressed by the commutativity of the diagram

F V ⊗ V ⊗ V
1⊗ ∗

F V ⊗ V

⊗1⊗1 ∩

F V ⊗ F V ⊗ V ⊗ V V

1⊗T⊗1 ∗

F V ⊗ V ⊗ F V ⊗ V
∩⊗∩

V ⊗ V
where T is the twisting map. In terms of elements this says

f ∩ · = fi ∩ · fi ·

if f F V , , V , and f = fi ⊗ fi . Apart from the curious
grading V is an algebra over the Hopf algebra F V .

Note that if z1 , . . . , zn is a basis for V ∗ with {zE E Nn
0 } the correspond-

ing monomial basis for F V and { E E Nn
0 } the dual basis for V then

zE ∩ F = F−E if F − E Nn
0

0 otherwise.
For this reason the ∩-action of F V on V is often called the contraction
pairing by analogy with the classical language of tensor algebra. We define
the support of V d (with respect to the monomial basis {zD D =
d}) to be

supp = zD D = d and zD = 0 .

Note, if we write V = u1 ⊗ · · · ⊗ un , then the basis element F is
a divided power monomial. For an index sequence F = f1 , . . . , fn set

fi =
j=0

j fi p j

for i = 1 , . . . , n, where 0 ≤ j fi < p for all j N0. Then

F =
n

i=1 j=0
j fi ·pj ui ,

where a ui = a ui ui (the inner of the two products is of course
finite).

If V we denote by M the F V -submodule of V generated by
. Unraveling the definitions and referring to Theorem II.2.1 shows that
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the ideal I F V is the annihilator AnnF V in F V of the element
, or what is the same, of M , and that the submodule of V that is

annihilated by I is precisely M . We summarize this in the following
theorem.

THEOREM II.2.2THEOREM II.2.2THEOREM II.2.2THEOREM II.2.2THEOREM II.2.2(F. S. Macaulay): There is a bijective correspondence
between nonzero cyclic F V -submodules of V and proper F V -primary
irreducible ideals in F V given by associating to a nonzero cyclic sub-
module M V its annihilator ideal I = AnnF V M F V ,
and to a proper F V -primary irreducible ideal I F V the submodule
Ann V I V of elements annihilated by I.

We will refer to the correspondence given by this theorem as Macaulay’s
double annihilator correspondence. If I F V is any ideal then we
denote Ann V I by I⊥ and call it the dual system to I. The minimum
number of generators for I⊥ turns out to be the dimension of the socle of
F V I as a vector space over F. If I F V is a F V -primary irreducible
ideal, then I⊥ V is a cyclic F V -module and is called the dual prin-
cipal system of I. A generator for this module is called a Macaulay dual
for I and will be denoted by I .

For example, if I F V is a monomial ideal and F I = {F Nn
0 zF / I}

then I⊥ = SpanF{ F F F I }. If I is F V -primary and irreducible then
F I contains a unique element of maximal degree (see e.g. [57] Chapter
11), say M , and I = M . For example, the monomial ideal x2, y4

F x, y is m-primary and irreducible. It contains all monomials of degree
at least 5, and F I = {1, x, y, x y, y2, y3, x y2, x y3} which contains the
unique maximal element xy3. A Macaulay dual of x2, y4 is 1 u · 3 v ,
where u, v V is the dual basis to x, y V ∗.

Let 0 = V d . From the double annihilator correspondence it follows
that the map : F V V defined by f = f ∩ induces an iso-
morphism F V I M . It sends the homogeneous component of
degree k of F V I to the homogeneous component of degree d − k of
M . Since F V I satisfies Poincaré duality, and has formal dimension
d its Poincaré polynomial P F V I , t is palindromic, i.e.,

P F V I , t = td P F V I , 1/t

and hence we have the following.

COROLLARY II.2.3COROLLARY II.2.3COROLLARY II.2.3COROLLARY II.2.3COROLLARY II.2.3: Suppose F V H is a Poincaré duality quotient
of F V , then the Poincaré polynomials of H and ker ⊥ are equal, i.e.,
P H , t = P ker ⊥ , t .
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We leave the proof of the following fact to the reader: it is a good exercise
in the use of the tools developed up to this point.

PROPOSITION II.2.4PROPOSITION II.2.4PROPOSITION II.2.4PROPOSITION II.2.4PROPOSITION II.2.4: Suppose that H = F V I and H = F V I
are Poincaré duality quotients of V , V respectively, and set

H = H #H = F V ⊕ V I .

If V and V are Macaulay duals for I respectively I ,
then + V ⊕ V is a Macaulay dual for I.

II.3 An illustrative example

To illustrate the ideas introduced so far we will determine all the Poincaré
duality quotients of F2 x, y of formal dimension 2 up to algebra isomor-
phism. Proposition I.6.6 tells us that there are three such examples, but
gives us no information on what they might be. By Proposition II.4.1
we need to compute the orbits of GL 2, F2 on the set of hyperplanes of
F2 x , y 2.

We tackle the dual problem. Let u , v V be the basis dual to x , y V ∗ and
consider the action of GL 2, F2 on the seven 1-dimensional subspaces of
u, v 2 instead. Recall that GL 2, F2 is generated by the cyclic permuta-

tion : u u + v v, which has order 3, and the involution : u v,
which has order 2. Since the divided power operations commute with the
GL 2, F2 action we find

2 u = 2 u = 2 u + v = 2 u + 1 u 1 v + 2 v

and

2 u = 2 u = 2 v .

Using these formulae one finds there are three orbits for the action of
GL 2, F2 on the seven lines in u, v 2. We list them in Table II.3.1.

Orbit Elements
1 2 u , 2 u + 1 u 1 v + 2 v , 2 v

2 2 u + 2 v , 2 u + 1 u 1 v , 2 v + 1 u 1 v

3 1 u 1 v

TABLE II.3.1TABLE II.3.1TABLE II.3.1TABLE II.3.1TABLE II.3.1: Orbits of GL 2, F2 on u , v 2 \ {0}

This means we have three cases to consider.
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ORBIT1ORBIT1ORBIT1ORBIT1ORBIT1: As orbit representative choose 2 u . The kernel of the
map 2 u : F2 x , y 2 F2 is spanned by y2 and xy, so the big an-
cestor ideal of ker 2 u is easily seen to contain the linear form y.
Hence A ker 2 u = y , x3 and the Poincaré duality quotient alge-
bra F2 x , y I 2 u is isomorphic to F2 x x3 . This case is somewhat
degenerate in the sense that it has only rank one instead of two.

ORBIT2ORBIT2ORBIT2ORBIT2ORBIT2: A representative for the orbit is 2 u + 2 v . The kernel
of the map F2 x , y 2 F2 induced by 2 u + 2 v is the linear span of
x2 + y2 = x+ y 2 and xy. The big ancestor ideal contains no linear forms,
so I 2 u + 2 v = xy , x2 + y2 and the Poincaré duality quotient al-
gebra is isomorphic to F2 x , y xy , x2 + y2 which is the connected sum
of two copies of the previous case.

ORBIT3ORBIT3ORBIT3ORBIT3ORBIT3: Choose 1 u 1 v to represent this orbit. The kernel of the
map F2 x , y 2 F2 induced by 1 u 1 v is the span of x2 and y2 which
also generates the ideal I 1 u 1 v . Hence the corresponding Poincaré
duality quotient is isomorphic to F x , y x2 , y2 .

To make more extensive computations than these requires further tools.
We describe one such in Section VI.2: the catalecticant matrices of [34].
This is the means by which we arrive at the results in Examples 1 and 2
of Section III.7. In Section II.5 we describe another method to assist in
computations that is based on Theorem I.2.1.

II.4 Relation to the classical form problem

The results I.1.5, I.3.2, I.4.1, II.2.1, and II.2.2 each provide a means of de-
scribing Poincaré duality quotients of F V . The passage from one descrip-
tion to another is by no means clear. Indeed, this is part of the raison-d’être
of this manuscript, as more than one surprise occurs in this connection. For
example, Lemma I.5.1 provides a connection between the classification of
Poincaré duality quotient algebras of F V and the classical form problem,
see e.g. [34] and [87] Section 2.5. To better formulate our results we first
draw another conclusion from Lemma I.5.1. The proof is routine and is
left to the reader.

PROPOSITION II.4.1PROPOSITION II.4.1PROPOSITION II.4.1PROPOSITION II.4.1PROPOSITION II.4.1: There is a bijective correspondence between the
isomorphism classes of Poincaré duality quotients of F V of formal dimen-
sion d with the orbits of GL V on P F V d .

One interpretation of the classical form problem for forms f F V d is to
classify them up to linear change of variables. This amounts to describ-
ing the orbit space P F V d PGL V , where P F V d denotes the projec-
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tive space associated to the vector space F V d . The approach chosen in
classical invariant theory (i.e., where F = C) is to describe the ring of F-
valued polynomial functions on P F V d PGL V and prove they separate
the points (see e.g. [14]). The analog for the classification of Poincaré du-
ality quotients of F V runs as follows. The proof is a translation of Lemma
I.5.1 into a global form.

THEOREM II.4.2THEOREM II.4.2THEOREM II.4.2THEOREM II.4.2THEOREM II.4.2: Let V = Fn be an n-dimensional vector space over the
field F and d N a positive integer. The group PGL n, F acts on the pro-
jective space P V d of the homogeneous component V d of degree d
of the dual Hopf algebra V of F V . There is a bijective correspondence
between the orbits of PGL n, F on P V d and isomorphism classes of
Poincaré duality quotients of F V .

II.5 The K L Paradigm: a computational tool

In this section we introduce a tool, based on Theorem I.2.1, for making
concrete computations with Macaulay dual principal systems. It applies
to a pair of ideals K, L with L over K and both K and L being F V -
primary and irreducible. We call it the K L paradigm. The motivation
runs as follows: an F V -primary irreducible ideal I always contains the
ideal zk1 , . . . , z

k
n for a suitable large k. A generator of the dual principal

system to the ideal zk1 , . . . , z
k
n in F z1 , . . . , zn is k−1 u1 · · · k−1 un .

If one writes using Theorem I.2.1 I = zk1 , . . . , z
k
n : h , then extensive

computation with examples convinced us that h ∩ k−1 u1 · · · k−1 un
is a generator for the dual principal system of I. Here is a proof of this fact.

THEOREM II.5.1THEOREM II.5.1THEOREM II.5.1THEOREM II.5.1THEOREM II.5.1: Let F be a field and K L be a proper F V -primary
irreducible ideals in F V . Write K : L in the form h + K for some h
F V . If K is a Macaulay dual for K then h ∩ K is a Macaulay dual for L.
Conversely, if K F V is an F V -primary irreducible ideal and h F V
does not belong to K then K : h = L is a proper over ideal of K which is
also F V -primary, irreducible, and L = h ∩ K .

PROOFPROOFPROOFPROOFPROOF: Let L be a Macaulay dual for L. Note that h / K for otherwise
we would have

L = K : K : L = K : h + K = K : K = F V

contrary to hypothesis. Therefore h ∩ K = 0 V since the annihilator
of K is K . Corollary I.2.3 applied to the map F V K F V L yields
f dim F V L = f dim F V K − deg h . Therefore

deg L = f dim F V L = f dim F V K − deg h = deg h ∩ K .
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Finally, if f L then h f K so f annihilates h ∩ K , viz., f ∩ h ∩ K =
f h ∩ K =0. Hence h∩ K L⊥. Since L⊥ is cyclic as an F V -module, and

both L and h ∩ K are nonzero and have the same degree as a generator
of L⊥, they must be nonzero multiples of each other. The converse follows
once one notes that K : L = h + K since is an involution on the over
ideals of K by Theorem I.2.1.

In Theorem II.5.1 we have a powerful tool to find a generator for the
Macaulay dual of an arbitrary F V -primary irreducible ideal of F V by
comparing the ideal with an ideal generated by powers of the generators.
In the special case where F is a Galois field we also provide an explicit
formula in the next section relating Macaulay duals of an ideal and its
Frobenius powers.

Here are some simple examples to illustrate the use of this theorem. More
extensive computations with the K L paradigm appear in Parts III and
IV as well as [44].

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : The Dickson polynomials2 d2,0, d2,1 Fq x, y in two vari-
ables over the Galois field Fq may be defined by means of the identity

X =
0=z V ∗

X + z = X q2−1 + d2,1X q−1 + d2,0 .

They generate a parameter ideal so the methods of Example 1 in Section
I.4 apply here. Let u, v V = F2

q be the standard basis and x, y V ∗ the
dual basis. Since x = 0 = y it follows that

−xq
2−1 = d2,0 + xq−1 · d2,1

−yq
2−1 = d2,0 + yq−1 · d2,1 ,

so xq
2−1, yq

2−1 d2,0, d2,1 , or in terms of ideals xq
2−1, yq

2−1 d2,0, d2,1 .
We apply a variant of Cramer’s rule to the preceding pair of equations:
namely, we regard them as a single matrix equation and multiply both
sides of the equality by the transposed cofactor matrix of the coefficients
(see e.g. [88] Section 14.3). One obtains

yq−1 −xq−1

−1 1
−xq2−1

−yq2−1 = yq−1 − xq−1 d2,0
d2,1

,

since the product of a matrix and its transposed cofactor matrix is the de-
terminant of the matrix times the identity matrix. From this it follows that

yq−1 − xq−1 xq
2−1, yq

2−1 : d2,0, d2,1 .

2 L. E. Dickson showed that Fq x, y GL 2,Fq = Fq d2,0, d2,1 , see e.g. [20] or [87] Section 8.1.
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If h is a transition element for d2,0, d2,1 over xq
2−1, yq

2−1 then h has
degree q − 1 by Corollary I.2.4. This is also the degree of yq−1 − xq−1. Since
yq−1 − xq−1 h + d2,0, d2,1 , h / d2,0, d2,1 , and a transition element
for d2,0, d2,1 over xq

2−1, yq
2−1 is unique modulo d2,0, d2,1 , we may as

well choose h = yq−1 − xq−1.

The Macaulay dual of the monomial ideal xq
2−1, yq

2−1 is generated by
q2−2 u q2−2 v (see Section II.2). Therefore by Theorem II.5.1 a genera-

tor of the dual principal system to the Dickson ideal d2,0, d2,1 Fq x, y
is

yq−1 − xq−1 ∩ q2−2 u q2−2 v = q2−2 u q2−q−1 v − q2−q−1 u q2−2 v .

For the generalization of this formula to an arbitrary number of variables
and any Galois field see [44].

EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2 : Suppose that f1 , . . . , fn F z1 , . . . , zn is a system of
parameters and a1 , . . . , an N. Then

K = f a11 , . . . , f ann f1 , . . . , fn = L

and since f1 , . . . , fn is a regular sequence

K : L = f a1−1
1 · · · f an−1

n + K .

So if K is a Macaulay dual for K then f a1−1
1 · · · f an−1

n ∩ K is a Macaulay
dual for L. This result will be very useful in the sequel and will often be
used without special mention.

EXAMPLE 3EXAMPLE 3EXAMPLE 3EXAMPLE 3EXAMPLE 3 (K. Kuhnigk [44]): The elementary symmetric polynomi-
als e1 , . . . , en F z1 , . . . , zn generate an m-primary irreducible ideal
in the algebra F z1 , . . . , zn , where as before m F z1 , . . . , zn is the
augmentation ideal z1 , . . . , zn . One definition of e1 , . . . , en is via the
identity

n

i=1

X + zi =
r+s=n

er X s ,

with the convention that e0 = 1. Note that the left hand side is obviously
zero for X = −zi, i = 1 , . . . , n. If we write the resulting n equations as a
single matrix equation and rearrange terms we find

−1 n
−zn1.
.
.

−znn

=

−z1 n−1 · · · −z1 1
.
.
.

.

.

.
.
.
.

.

.

.
−zn n−1 · · · −zn 1

e1.
.
.
en

.

Therefore zn1 , . . . , z
n
n e1 , . . . , en , so zn1 , . . . , z

n
n e1 , . . . , en .
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Set

n = det

−z1 n−1 · · · −z1 1
.
.
.

.

.

.
.
.
.

.

.

.
−zn n−1 · · · −zn 1

= −1
n
2

n

sgn z n−1
1 · · · z 0

n ,

where the symmetric group n acts on the set {0, 1 , . . . , n − 1} by per-
mutation of the elements. is up to sign the discriminant and Cramer’s
rule implies as in Example 1 that

n zn1 , . . . , z
n
n : e1 , . . . , en .

Note n has degree n
2

which is also the degree of a transition element
for e1 , . . . , en over zn1 , . . . , z

n
n . So again, as in Example 1, we ob-

tain

zn1 , . . . , z
n
n : e1 , . . . , en = n + zn1 , . . . , z

n
n .

A generator for the dual principal system zn1 , . . . , z
n
n

⊥ u1 , . . . , un
is n−1 u1 · · · n−1 un , so Theorem II.5.1 tells us that

e1 , . . . , en = n ∩ n−1 u1 · · · n−1 un =
n

sgn n−1 u1 · · · 0 un

is a Macaulay dual for the ideal e1 , . . . , en generated by the elementary
symmetric polynomials. The support of e1 , . . . , en on the set ofmonomials is
{z 0

1 · · · z n−1
n n} and hence the monomials in this set are precisely

the monomials representing a fundamental class for F z1 , . . . , zn n .

As is well known when the ground field F is of characteristic zero, n

F z1 , . . . , zn represents a fundamental class of the algebra of coinvari-
ants F z1 , . . . , zn n . The preceding computations have the surprising
consequence that this is no longer the case for fields F whose character-
istic divides the order of n . Namely if F has characteristic p ≤ n then

e1 , . . . , en n =
n

1 = n! = 0 F .

A result of this type was originally discovered by D. Glassbrenner [25] Sec-
tion 11. The simple argument given here appears in [93].

REMARKREMARKREMARKREMARKREMARK: In both Examples 1 and 3 we used Cramer’s rule to find a
transition element. This is a special case of the more general result that we
prove in Proposition VI.3.1.
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II.6 Frobenius powers

If F is a field of characteristic p=0 and A is a commutative graded algebra
over F then the Frobenius power I p of an ideal I A is defined to be the
ideal generated by the p-th powers of the elements of I. Given generators
a1 , . . . , am for I the elements ap

1 , . . . , a
p
m generate I p . One could ask

whether taking the Frobenius power preserves that an ideal I is A-primary
and irreducible. In the special case that A is Gorenstein and I is gener-
ated by a regular sequence this is clear since taking the p-th powers of the
elements of a regular sequence yields another regular sequence.

If A = F V and I F V is a parameter ideal then the method described
in Example 1 of Section I.4 allows us to be even more precise. Namely,
f dim F V I p = n p −1 + p · f dim F V /I , where n=dimF V . More-
over, if f F V represents a fundamental class of F V I then together
with the use of the chain rule one sees that z1 · · · zn p−1 f p represents a
fundamental class for F V I p .

It is natural to ask what happens if I is not a parameter ideal. We are in-
debted to N. Nossem for numerous discussions on Frobenius functors and
assistance in computing an illuminating example (see Example 1 in this
section) which made it plausible that taking Frobenius powers preserves
irreducibility of m-primary ideals in a polynomial algebra. R. Y. Sharp pro-
vided us with a proof of this fact, and we thank him for his permission to
use the result here. Once knowing the result was correct we constructed a
proof adapted to the graded case which yields several additional properties
of the Poincaré duality quotient F V I p , in particular a representative for
a fundamental class in terms of a fundamental class of F V I, and a gen-
erator for Macaulay’s dual principal system for I p completely analagous to
the case of parameter ideals. We begin with a pair of elementary lemmas
from [64].

LEMMA II.6.1LEMMA II.6.1LEMMA II.6.1LEMMA II.6.1LEMMA II.6.1([64] Theorem 18.1 (1)): Let : R S be a homomor-
phism of commutative rings that makes S into a flat R-module. If M is an
R-module and N , N M submodules, then

N ∩ N ⊗R S = N ⊗R S ∩ N ⊗R S .

PROOFPROOFPROOFPROOFPROOF: The Noether isomorphism theorem says that for any ring A
and any pair of submodules K , K of an A-module L we have

K K ∩ K ≅ K + K K ,

the isomorphism being induced by the natural inclusion K K + K .
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This means that we have a commutative diagram

0 N ∩ N N N N ∩ N 0
≅

0 N N + N N + N N 0

where the vertical maps are induced by the inclusion. Applying the ex-
act functor ⊗R S leads to another diagram of exact rows from which we
conclude

N ⊗R S
N ∩ N ⊗R S

≅
N ⊗R S + N ⊗R S

N ⊗R S
≅

N ⊗R S
N ⊗R S ∩ N ⊗R S

by the Noether isomorphism theorem.

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: If R and S are rings, : R S a ring homomorphism, and
K R an ideal, then we write KS for the ideal of S generated by K .
Note that KS = K ⊗R S regarded as an ideal of R ⊗R S = S. If I, J R
are ideals then we write I S :

S
J S for the corresponding ideal quotient of

JS against I S in S.

LEMMA II.6.2LEMMA II.6.2LEMMA II.6.2LEMMA II.6.2LEMMA II.6.2([64] Theorem 18.1 (2)): Let : R S be a homomor-
phism of commutative rings that makes S into a flat R-module. If I, J R
are ideals with J finitely generated, then

I :
R
J S = I S :

S
J S .

PROOFPROOFPROOFPROOFPROOF: Since J is finitely generated it is enough to consider the case
J = u , as the general case then follows by induction on the number of
generators of J. The map R u sending 1 R to u induces an isomor-
phism

R :
R

I :
R
u

u
I ∩ u

.

Therefore by Lemma II.6.1 and the exactness of the functor ⊗R S we
obtain

S
I :
R
u S

R⊗R S

≅

u ⊗R S
I ∩ u ⊗R S

≅
u ⊗R S

I ⊗R S ∩ u ⊗R S
S

≅

S
IS :

S
uS

and the result follows.

The next result would appear to be well known in the ungraded case (see
e.g. [32] Proposition 4.3 and the references in its proof). For the sake
of completeness we include a proof for the graded case. The restriction
to polynomial algebras may seem artificial, but it is forced by the main
result of [45] since the proof uses Lemma II.6.2. This lemma depends on
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the fact that the algebra A in question is flat (which in the graded case is
equivalent to free) over itself along the Frobenius homomorphism A A
given by a ap.

PROPOSITION II.6.3PROPOSITION II.6.3PROPOSITION II.6.3PROPOSITION II.6.3PROPOSITION II.6.3: Let F be a field of characteristic p=0 and V a finite
dimensional vector space over F. Then for any two ideals I, J F V we
have

I p : J p = I : J p .
In particular, for any ideal K F V and any u F V we have K : u p =
K p : up .

PROOFPROOFPROOFPROOFPROOF: Introduce the algebra F V which is a copy of F V but re-
graded as follows:

F V i =
0 if i ≡ 0 mod p
F V i/p if i ≡ 0 mod p.

For f F V j write f for the element of F V j p corresponding to
f . Introduce the map : F V F V defined by f = f p . The
grading on F V has been chosen tomake this amap3 of rings. Since is
monic we may identify F V with a subalgebra of F V . In a polynomial
algebra all ideals are finitely generated, and since F V is free over F V
along the hypotheses of Lemma II.6.2 are fullfilled. For any ideal K
F V one has K is an ideal of F V and K p = K F V . So if
I, J F V are ideals, then

I p :
F V

J p = I · F V :
F V

J · F V (by the preceding discussion)

= I :
F V

J · F V (by Lemma II.6.2)

= I :
F V

J · F V (by the definition of )

= I :
F V

J p (by the preceding discussion)

as required.

COROLLARY II.6.4COROLLARY II.6.4COROLLARY II.6.4COROLLARY II.6.4COROLLARY II.6.4: Let F be a field of characteristic p = 0, V a finite
dimensional vector space over F, and I J a pair of F V -primary irre-
ducible ideals in F V . If h is a transition element for J over I then hp is a
transition element for J p over I p .

PROOFPROOFPROOFPROOFPROOF: By definition of a transition element I : J = h + I so by
Proposition II.6.3 taking Frobenius powers gives hp + I p = h + I p =
I : J p = I p : J p as required.

3 In fact, apart from a possible Frobenius automorphism of the ground field, a map of algebras.
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THEOREM II.6.5THEOREM II.6.5THEOREM II.6.5THEOREM II.6.5THEOREM II.6.5(R. Y. Sharp): Let F be a field of characteristic p and V a
finite dimensional F-vector space. If I F V is an F V -primary irreducible
ideal, then so is I p .

PROOFPROOFPROOFPROOFPROOF: Since I F V is F V -primary I contains a parameter ideal,
say Q, so I over Q . By Theorem I.2.1 it follows that Q : I is principal
over Q, say

Q : I = u + Q.
Then by Proposition II.6.3

Q p : I p = Q : I p = u + Q p = up + Q p .

The ideal Q p is a parameter ideal and I p over Q p so again by Theorem
I.2.1 it follows that I p is irreducible. Since F V I p is totally finite I p is
also F V -primary.

The converse of Theorem II.6.5 has been proven by N. Nossem (see [71]
Lemma 2.5.1). Our proof of Theorem II.6.5 allows us to deducemuchmore
about the nature of the relation between F V I and F V I p .

THEOREM II.6.6THEOREM II.6.6THEOREM II.6.6THEOREM II.6.6THEOREM II.6.6: Let F be a field of characteristic p and V a finite di-
mensional F-vector space. Let e N0 and set q = pe. If I F V is an
F V -primary irreducible ideal, then so is I q . If z1 , . . . , zn V ∗ is a ba-
sis and zD a monomial representing a fundamental class of F V I then
z1 · · · zn q−1zqD represents a fundamental class of F V I q , so

f dim F V I q = n q − 1 + q · f dim F V I .

If u1 , . . . , un V is a basis and I V is a generator of Macaulay’s dual
principal system for F V I then q−1 u1 · · · q−1 un q I is a generator
for Macaulay’s dual principal system for F V I q .

PROOFPROOFPROOFPROOFPROOF: That I q is an F V -primary irreducible ideal follows by induc-
tion on e from R. Y. Sharp’s theorem, Theorem II.6.5. Since I is F V -
primary it contains the ideal Q = zq

s

1 , . . . , zq
s

n for s N suitably large.
Then Q q = zq

s+1

1 , . . . , zq
s+1

n I q . We therefore have epimorphisms

F V /Q F V /I

and

F V /Q q F V /I q .

By Theorem I.2.1 Q : I is principal over Q, say Q : I = u + Q. Then
by Proposition II.6.3 Q q : I q = uq + Q q . The monomial zq

s−1
1 · · · zq

s−1
n

represents a fundamental class of F V Q, so from Corollary I.2.5 we learn
that

uzD °= zq
s−1

1 · · · zq
s−1

n
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in F V Q, where a °= b denotes that a and b are nonzero scalar multi-
ples of each other. Without loss of generality we may suppose uzD and
zq

s−1
1 · · · zq

s−1
n are equal. Therefore

uq zqD zq−1
1 · · · zq−1

n ≡ zq
s+1−1

1 · · · zq
s+1−1

n

in F V /Q q , so by Corollary I.2.3 we conclude that zqD zq−1
1 · · · zq−1

n repre-
sents a fundamental class for F V /I q .

We turn next to the statement about Macaulay duals. From what we have
just shown a generator of I q ⊥ has degree n q − 1 + qd, where d is the
formal dimension of F V I. The element q−1 u1 · · · q−1 un q I

V has degree n q − 1 + qd and is nonzero, since regarded as a
linear form on F V n q−1 +qd it evaluates nonzero on the representative
of the fundamental class of F V I q just constructed. The dual sys-
tem I q ⊥ is a cyclic F V -module so it is therefore enough to show
that q−1 u1 · · · q−1 un q I belongs to I q ⊥

n q−1 +qd . This means we
must show that q−1 u1 · · · q−1 un q I regarded as a linear form on
F V n q−1 +qd is zero on the elements of I

q
n q−1 +qd .

A typical element of I q is a sum of terms of the form zE f q where f I and
E Nn

0 . The monomial z
E can be rewritten in the form zE = zAzqB, where

A, B Nn
0 and A = a1 , . . . , an with 0 ≤ a1 , . . . , an ≤ q − 1. Therefore

zE f q = zAzqB f q = zA zB f q . The element zB f belongs to I as I is an
ideal, so in fact the typical element of I q is a sum of terms of the form
zAhq, where h I and A = a1 , . . . , an with 0 ≤ a1 , . . . , an ≤ q − 1. Let
zAhq be such a term of degree n q − 1 + qd. Since V is an algebra
over the Hopf algebra F V (see Section II.2) we obtain

zA · hq ∩ q−1 u1 · · · q−1 un q I

= zA ∩ q−1 u1 · · · q−1 un · hq ∩ q I

= q−1−a1 u1 · · · q−1−an un · hq ∩ q I

= q−1−a1 u1 · · · q−1−an un · I h if deg h = d
q−1−a1 u1 · · · q−1−an un · q h ∩ I if deg h = d.

Since h I it annihilates I under the∩-product and I evaluates to zero on
h. Hence the element q−1 u1 · · · q−1 un q I belongs to I q ⊥

n q−1 +qd
as was to be shown.

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION: If V is an n-dimensional vector space over the field F of
characteristic p, q is a power of p, and u1 , . . . , un V and z1 , . . . , zn
V ∗ are dual bases, then the operators P :F V F V and P : V V
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defined by
P f = z1 · · · zn q−1 f q f F V
P = q−1 u1 · · · q−1 un q V

are called periodicity operators.

REMARKREMARKREMARKREMARKREMARK: The operators P just defined do not depend on the choice of
bases for V or V ∗.

A result of W. Vasconcelos [102] implies that an F x, y -primary irreducible
ideal is generated by a regular sequence of length two. The generaliza-
tion to more variables may fail: an irreducible ideal in F x, y, z that is
F x, y, z -primary need not be generated by a regular sequence. An exam-
ple is provided by Macaulay [49] Section 71 which we described in Section
I.5 Example 1. We use it next to illustrate our results on Frobenius powers.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Consider the ideal

L = xy, x z, yz, z2 − x2, z2 − y2 F x, y, z .

The corresponding Poincaré duality quotient algebra is the connected sum
of three copies of the algebra F u u3 . The number of generators of
an F x, y, z -primary irreducible ideal must be odd (see [103]). So the
minimal number of generators of an F x, y, z -primary irreducible ideal
that is not generated by a regular sequence is five. Therefore L has the
minimal number of generators for an F x, y, z -primary irreducible ideal
not generated by a regular sequence.

For F = F2 the fundamental class of the Poincaré duality quotient

H = F2 x, y, z x y, x z, yz, z2 − x2, z2 − y2

is represented by z2 F2 x, y, z . By Theorem II.6.5 the first Frobenius
power L 2 of the ideal L is primary for the maximal ideal, irreducible, and
has Poincaré duality quotient

F2 x, y, z x2y2, x2z2, y2z2, z4 − x4, z4 − y4 ,

whose fundamental class is represented by

P z2 = xyz z2 2 = xyz5

by Theorem II.6.6. A generator for the dual principal system of L is

= 2 u + 2 v + 2 w u, v, w 2 ,

where u, v, w V is the basis dual to x, y, z V ∗. Therefore by Theorem
II.6.6 the dual principal system of L 2 is generated by

1 u 1 v 1 w 2 2 u + 2 v + 2 w u, v, w 7 .
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Using the formulae in Table II.1.1 we find

2 2 u + 2 v + 2 w

= 4 u + 4 v + 4 w + 2 u 2 v + 2 v 2 w + 2 w 2 u ,

so the dual principal generator 2 for L 2 turns out to be
2 = P = 5 u 1 v 1 w + 1 u 5 v 1 w + 1 u 1 v 5 w

+ 1 u 3 v 3 w + 3 u 1 v 3 w + 3 u 3 v 1 w .

From this it follows that

supp 2 = x5yz, x y5z, x yz5, x y3z3, x3yz3, x3y3z ,

which is in accord with the fact that xyz5 represents a fundamental class
for F2 x, y, z /L 2 .

The following proposition provides a direct description of the algebra
F V I p for an irreducible ideal I F V . It is the result of discussions
with N. Nossem. We use the same notation as in the proof of Proposition
II.6.3. In addition recall that for any graded vector space, algebra, or mod-
ule over a field of characteristic p we denote by the same object
regraded by

k = k/p if p divides k
0 otherwise.

A sequence of graded connected commutative algebras A
f

A
f

A is
said to be coexact if Im f ≅ F ⊗A A (see [62] and the references there
for more about coexact sequences).

PROPOSITION II.6.7PROPOSITION II.6.7PROPOSITION II.6.7PROPOSITION II.6.7PROPOSITION II.6.7: Let F be a field of characteristic p = 0, F V =
F z1 , . . . , zn , and I an F V -primary irreducible ideal in F V . Then there
is a coexact sequence of Poincaré duality algebras

F F V I F V I p F z1 , . . . , zn zp1 , . . . , z
p
n F .

Moreover, F V I p is a free F V I -module and the sequence splits as
a sequence of F V I -modules. Finally

f dim F V I p = n p − 1 + p · f dim F V I

= f dim F z1 , . . . , zn zp1 , . . . , z
p
n + f dim F V I .

PROOFPROOFPROOFPROOFPROOF: As before let

: F z1 , . . . , zn F z1 , . . . , zn

be the map defined by f = f p for any f F z1 , . . . , zn . The grad-
ing on F z1 , . . . , zn has been arranged to make this a map of alge-
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bras.4 Since there is an inclusion I I p , there is also an induced
map of algebras F V I F V I p given by f + I f p + I p ,
where f F V . Denote this map by . The map is monic: to see this
note that an element f + I F V I belongs to ker if and only if
f p I p . By Proposition II.6.3 this means that 1 I p : f p = I : f p

F V , which says f I so f I , and hence ker = 0 as claimed.

Next, observe that as I p zp1 , . . . , z
p
n , the cokernel of is

F ⊗ F V I F V I p = F z1 , . . . , zn I p + zp1 , . . . , z
p
n

= F z1 , . . . , zn zp1 , . . . , z
p
n ,

since the ideal generated by the image of I F V under the map
is I p . This proves the coexactness of the sequence.

The formula for the formal dimensions follows from Theorem II.6.6. This
in turn implies by Lemma VI.4.11 that F V /I p is a free F V /I -module.
Although Lemma VI.4.11 is proved further along in this manuscript, in Part
VI, its proof is independent of Proposition II.6.7.

Note that for an irreducible m-primary ideal I of F z1 , . . . , zn the split co-
exact sequence given in Proposition II.6.7 representing F z1 , . . . , zn I p

is not the trivial split coexact sequence, viz.,

F F V I F V I ⊗ F z1 , . . . , zn zp1 , . . . , z
p
n

F z1 , . . . , zn zp1 , . . . , z
p
n F .

The coexact sequence of Proposition II.6.7 does not split except in very
special degenerate cases. The following property of this sequence ex-
plains why. The elements zi of degree p in the tensor product algebra

F V I ⊗ F z1 , . . . , zn zp1 , . . . , z
p
n are indecomposable, whereas

F V I p is generated by forms of degree 1. In fact, one sees that the mul-
tiplication on F V I p satisfies zpi = zi for i = 1 , . . . , n. So this
extension is in some sense universal for converting generators truncated at
height p into generators truncated at height p2.

Implicit in the proof of Proposition II.6.7 is a definition of the Frobenius
functor (see [73]) in the graded case. We intend to return to this functor
in a further joint manuscript with N. Nossem.

As an illustration of how the tools developed to this point interact we close
this part with a result that makes use of several of them in its short proof.

4 Apart from perhaps a Frobenius automorphism of the ground field if it has more than p
elements.
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PROPOSITION II.6.8PROPOSITION II.6.8PROPOSITION II.6.8PROPOSITION II.6.8PROPOSITION II.6.8: Let F be a field of characteristic p, V = Fn , and
V = Fn . Suppose that H = F V I and H = F V I are Poincaré
duality quotients of F V , F V respectively, and set

H = H #H = F V ⊕ V I .

If V and V are Macaulay duals for I respectively I ,
then a Macaulay dual for I p is

p−1 u1 · · · p−1 un · p−1 u1 · · · p−1 un · p + V ⊕ V ,

where u1 , . . . , un is a basis for V and u1 , . . . , un is a basis for V .

PROOFPROOFPROOFPROOFPROOF: By Proposition II.2.4 + V ⊕ V is a Macaulay dual
for I. The result then follows from Theorem II.6.6.



Part III
Poincaré duality and the
Steenrod algebra

OINCARÉ duality quotients of Fq V , where Fq is a Galois field, mayP support an additional structure derived from the Frobenius homomor-
phism.1 Specifically the operation of raising linear forms in Fq V to the
q-th power defines an algebra homomorphism : Fq V Fq V that can
be used to define the Steenrod algebra P∗ of a Galois field and Fq V be-
comes a P∗-module (see e.g. [87] Chapter 10). To demand that an ideal
I in Fq V be stable under the P∗-action imposes severe restrictions, e.g.,
the prime ideals in Fq V stable underP∗ are generated by the linear forms
they contain (see [78] Section 2 Proposition 1, or [68] Theorem 9.2.1). If
an irreducible Fq V -primary ideal is stable under P∗ then the Steenrod
operations pass to the Poincaré duality quotient defined by it, which be-
comes an unstable algebra over the Steenrod algebra. This allows us to
define characteristic classes for such quotients.

Although Steenrod operations were originally conceived in the 1940s as
a refinement of the cup-product in cohomology, we prefer to view them
as a mechanism for bringing to the fore information otherwise left hid-
den behind the Frobenius homomorphism . For an introduction to the
Steenrod algebra P∗ of a Galois field from this viewpoint see for example
[68] Chapter 8, [87] Chapters 9 and 10, or [90]. The latter provides a com-
plete account of the basic structure ofP∗ as a Hopf algebra, and presents a
number of examples of the use of Steenrod operations in modular invariant
theory. We assume the reader is familiar with one of these, or at a minimum
the basic algebraic material on the Steenrod algebra in [97] Chapters 1, 2,
and 4.

1 The term Frobenius homomorphism is not unambiguously defined, not even in this manu-
script! We hope we have made clear what we mean by it in each context where it appears.

53
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Many other points of departure to introduce the Steenrod algebra are pos-
sible. See for example, [108] for an interpretation of Steenrod operations
as differential operators (in this connection see also [26]). For a categorical
approach see [7]. Steenrod-like operations also occur in connection with
Hasse–Schmidt differentials (see e.g. [29] or [101]). For a completely dif-
ferent approach to deriving information from the Frobenius homorphism
see [73] and [71].

After introducing some basic concepts related to Steenrod operations and
the Steenrod algebra we extendMacaulay’s theory of m-primary irreducible
ideals to this new context. We then define Wu classes for Poincaré duality
quotients of Fq V supporting Steenrod operations. These provide yet an-
other perspective in our study, derived from one which was pioneered by
Wu Wen-Tsün [111]and [112] for smooth manifolds. Those Poincaré du-
ality quotients of Fq V supporting Steenrod operations which have trivial
Wu classes are closely related to the Hit Problem of finding a minimal gen-
erating set for Fq V as a module over P∗. We make use of the Frobenius
powers of ideals (see Section II.6) and the K L paradigm (see Section
II.5) to study families of Poincaré duality quotients with trivial Wu classes
at the end of this Part as well as in Parts IV, V and VI.

III.1 P∗-Unstable Poincaré duality quotients of Fq V

In the case of a finite field Fq with q = p elements, p a prime, there are
a number of additional features that arise in the study of Poincaré duality
quotients of Fq V that depend on the action of the Steenrod operations on
Fq V (see e.g. [68] Chapter 8, [87] Chapters 10 and 11, or [90]).

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: We write P∗ for the Steenrod algebra of a Galois field Fq .
In the special case q = 2 we also use the notation A ∗.

By an unstable Poincaré duality algebra over Fq we mean a Poincaré du-
ality algebra over Fq that is also an unstable algebra over the Steenrod
algebra P∗ of the given Galois field Fq . In the same spirit we use the ter-
minology unstable Noetherian algebra, unstable Cohen–Macaulay algebra,
etc. If A is an unstable algebra over the Steenrod algebra P∗ recall that
an ideal I A is said to be P∗-invariant if I I for all P∗. We
begin by explaining how the results of the previous Parts extend to encom-
pass an unstable Steenrod algebra action. As a first step we reformulate
Proposition I.1.5 as follows.

PROPOSITION III.1.1PROPOSITION III.1.1PROPOSITION III.1.1PROPOSITION III.1.1PROPOSITION III.1.1: Let A be a Noetherian commutative graded con-
nected algebra over the Galois field Fq which is an unstable algebra over
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the Steenrod algebraP∗ of the given Galois field. Then there is a bijective
correspondence between

P∗-unstable Poincaré duality algebras that are quotients of A,
on the one hand, and

P∗-invariant A-primary irreducible ideals I A,
on the other. The correspondence associates to aP∗-unstable Poincaré du-
ality quotient algebra of A with quotient map : A H the ideal ker ,
and to a P∗-invariant irreducible A-primary ideal I the quotient algebra
A/I.

If A is an unstable Gorenstein algebra, then the characterization of the
A-primary irreducible ideals in A as those ideals that are principal over
a parameter ideal contained in them (Theorem I.2.1 or [114] Chapter IV
Theorem 34) also extends to the new context. To prove this we require two
lemmas.

LEMMA III.1.2LEMMA III.1.2LEMMA III.1.2LEMMA III.1.2LEMMA III.1.2: Let A be a commutative graded connectedP∗-unstable
Noetherian algebra over the Galois field Fq . If I A is an A-primary ideal
then I contains a P∗-invariant parameter ideal.

PROOFPROOFPROOFPROOFPROOF: By [87] Proposition 11.2.3, the minimal prime ideals of A are
P∗-invariant, so passing from A to the quotient by a minimal prime allows
us to assume that A is an integral domain. By [66] Theorem 7.4.3 or [53]
Theorem 5.2.1, A contains aP∗-invariant parameter ideal, say Q. Let Q=
a1 , . . . , an and set di = deg ai for i = 1 , . . . , n. Since I is A-primary
the algebra A/I is zero in all sufficiently large degrees, say A/I j = 0 if j >
d. Choose N such that q · di > d for i=1 , . . . , n. Then aq

1 , . . . , aq
n

belong to I and the ideal they generate, say Q , is a parameter ideal. A short
computation with the formula

P
k uq = P

k/q u q if k is divisible by q
0 otherwise

shows that Q is P∗-invariant.

LEMMA III.1.3LEMMA III.1.3LEMMA III.1.3LEMMA III.1.3LEMMA III.1.3: Let A be a commutative graded connected unstable al-
gebra over the Galois field Fq and let I , J A beP∗-invariant ideals. Then
the ideal I : J is also P∗-invariant.

PROOFPROOFPROOFPROOFPROOF: Suppose that a I : J and that inductively we have shown
that a , . . . , P

k−1 a belong to I : J for some integer k > 0. Let b J.
Then ab I, so P

k ab I since I isP∗-invariant. If we apply the Cartan
formula to P

k ab we get

P
k ab = P

k a b + P
k−1 a P

1 b + · · · + a P
k b .



56 POINCARÉ DUALITY AND THE STEENROD ALGEBRA [PART III

The elements P
k−1 a , . . . , P

1 a , a belong to I : J by the induction
assumption, and the elements P 1 b , . . . , P

k b , b belong to J because
J is P∗-invariant. Rearranging the previous equation gives

P
k a b = P

k ab − P
k−1 a P

1 b + · · · + aP k b ,

and since the right hand side is in I it follows that P k a b belongs to I. So
P

k a belongs to I : J , and hence I : J is P∗-invariant as claimed.

ALTERNATIVE PROOF OF LEMMA III.1.3ALTERNATIVE PROOF OF LEMMA III.1.3ALTERNATIVE PROOF OF LEMMA III.1.3ALTERNATIVE PROOF OF LEMMA III.1.3ALTERNATIVE PROOF OF LEMMA III.1.3: Introduce the total Steenrod
operation

PPPPP = 1+ P
1 + · · · + P

k + · · · P∗∗ =
i=0

Pi .

It is an algebra automorphism2 of the ungraded algebra Tot A with inverse
PPPPP where is the canonical anti-automorphism of the Steenrod algebra

regarded as a Hopf algebra (see e.g. [59] or [58]). For aP∗-invariant ideal
K one has PPPPP K = K . Since a I : J if and only if a · J I we find if we
apply PPPPP to this equation that PPPPP a · J = PPPPP a · PPPPP J = PPPPP a · J PPPPP I = I
and the result follows.

We say that an element a in an unstable P∗-algebra is a Thom class if the
principal ideal a A is closed under the action of the Steenrod algebra.
This differs a bit from the usage in [66] Section 4.3 where in addition it is
required that the ideal a have height one, or in [10] where it is required
that a be a free A-module.

THEOREM III.1.4THEOREM III.1.4THEOREM III.1.4THEOREM III.1.4THEOREM III.1.4: Let A be a commutative graded connectedP∗-unsta-
ble Noetherian algebra over the Galois field Fq . If K L areP∗-invariant
A-primary irreducible ideals then K : L = a + K and L= K : a for some
a A which becomes a Thom class in A/K . Conversely, if K A is a P∗-
invariant A-primary irreducible ideal and a A becomes a Thom class in
A/K , then L = K : a is also a P∗-invariant A-primary irreducible ideal.

PROOFPROOFPROOFPROOFPROOF: By Theorem I.2.1 K : L = a + K and L = K : a for some
element a A. By Lemma III.1.3 the ideal K : L is P∗-invariant as both
K and L are. The principal ideal generated by u, the image of a in A/K , is
K : L K and is therefore aP∗-invariant ideal. Hence u A/K is a Thom
class.

Conversely, if K A is aP∗-invariant A-primary irreducible ideal and a A
becomes a Thom class in A/K , then the principal ideal u generated by

2 The group of units in the algebraP∗∗ turns out to be the Nottingham group (see e.g. [89],
and [38] and [113] for the group theoretic background).
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the image of a in A/K is P∗-invariant. Since the quotient map A A/K
is a map of P∗-algebras, the preimage a + K of the ideal u is P∗-in-
variant and hence so is L = K : a . By Theorem I.2.1 it is also A-primary
and irreducible.

COROLLARY III.1.5COROLLARY III.1.5COROLLARY III.1.5COROLLARY III.1.5COROLLARY III.1.5: Let A be a commutative graded connected P∗-un-
stable Gorenstein algebra over the Galois field Fq and I a P∗-invariant
A-primary ideal of A. Then I contains P∗-invariant parameter ideals. It
is irreducible if and only if for every P∗-invariant parameter ideal Q I
there is an element a A with Q : I = a + Q such that a becomes a
Thom class in A/Q.

PROOFPROOFPROOFPROOFPROOF: Combine Lemma III.1.2 and Theorem III.1.4.

We can apply these results to the study of P∗-Poincaré duality quotient
algebras of Fq V as follows: let Fq V H be aP∗-Poincaré duality quo-
tient of Fq V with I = ker Fq V . Choose a basis z1 , . . . , zn V ∗

for the linear forms of Fq V and an integer k N such that the P∗-in-
variant parameter ideal Q qk = zq

k

1 , . . . , zq
k

n is contained in I. Then
I = Q qk : f for some form f Fq V which becomes a Thom class in
Fq V Q qk and determines H. From this point of view the problem of
classifying the P∗-invariant Poincaré duality quotients of Fq V translates
into the problem of determining the Thom classes in the quotient algebras
Fq z1 , . . . , zn zq

k

1 , . . . , zq
k

n . The following result and example show
that this is quite a bit different from finding Thom classes in Fq V .

PROPOSITION III.1.6PROPOSITION III.1.6PROPOSITION III.1.6PROPOSITION III.1.6PROPOSITION III.1.6: Suppose f Fq V is a Thom class, then f is a
product of linear forms.

PROOFPROOFPROOFPROOFPROOF: If f has degree one there is nothing to prove, so we may pro-
ceed by induction on the degree of f and assume the result holds for all
Thom classes whose degree is strictly smaller than that of f . Let p f be
an associated minimal prime ideal of the principal ideal f . By [67] (or
see [87] Corollary 11.2.4) p is a P∗-invariant ideal, and by Krull’s Prin-
cipal Ideal Theorem ([5] Theorem 1.2.10) ht p = 1. Hence by Serre’s
theorem ([87] Theorem 11.3.1) p = for some nonzero linear form .
Since f it follows that divides f . Let h = f / . We claim that h
is a Thom class. To see this apply the total Steenrod operation

PPPPP = 1+ P
1 + · · · + P

k + · · · ,

to f . Since f is a Thom class the principal ideal f isP∗-invariant and we
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may write PPPPP f = f · F for some inhomogeneous F = 1+ f1 + · · ·. Then

PPPPP h =
PPPPP f
PPPPP

=
f · F
+ q =

f
·

F
1 + q−1 = hF

i=0

− q−1 i .

Taking homogeneous components then shows that h divides P k h for all
k N0. So h is indeed a Thom class and we can apply the inductive hy-
pothesis to complete the proof.

Thus, there are two obvious sources of Thom classes in Fq V Q when Q
Fq V is a P∗-invariant parameter ideal: elements whose degree is strictly
larger than f dim Fq V Q − q − 1 and elements that are the image of a
product of linear forms in Fq V . Here is an example of a less obvious sort.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Consider the ideal K = x4, y4, z4 F2 x, y, z . It isA ∗-
invariant so the corresponding Poincaré duality quotient H =F2 x, y, z K
has formal dimension 9 and is an unstableA ∗-algebra. The cubic form f =
x3 + y3 + z3 F2 x, y, z is not a product of linear forms, so by Proposition
III.1.6 is not a Thom class. However since

Sqi uk =
k
i

ui+k

for any linear form u we see that f becomes a Thom class in the quotient
algebra H. In fact Sqi f = 0 for all i > 0 in H. From this it follows that
AnnH f H is an A ∗-invariant irreducible ideal and H/AnnH f is an
unstable Poincaré duality algebra over the Steenrod algebra A ∗.

III.2 The P∗-Double Annihilator Theorem

We next reformulate Macaulay’s Double Annihilator Theorem, Theorem
II.2.2, in the extended context of P∗-algebras. To this end let V be a fi-
nite dimensional Fq -vector space. Introduce a P∗-action on V by the
requirement

 f =  f ∀ P∗ , V , f Fq V  −  ,

where : P∗ P∗ is the canonical anti-automorphism of the Steenrod
algebra. As with the Fq V -module structure on V this action of P∗ on
V lowers degrees, i.e., deg = deg − deg .

To make computations with the action ofP∗ on V we note that for any
linear form z

z = PPPPP PPPPP z = PPPPP z + zq = PPPPP z + PPPPP z q ,
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since PPPPP · PPPPP = 1 P∗∗. So comparison of coefficients gives

PPPPP z = z − zq + zq
2

− · · ·

and taking homogeneous components yields

P
i z = −1 r zq

r
if i = qr−1

q−1
0 otherwise.

From this one may derive formulae for the action of P∗ on the generators
qr u1 , . . . , qr un of V . For example, the element zq

r

i Fq V is
dual to qr ui V , so we obtain

P

qr −1
q−1 qr ui = −1 r

1 ui = −1 r ui V

since

−1 r = qr ui  P

qr −1
q−1 zi = P

qr −1
q−1 qr ui  zi .

See e.g., [17] for other such formulae.

Note that the action of PPPPP =1+ P
1 + P

2 + · · · on Fq V commutes
with the coproduct of Fq V . This may be seen by reducing to the case
where dimFq V = 1, using that Fq z1 , . . . , zn ≅ Fq z1 ⊗ · · · ⊗ Fq zn as
Hopf algebras, and direct computation. Hence the action of PPPPP on V
is an algebra automorphism. This means that the action of P∗ on V
satisfies the Cartan formula, viz.,

P
k · =

k +k =k

P
k · P k .

The Fq V - andP∗-module structures on V are compatible in the sense
that they also satisfy a Cartan like formula, viz.,

P
k f ∩ =

i+j=k

P
i f ∩ P

j .

This makes V into a module over the algebra Fq V P∗, the semiten-
sor product of Fq V with P∗ (see [51], in fact it is an algebra over the
Hopf algebra Fq V P∗ [85]). We do not need the construction of the
semitensor product but find the notation a convenient shorthand for this
type of structure.

Given this, the proof of Theorem II.2.2 shows the following.

THEOREM III.2.1THEOREM III.2.1THEOREM III.2.1THEOREM III.2.1THEOREM III.2.1(F. S. Macaulay): There is a bijective correspondence
between nonzero Fq V P∗-submodules of V that are cyclic as Fq V -
modules, and proper Fq V -primary irreducible P∗-invariant ideals in
Fq V . The correspondence is given by associating to a nonzero cyclic
Fq V -submodule M V that is closed under the action of the
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Steenrod algebra on V its annihilator ideal I = AnnFq V M
Fq V , and to a proper Fq V -primary irreducible P∗-invariant ideal I
Fq V the submodule Ann V I of elements annihilated by I.

Examples of cyclic Fq V P∗-submodules of V and the application
of this P∗ version of Macaulay’s Double Annihilator Theorem appear in
particular in Sections III.4 and III.7.

III.3 Wu classes

P∗-unstable Poincaré duality algebras support an additional structure
which is an analog of the characteristic classes of algebraic topology. To
describe this we introduce some additional notation and terminology. If H
is an unstable Poincaré duality algebra with fundamental class H then we
define the Wu classes of H, denoted by Wuk H Hk q−1 for k N0, by
requiring (see e.g. [1])

P
k f  H = f · Wuk H  H ,

where  H is the map of H to Fq defined as follows:

a  H = if deg a = f dim H and a = H
0 otherwise.

In the special case where H = Fq V I with I Fq V aP∗-invariant F V -
primary irreducible ideal, the contraction pairing V × Fq V V in-
duces a pairing

 : I⊥ × Fq V I Fq .
One readily sees that the Wu classes of H are then uniquely defined by the
requirement

✣ I  P
k f = I  f · Wuk H ∀ f H

where I V is a generator of the dual system I⊥ of I.

The unstability condition for the Steenrod algebra action implies the fol-
lowing vanishing result for Wu classes.

PROPOSITION III.3.1PROPOSITION III.3.1PROPOSITION III.3.1PROPOSITION III.3.1PROPOSITION III.3.1: Suppose that H is an unstable Poincaré duality
algebra with f dim H = d. Then Wuk H = 0 if k > d

q
where q is the

number of elements in the ground field.

PROOFPROOFPROOFPROOFPROOF: If Wuk H = 0 and m = d − k q − 1 there must be an element
h Hm with P

k h =0. Therefore by unstability k ≤ m= d − k q −1 , i.e.,
Wuk H = 0 requires that kq = k q − 1 + k ≤ d.
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We say that H has trivial Wu classes if Wuk H = 0 for all k > 0.

PROPOSITION III.3.2PROPOSITION III.3.2PROPOSITION III.3.2PROPOSITION III.3.2PROPOSITION III.3.2: Suppose that H is aP∗-unstable Poincaré duality
algebra with trivial Wu classes of formal dimension d over the Galois field
Fq . If a Hi , b Hj and k N0 are such that i + k q − 1 + j = d then

P
k a · b = a · P

k b .

PROOFPROOFPROOFPROOFPROOF: Let H Hd be a fundamental class. For h = h0 + h1 + · · ·
Tot H define h H Fq by demanding that hd = h H · H .
Using this notation we need to prove the identity

P
k a · b H = a · P

k b H .

Since PPPPP
−1 = PPPPP we have for degree reasons

P
k a · b H

= PPPPP a · b H = PPPPP a · PPPPP b H

= Wu H · a · PPPPP b H = a · PPPPP b H

= a · P
k b H

as Wu H = 1.

If I Fq V is a P∗-invariant Fq V -primary irreducible ideal we take the
freedom to write Wuk I for Wuk Fq V I in the belief that this simplified
notation is unlikely to cause confusion. Likewise we say that I has trivial
Wu classes if Wuk I = 0 for k > 0.

The Wu classes can be used to relate the actions of the Steenrod algebra on
Fq V I and on I⊥. To this end we introduce the conjugate Wu classes,
denoted by Wu H Hk q−1 for k N0, which are defined for any unstable
Poincaré duality algebra by the requirement that

P
k f  H = f · Wuk H  H .

Analogous to formula ✣ the conjugate Wu classes of a P∗-Poincaré du-
ality quotient algebra H = Fq V I are characterized by the condition

✠ I  P
k f = I  f · Wuk H .

We say H has trivial conjugate Wu classes if Wu H = 1. The lemma
that follows shows it is unnecessary to make a distinction between trivial
Wu classes and trivial conjugate Wu classes.

LEMMA III.3.3LEMMA III.3.3LEMMA III.3.3LEMMA III.3.3LEMMA III.3.3: If H is an unstable Poincaré duality algebra of formal
dimension d with total Wu class Wu H = 1+Wu1 H + · · · and total con-
jugate Wu class Wu H = 1+ Wu1 H + · · ·, then Wu H and Wu H
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are related to each other in Tot H by the formulae

PPPPP Wu H · Wu H = 1 = Wu H · PPPPP Wu H .

In particular, H has trivial Wu classes if and only if it has trivial conjugate
Wu classes.

PROOFPROOFPROOFPROOFPROOF: It follows from the perfectness of the pairing  that
PPPPP Wu H · Wu H = 1 Tot H if and only if for every h H

h H = PPPPP Wu H · Wu H · h H .

For any h H we have

PPPPP Wu H · Wu H · h H = Wu H · PPPPP Wu H · h H

= PPPPP PPPPP Wu H · h H = Wu H · PPPPP h H

= PPPPP PPPPP h  H = h H .

Therefore PPPPP Wu H · Wu H = 1. The last assertion follows by applying
PPPPP to this equation since PPPPP is an automorphism with PPPPP

−1 = PPPPP .

REMARKREMARKREMARKREMARKREMARK: Topologists familiar with the work of Thom and Wu should
recognize from this lemma that the conjugate Wu classes are an analog of
Stiefel–Whitney classes when q = 2. Note that in contrast to PPPPP and PPPPP

which are inverse to each other inP∗∗, Wu H and Wu H are not inverse
to each other in Tot H .

If Fq V H = Fq V I is an unstable Poincaré duality quotient algebra
of Fq V then Lemma III.1.2 tells us that there is aP∗-invariant parameter
ideal Q Fq V contained in I, and Theorem III.1.4 that there is an element
h Fq V such that Q : I Q = h in Fq V Q. Moreover the principal
ideal h Fq V Q is P∗-invariant. Given such a Q and h for an Fq V -
primary irreducibleP∗-invariant ideal I Fq V wewould like to be able to
compute the Wu classes of Fq V I from those of Fq V Q. The following
results explain how to do this making use of Theorem II.5.1 in a crucial
way.

THEOREM III.3.4THEOREM III.3.4THEOREM III.3.4THEOREM III.3.4THEOREM III.3.4: Let V be a finite dimensional vector space over the
Galois field Fq . If I Fq V is a P∗-invariant Fq V -primary irreducible
ideal and I V is a generator of Macaulay’s dual principal system, then

PPPPP I = Wu I ∩ I

and

PPPPP I = Wu I ∩ I .
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PROOFPROOFPROOFPROOFPROOF: It suffices to prove one of the formulae as the other formula
is proven analogously. For any f Fq V I we have by definition of the
∩-product

Wu I ∩ I f = I Wu I · f
= I PPPPP f = PPPPP I f .

The module I⊥ V is cyclic with generator I and closed under the
action of the Steenrod algebra on V . Therefore

PPPPP I = h ∩ I

for some element h Fq V . Choose such an h. Then

Wu I ∩ I f = h ∩ I f

for all f F V I and hence the difference h − Wu I annihilates I estab-
lishing the first formula.

THEOREM III.3.5THEOREM III.3.5THEOREM III.3.5THEOREM III.3.5THEOREM III.3.5: Let K L Fq V be P∗-invariant Fq V -primary
irreducible ideals. Choose h Fq V so that K : L = h + K . Then h
becomes a Thom class in Fq V K . If PPPPP h ≡ w · h mod K and PPPPP h ≡
w · h mod K then

Wu L = w · Wu K Fq V L

and

Wu L = w · Wu K Fq V L.

In particular if Wu K = 1 then Wu L = w and Wu L = w. So, if K
has trivial Wu classes, then L has trivial Wu classes if and only if w L or
equivalently w L.

PROOFPROOFPROOFPROOFPROOF: Let K be a Macaulay dual for K . By Theorem II.5.1 we may
choose L = h ∩ K as a Macaulay dual for L. If we apply PPPPP to this
equation we obtain from Theorem III.3.4 that

Wu L ∩ L = PPPPP L = PPPPP h ∩ K

= PPPPP h ∩ PPPPP K = w · h ∩ Wu K ∩ K

= w · Wu K ∩ h ∩ K = w · Wu K ∩ L .

This says that Wu L − w · Wu K annihilates L so by Theorem II.2.2
Wu L − w · Wu K L. This establishes the first formula. The rest fol-
lows from the definitions or by applying .

The following example illustrates the use of these results.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Let d2,0 = x2y+ xy2, d2,1 = x2 + xy+ y2 F2 x, y be the
two Dickson polynomials. Consider the ideal d2,0 , d2,1 F2 x, y . This
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ideal isA ∗-invariant. Either of themonomials x2y, x y2 represents a funda-
mental class of the Poincaré duality quotient algebra F2 x, y d2,0, d2,1 .
Direct computation3 shows that this algebra has trivial Wu classes. The
ideal d2,0, d2,1 contains the parameter ideal x3, y3 as was shown in Ex-
ample 1 of Section II.5 and hence also the parameter ideal x4, y4 . Rea-
soning as in that example we see that

x4, y4 : d2,0, d2,1 = x2y + xy2 + x4, y4 = d2,0 + x4, y4 .

By Corollary II.6.4 taking Frobenius powers gives x8, y8 : d22,0, d22,1 =
d22,0 + x8, y8 so d22,0 is a transition element for d22,0, d22,1 over x8, y8 .
Introduce the total Steenrod squaring operation

Sq = 1+ Sq2 + Sq2 + · · · .

One has by direct computation that

Sq d2,1 = d2,1 + d2,0 + d22,1
Sq d2,0 = d2,0 1 + d2,1 + d2,0 ,

so Sq d22,0 = d22,0 1 + d22,1 + d22,0 . By Theorem III.3.5 we see that the
algebra F2 x, y d22,0, d22,1 also has trivial Wu classes.4

More interesting is to consider the ideal d2,0, d22,1 F2 x, y which lies
between d2,0, d2,1 and its first Frobenius power d22,0, d22,1 . It too is A ∗-
invariant, as the formulae for Sq d2,0 and Sq d2,1 above show. We have

d2,0, d22,1 = d22,0, d
2
2,1 :d2,0 .

Since d2,0 is a Thom class in F2 x, y the principal ideal it generates is
A ∗-invariant. We apply Theorem III.3.5 and use the formula for Sq d2,0
above. The result is

Wu d2,0, d22,1 = 1 + d2,1 .
After a bit of computation using Lemma III.3.3 we conclude that

Wu d2,0, d22,1 = 1 + d2,1 F2 x, y d2,0, d22,1 .

So the ideal d2,0 , d22,1 does not have trivial Wu classes. See Section V.1 for
the complete list of ideals generated by powers of the Dickson polynomials
d2,0, d2,1 F2 x, y that are invariant under the Steenrod algebra and a
sublist of those with trivial Wu classes.

3 This is a very special case of a result of S. A. Mitchell [60] Appendix B that we will reprove
as Corollary IV.2.3.
4 These computations could be avoided by using results proved further on in Sections III.6
(Corollary III.6.5) and IV.1 (Proposition IV.1.3).
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III.4 P∗-Indecomposables: Hit Problems

An element f Fq V is called P∗-decomposable if for some k N there
are elements i P∗ of strictly positive degree, and elements fi Fq V ,
such that f = k

i=1 i fi . Two elements f , f Fq V are called P∗-
equivalent if their difference is P∗-decomposable. If a form f is not P∗-
decomposable it is called P∗-indecomposable. The module of P∗-inde-
composable elements is per definition Fq ⊗P∗ Fq V and is denoted by
either QP∗ Fq V or Fq V P∗ . A problem of fundamental importance for
algebraic topologists is to determine this module Fq V P∗ of P∗-indecom-
posable elements. This is often referred to as theHit Problem for Fq V . See
e.g. [107], [108], [109] and the references there. A basis for the vector
space QP∗ Fq V is known in the so called generic degrees (see e.g. [65]
and [110] II.5). We find it convenient to reformulate things for V using
Hopf algebra duality as in [16] to bring out the hidden connection with the
unstable Poincaré duality quotients of Fq V .

An element V is called P∗-invariant if P
k = 0 for all k > 0.

This is consistent with the terminology of R. M. Fossum [22] for invariants
of cocommutative Hopf algebras acting on rings, as well as with the fact
that the total Steenrod operation PPPPP = 1 + P

1 + · · · + P
k + · · · induces

an action of Z on Fq V as well as V whose invariants in the classical
sense are those just defined (see e.g. [89]). The subalgebra ofP∗-invariant
elements in V will be denoted by V P∗

: as a graded vector space over
Fq it is dual to Fq ⊗P∗ Fq V =Fq V P∗ , the module ofP∗-indecomposable
elements of Fq V .

After all these preliminaries we come to one of the most surprising results
so far in this study. It exhibits an unexpected connection between two
seemingly unrelated things, viz., the Hit Problem and P∗-Poincaré duality
quotients of Fq V . It should come as no surprise however that it is easy to
prove this result after these massive amounts of background material.

THEOREM III.4.1THEOREM III.4.1THEOREM III.4.1THEOREM III.4.1THEOREM III.4.1: Macaulay’s double annihilator theorem establishes
a correspondence between nonzero elements of V P∗

and the P∗-
Poincaré duality quotients of Fq V with trivial Wu classes. Two nonzero
elements , V P∗

define the sameP∗-Poincaré duality quotient if
and only if they are nonzero scalar multiples of each other.

PROOFPROOFPROOFPROOFPROOF: Let 0 = V P∗
generate the Fq V -submodule M of

V . Then M is aP∗-submodule. Let I = AnnFq V M Fq V
be the corresponding ideal whose Poincaré duality quotient H is an unsta-
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ble P∗-algebra by Theorem III.2.1. By Theorem III.3.5 the action map

: Fq V V f f ∩

defines a bijection5 of Fq V I onto M which sends the element
Wuk H to P

k . If isP∗-invariant then P
k = 0 for all k > 0,

so the Wu classes of H are trivial, and conversely. By Proposition I.4.2 two
nonzero elements , V determine the same Poincaré duality quo-
tient if and only if they are nonzero scalar multiples of each other, so the
result is established.

If a Poincaré duality quotient Fq V I has trivial Wu classes and z1 , . . . , zn
is a basis for V ∗, then clearly no monomial zD representing a fundamental
class can be P∗-decomposable. For, if one were, say zD, then there would
be a monomial zE and a Steenrod operation P

k with k >0 and P
k zE = zD

in Fq V I. This would imply that Wuk I = 0. The following example
shows that the naive converse fails: a representing monomial for the fun-
damental class of Fq V /I may well be P∗-indecomposable without the
Wu classes of Fq V /I being trivial. See Proposition III.5.3 for the correct
converse, and Section III.7 for more examples of this type.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : We consider in u, v, w the quadratic divided polyno-
mial = 2 w + 1 u 1 v . The ideal I Fq x, y, z corresponding
to under the double annihilator theorem is 6

I = x2, y2, x z, yz, z2 − xy Fq x, y, z .

This is most easily seen using the catalecticant matrices to make the com-
putation: see Section VI.2. Again we see that in more than two variables
m-primary irreducible ideals in Fq z1 , . . . , zn need not be generated by a
regular sequence. The monomials xy and z2 are representatives for a fun-
damental class of the Poincaré duality quotient Fq x, y, z I . If Fq =F2,
then since four of the five generators are Thom classes and

Sq1 z2 + xy = 0+ x2y + xy2 I

the ideal I F2 x, y, z is closed under the action of the Steenrod
algebra A ∗. Of the elements representing a fundamental class, xy is
A ∗-indecomposable, but z2 = Sq1 z is A ∗-decomposable, and therefore
Wu1 I = 0.

This is by no means an isolated example. F2 x, y, z I is isomorphic
to F2 x, y x2 , y2 #F2 z z3 , where F2 x, y x2 , y2 has trivial Wu

5This bijection sends elements of degree k to elements of degree deg − k.
6 Topologists should recognize this example as H∗ S2 × S2 #CP 2 ;Fq with the grading
degrees halved.
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classes and Wu1 F2 z z3 = z. More examples of this type arise by tak-
ing connected sums H #H where H has trivial Wu classes but H does
not.

We round out this part of the discussion with a property of P∗-indecom-
posables that does not seem to be as well known as it might. We therefore
offer two distinct proofs of this result. Here is the first one, the second one
appears in Section III.5.

PROPOSITION III.4.2PROPOSITION III.4.2PROPOSITION III.4.2PROPOSITION III.4.2PROPOSITION III.4.2: Let Fq be the Galois field with q = p elements,
p a prime. If V and V are finite dimensional vector spaces over Fq

and f Fq V and f Fq V are P∗-indecomposable elements, then
f ⊗ f Fq V ⊕ V is also P∗-indecomposable.

PROOFPROOFPROOFPROOFPROOF: Consider the natural map

Fq V ⊗ Fq V ⊗P∗ Fq Fq V ⊗ Fq V ⊗P∗⊗P∗ Fq

induced by change of rings along the diagonal map :P∗ P∗ ⊗ P∗ of
the Steenrod algebra. This map is an epimorphism. Since

Fq V ⊗ Fq V ⊗P∗⊗P∗ Fq ≅ Fq V ⊗P∗ Fq ⊗ F V ⊗P∗ Fq

we therefore obtain an epimorphism

Fq V ⊗ Fq V P∗ Fq V P∗ ⊗ Fq V P∗ .

For the element f of Fq V ⊕ V P∗ represented by f ⊗ f the image
of f in Fq V P∗ ⊗ Fq V P∗ under this map is the tensor product of the
elements represented by f and f respectively, which are nonzero yielding
the desired conclusion.

III.5 A dual interpretation of the P∗-Double Annihilator
Theorem

There is a dual interpretation for the results of Section III.4 that arises
from the vector space duality between V P∗

and Fq V P∗ given by the
contraction pairing between V and Fq V . Hence we have the following.

PROPOSITION III.5.1PROPOSITION III.5.1PROPOSITION III.5.1PROPOSITION III.5.1PROPOSITION III.5.1: An element V d isP
∗-invariant if and only

if when regarded as a linear form Fq V d Fq there is a factorization

Fq V d Fq

¯

Fq V P∗
d

where is the canonical quotient map.
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A subspace W Fq V d is called P∗-absorbing if whenever f Fq V d−k
and P∗ has degree k then f W . A P∗-absorbing subspace W
of codimension one in Fq V d defines a linear form : Fq V d Fq =
Fq V d/W which may be regarded as an element of V . A short exer-
cise in vector space duality with the P∗-module structure shows that such
a form lies in V P∗

. Conversely, if V P∗
has degree d and is

regarded as a linear form Fq V d Fq , then ker Fq V d is a P∗-
absorbing subspace.

LEMMA III.5.2LEMMA III.5.2LEMMA III.5.2LEMMA III.5.2LEMMA III.5.2: If f Fq V is P∗-indecomposable, then there exists a
P∗-Poincaré duality quotient algebra with trivial Wu classes H = Fq V I
such that f represents a fundamental class for H.

PROOFPROOFPROOFPROOFPROOF: The image of the element f in Fq V P∗ is nonzero, so may
be extended to an Fq-vector space basis f = f1 , . . . , fm for Fq V P∗ d ,
where d =deg f . Define : Fq V P∗ d Fq by requiring fi = 1, i . If
:Fq V Fq V P∗ is the canonical projection and W Fq V d is the ker-

nel of the composition = ° , then W is an absorbing subspace. Hence
I= A W Fq V isP∗-invariant, Fq V -primary, and irreducible. By con-
struction f represents a fundamental class of H = Fq V I and the result
follows.

Using this we offer an alternative proof of Proposition III.4.2.

PROOF OF PROPOSITION III.4.2PROOF OF PROPOSITION III.4.2PROOF OF PROPOSITION III.4.2PROOF OF PROPOSITION III.4.2PROOF OF PROPOSITION III.4.2: Using the construction from the proof
of Lemma III.5.2 one sees that the P∗-indecomposable elements f , f
correspond to Poincaré duality quotients H and H of Fq V and Fq V
with trivial Wu classes. Then H ⊗ H also has trivial Wu classes: it cor-
responds via Theorem III.4.1 to f ⊗ f Fq V ⊗ Fq V = Fq V ⊕ V
whence the result.

Suppose V defines a P∗-invariant ideal whose associated Poincaré
duality quotient has trivial Wu classes, i.e., by Theorem III.4.1 V P∗

.
Startingwith the support of V d regarded as a linear form on Fq V d it
is very subtle to determine whether belongs to V P∗

, and if it does not,
what the Wu classes of the corresponding Poincaré duality quotient might
be. Several examples that illustrate this appear in Section III.7. However
the support cannot be arbitrary: if V P∗

, then supp turns out to
be a union of P∗-equivalence classes of P∗-indecomposable monomials.
Specifically, we have the following.

PROPOSITION III.5.3PROPOSITION III.5.3PROPOSITION III.5.3PROPOSITION III.5.3PROPOSITION III.5.3: Let Fq V Fq V I be a P∗-Poincaré duality
quotient with trivial Wu classes defined by V P∗

d . If a monomial zD

represents a fundamental class of Fq V I then zD isP∗-indecomposable.
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Furthermore, if zE is P∗-equivalent to zD then zE also represents a fun-
damental class. Therefore supp is a union of P∗-equivalence classes of
P∗-indecomposable monomials.

PROOFPROOFPROOFPROOFPROOF: Consider the diagram

Fq V d Fq

¯

Fq V P∗
d

where is the natural quotient map. Since Fq V I has trivial Wu classes
there is a factorization ¯ as indicated (see Proposition III.5.1 and the dis-
cussion preceding Theorem III.4.1). If zD represents a fundamental class
for Fq V I then 0 = zD = ¯ zD implies that zD = 0, so zD is P∗-
indecomposable. By the same token, if zE is P∗-equivalent to zD then
zE = ¯ zE = ¯ zD = zD = 0 so zE also represents a fundamental

class of Fq V I.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Recall Example 1 of Section II.6, viz.,

L = xy, x z, yz, z2 − x2, z2 − y2 F2 x, y, z .

The corresponding Poincaré duality quotient algebra is the connected sum
of three copies of the algebra F2 u u3 . We found that the element xyz5

represents a fundamental class of F2 x, y, z L 2 . This element is A ∗-in-
decomposable. The dual principal generator 2 for L 2 has support

supp 2 = x5yz, x y5z, x yz5, x y3z3, x3yz3, x3y3z .

This is not the union ofA ∗-equivalence classes of monomials, since x2y2z3

is A ∗-equivalent to xyz5 but x2y2z3 does not belong to the support of 2 .
From Proposition III.5.3 it follows that the corresponding Poincaré duality
quotient algebra F2 x, y, z L 2 has a nontrivial Wu class. Indeed, since

Sq2 xyz3 = x2y2z3 + x2yz4 + xy2z4 + xyz5 ,

and in the quotient algebra F2 x, y, z L 2 we have

x2y2z3 = 0, x2yz4 = 0, and xy2z4 = 0,

we see that
Sq2 xyz3 = xyz5 F2 x, y, z L 2 .

Hence Wu2 F2 x, y, z L 2 = 0.

These computations also show that it is not enough for a fundamental class
of aP∗-Poincaré duality quotient of Fq V to be represented by aP∗-inde-
composable monomial to conclude that the Wu classes of the P∗-Poincaré
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duality algebra are trivial: in the example, xyz5 F2 x, y, z is A ∗-inde-
composable but represents a fundamental class of the unstable Poincaré
duality algebra F2 x, y, z L 2 which has nontrivial Wu classes.

The action of the Steenrod algebra on Fq V is very far from being a mono-
mial action, i.e., one that sends monomials to monomials. Proposition
III.5.3 says that the set of monomials that represent a fundamental class for
an unstableP∗-Poincaré duality quotient Fq V I with trivial Wu classes is
a union ofP∗-equivalence classes ofP∗-indecomposable monomials. One
could therefore wonder about the converse, i.e., if a linear form V
generates aP∗-submodule and is supported on a union ofP∗-equivalence
classes ofP∗-indecomposable monomials, does it define aP∗-Poincaré du-
ality quotient with trivial Wu classes? The following example shows that
this need not be the case, even when the support consists of a single mono-
mial.

EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2 : In this example the ground field is F2. We begin by ob-
serving

Sq1 xyz = x2yz + xy2z + xyz2 F2 x, y, z .
Each of the monomials x2yz, xy2z, and xyz2 is an A ∗-equivalence class
all by itself. The module ofA ∗-indecomposables F2 x, y, z A ∗ is generated
in homogeneous degree 4 by the images of the 9 monomials

x3y , x y3 , x3z , x z3 , y3z , yz3 , x2yz , x y2z , zyz3.

However, these monomials satisfy a linear relation, to wit,

x2yz + xy2z + xyz2 = 0 F2 x, y, z A ∗ 4 .

Let us define u, v, w 4 to be the linear form supported on x2yz. Then
the support of is a single A ∗-equivalence class. One easily sees that the
Fq x , y , z -submodule of u , v , w generated by is stable under P∗.
However, there can be no factorization of : F2 x, y, z 4 F2 as in the
diagram

F2 x, y, z 4 F2

¯

F2 x, y, z A ∗
4

since, if there were, we would have the contradiction

0 = x2yz + xy2z + xyz2

= x2yz + xy2z + xyz2 = 1 + 0 + 0 = 0 F2 .

Thus the Poincaré duality quotient defined by cannot have trivial Wu
classes. In fact Wu1 = 0. Since this quotient algebra may be identified with
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H∗ RP 2 × S1 × S1;F2 as an algebra over the Steenrod algebra this is
clear from topological considerations also.

III.6 Steenrod operations and Frobenius powers

The proof of the following proposition is completely elementary; it is a
consequence of the formula

P
k f q = P

k/q f q if k ≡ 0 mod q
0 otherwise.

PROPOSITION III.6.1PROPOSITION III.6.1PROPOSITION III.6.1PROPOSITION III.6.1PROPOSITION III.6.1: Let Fq be the Galois field with q = p elements, p
a prime, and let V be a finite dimensional vector space over Fq . If I Fq V
is a P∗-invariant ideal then so are the Frobenius powers I qk of I.

We next examine how the periodicity operators P introduced in Section II.6
and the -operations interact with respect to Steenrod operations and Wu
classes. For this we need a pair of lemmas.

LEMMA III.6.2LEMMA III.6.2LEMMA III.6.2LEMMA III.6.2LEMMA III.6.2: Let Fq be the Galois field with q = p elements, p a
prime. Let V be a finite dimensional vector space over Fq . The total
Steenrod operation

PPPPP = 1+ P
1 + · · · + P

k + · · · P∗∗

acts on the algebras Fq V and V (though it does not preserve homo-
geneity) and as operators, we have

PPPPP ° q = q ° PPPPP : V V

PPPPP ° q = q ° PPPPP : V V .

PROOFPROOFPROOFPROOFPROOF: Introduce the operator

q : Fq V Fq V

defined by

q f = h if hq = f
0 otherwise.

This is well defined because the map h hq is a linear monomorphism
from Fq V to itself. From the definition of the divided power operators k
it follows that the two squares

V
q

V

PPPPP PPPPP

V
q

V

F V
q

F V

PPPPP PPPPP

F V
q

F V



72 POINCARÉ DUALITY AND THE STEENROD ALGEBRA [PART III

are vector space duals to each other. So it suffices to prove the formula

q ° PPPPP = PPPPP ° q : Fq V Fq V .

Since PPPPP is an automorphism, PPPPP f is a q-th power if and only if f is
a q-th power. If f is a q-th power, say f = hq then PPPPP f = PPPPP h q

so

q
PPPPP f = q

PPPPP hq = q
PPPPP h q = PPPPP h = P q f

as claimed.

LEMMA III.6.3LEMMA III.6.3LEMMA III.6.3LEMMA III.6.3LEMMA III.6.3: Let V be a finite dimensional vector space over the
Galois field Fq with q = p elements, p a prime. If V and f Fq V
then

q f ∩ = f q ∩ q .
PROOFPROOFPROOFPROOFPROOF: Let z1 , . . . , zn be a basis for V ∗. The operator q is Fq-linear

as is the Frobenius operator f f q . It therefore suffices to check this
formula for a divided powermonomial E and f amonomial zF . If E − F /
Nn
0 then qE − qF / Nn

0 also so

q zF ∩ E = q 0 = 0 = zqF ∩ q E .

Whereas, if E − F Nn
0 we have

q zF ∩ E = q E−F = qE−qF = zqF ∩ qF = zqF ∩ q E

and the result follows.

THEOREM III.6.4THEOREM III.6.4THEOREM III.6.4THEOREM III.6.4THEOREM III.6.4: Let V be a finite dimensional vector space over the
Galois field Fq with q= p elements, p N a prime. Suppose that I Fq V
is a P∗-invariant Fq V -primary irreducible ideal. Then

Wu I q = Wu I q Fq V I q

and

Wu I q = Wu I q Fq V I q .

PROOFPROOFPROOFPROOFPROOF: Choose a basis z1 , . . . , zn for V ∗ and let u1 , . . . , un be the
dual basis for V . Let I V generate the dual principal system I⊥ of I.
By Theorem II.6.6 the element

I q = q−1 u1 · · · q−1 un q I

generates the dual principal system of I q . Apply PPPPP to this formula. By
Theorem III.3.5, and Lemmas III.6.2 and III.6.3 we get

Wu I q ∩ I q = PPPPP I q = PPPPP q−1 u1 · · · q−1 un q I

= q−1 u1 · · · q−1 un PPPPP q I
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(since q−1 u1 , . . . , q−1 un are P∗-invariant)

= q−1 u1 · · · q−1 un q PPPPP I

= q−1 u1 · · · q−1 un q Wu I ∩ I

= q−1 u1 · · · q−1 un Wu I q ∩ q I

= Wu I q ∩ q−1 u1 · · · q−1 un q I = Wu I q ∩ I q

and the first formula follows. The proof of the second formula is analogous.

COROLLARY III.6.5COROLLARY III.6.5COROLLARY III.6.5COROLLARY III.6.5COROLLARY III.6.5: Let Fq be the Galois field with q = p elements, p a
prime and V a finite dimensional vector space over Fq . Suppose I Fq V
is a P∗-invariant Fq V -primary irreducible ideal. If the corresponding
Poincaré duality quotient algebra has trivial Wu classes, then for any e N0

so does the Poincaré duality quotient algebra Fq V I qe .

The dual of Corollary III.6.5 can be given a direct computational proof. For
the sake of simplicity we confine ourselves to the case q = 2.

PROPOSITION III.6.6PROPOSITION III.6.6PROPOSITION III.6.6PROPOSITION III.6.6PROPOSITION III.6.6: Let f F2 z1, . . . , zk be an A ∗-indecomposable
polynomial. Then z1z2 · · · zk f 2 is again indecomposable.

PROOFPROOFPROOFPROOFPROOF: Suppose to the contrary that z1z2 · · · zk f 2 isA ∗-decomposable.
Then it can be written in the form

z1 · · · zk f
2 =

i I

Sqri zMi

where zMi = zmi,1
1 · · · zmi, k

k and ri > 0 for i I. We say that a monomial zM

is of type I if the exponent sequence M = m1 , . . . , mk consists entirely
of odd integers. Otherwise we say it is of type II. Since

Sqi f 2j = Sqi/2 f 2 ,

where by convention Sqi/2 =0 if i is odd, it follows from the Cartan formula
that applying a squaring operation to a monomial of type II gives a sum of
monomials of the same type.

On the other hand, if zM is of type I then zM = z1 · · · zk zN 2 where N =
n1 , . . . , nk . Again the Cartan formula says,

Sqr z1 · · · zk zN 2 = z1 · · · zkSq
r zN 2 + z1+ 1

1 · · · z1+ k
k Sqs zN 2

= z1 · · · zk Sqr/2 zN 2 + z1+ 1
1 · · · z1+ k

k Sq
s
2 zN 2 ,

where the sum runs over all sequences 1 , . . . , k, s with s N0, j
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{0, 1}, r = s + k
1 i , and at least one of the j is 1. The terms of this sum

are all of type II.

If we write

z1 · · · zk f
2 =

Mi type I

Sqri zMi +
Mi type II

Sqri zMi

then each term of the first sum has the form z1 · · · zk Sqri/2 zNi
2 plus a

sum of terms of type II. Hence we may rewrite this equation in the form

z1 · · · zk f
2 −

Ni type I

z1 · · · zk Sqri/2 zNi 2 =
Li type II

zLi .

Then the left hand side of this equation is a sum of monomials of type
I and the right hand side a sum of monomials of type II. Therefore both
sides must be zero. This gives us

z1 · · · zk f 2 =
Ni type I

z1 · · · zk Sqri/2 zNi 2 = z1 · · · zk
Mi type I

Sqri/2 zNi

2

,

so dividing by z1 · · · zk and extracting square roots

f =
Ni type I

Sqri/2 zNi

contrary to the fact that f is A ∗-indecomposable.

REMARKREMARKREMARKREMARKREMARK: The converse of Proposition III.6.6 does not hold. As an ex-
ample of rank 3 consider the monomial x5y5z5 F2 x, y, z . It is indecom-
posable (modulo hit elements it is equivalent to xy2z12, which appears in
Boardman’s list [8] in the last family). But, the monomial x2y2z2 obviously
is decomposable, and xyz x2y2z2 2 = x5y5z5.

In their study of the Hit Problem for F2 z1 , . . . , zn in [16] Section 2 M. C.
Crabb and J. R. Hubbuck make a key observation concerning the periodic-
ity operator P. Namely for any integer d it follows from the Boundedness
Conjecture, which is proved in [12], that the periodicity map

u1 , . . . , un A ∗

d·2t+n 2t−1
P

u1 , . . . , un A ∗

d·2t+1+n 2t+1−1

is in fact a bijection for all sufficiently large t N, i.e., there is a t n
N such that the indicated map is a bijection for all t ≥ t n . In view of
Theorems II.6.6 and III.4.1 we therefore obtain the following result.

THEOREM III.6.7THEOREM III.6.7THEOREM III.6.7THEOREM III.6.7THEOREM III.6.7: Let d, n N. The assignment I I 2 defines a map
from the set of P∗-invariant m-primary irreducible ideals with trivial Wu
classes I F2 z1 , . . . , zn whose Poincaré duality quotient algebra is of
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formal dimension d · 2t + n 2t − 1 to the set of P∗-invariant m-primary
irreducible ideals J F2 z1 , . . . , zn with trivial Wu classes and with
Poincaré duality quotient algebra of formal dimension d ·2t+1+n 2t+1 −1 .
For sufficiently large t, depending only on n, not on d, this map is a bijec-
tion.

III.7 Examples

In this section we examine in some detail special ideals arising in connec-
tion with the Hit Problem for F2 x, y, z . As usual when working mod 2 we
use the notation A ∗ for the Steenrod algebra instead of P∗. These exam-
ples give ample opportunity to illustrate many of the results developed up
to this point in a nontrivial way.

The first example arose by studying the tables and lists in the three variable
case [39] in the interpretation of [8]. There are two obvious sources ofA ∗-
indecomposables in F2 x, y, z , to wit, spikes (see [82]) and A ∗-indecom-
posables from the one and two variable case regarded as being in three
variables via tensor products (see Proposition III.4.2). The first degree
in which these considerations do not suffice to find a generating set for
F2 x, y, z A ∗

k is k = 7. In retrospect here is one explanation, from our
viewpoint, of what is going on.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : As noted in Example 1 of Section III.1 the element xyz5

F2 x, y, z isA ∗-indecomposable. The vector space F2 x, y, z 7 has dimen-
sion 36, so there are 36 linearly independent monomials. According to [39]
the dimension of F2 x, y, z A ∗

7 is 10.

Recall that two monomials zE , zE F2 z1 , . . . , zn k are A ∗-equivalent
if they have the same image in F2 z1 , . . . , zn A ∗ . A bit of computation
shows that the A ∗-equivalence class of the element xyz5 in F2 x, y, z is
the set of monomials

= xyz5, x y5z, x5yz, x y2z4, x2yz4, x y4z2, x2y4z, x4yz2, x4y2z,

x2y2z3, x2y3z2, x3y2z2 .

This set contains 12 monomials.

The spikes (see [82]) x7, y7, z7, x y3z3, x3yz3, x3y3z give us 6 equivalence
classes ofA ∗-indecomposable monomials in F2 x, y, z 7. From direct com-
putation one sees that the 6 monomials

xy6, x2y5, x3y4, x4y3, x5y2, x6y F2 x, y
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form a single A ∗-equivalence class. These elements remain A ∗-indecom-
posable in F2 x, y, z and continue to form a single A ∗-equivalence class.
By symmetry we deduce that

xz6, x2z5, x3z4, x4z3, x5z2, x6z

and

yz6, y2z5, y3z4, y4z3, y5z2, y6z

each form additional A ∗-equivalence classes. These account for 24 of the
36 linearly independent monomials in F2 x, y, z 7, and give 9 linearly in-
dependent elements in F2 x, y, z A ∗

7. The remaining 12 elements of
F2 x , y , z 7 fall into the single A ∗-equivalence class . This gives 10 A ∗-
equivalence classes of monomials in F2 x, y, z 7 which project under the
canonical projection to a basis for F2 x, y, z A ∗

7.

We let u, v, w 7 be the element supported on , i.e., regarded as
an F2-valued linear form on F2 x, y, z 7 takes the value 1 on the monomials
in and the value 0 on all other monomials of degree 7. By Proposition
I.3.2 the corresponding big ancestor ideal A ker = I F2 x, y, z
is an F2 x, y, z -primary irreducible ideal.

From the preceding discussion it follows that factors through the canoni-
cal projectionF2 x, y, z 7 F2 x, y, z A ∗

7, viz., there is amap
¯making

the following diagram

Fq V d Fq

¯

Fq V P∗
d

commutative. Hence by Proposition III.5.1, the Poincaré duality quotient
algebra F2 x, y, z I has trivial Wu classes.

Using the method of catalecticant matrices described in Section VI.2 we
found that generators for I may be taken to be:

f1 = x3y + x3z + xz3 + yz3

f2 = xy3 + y3z + xz3 + yz3

f3 = xy2z + xyz2 + xy3 + x3y + xz3 + x3z

f4 = x2yz + xy2z + x3z + xz3 + y3z + yz3

f5 = x4 + y4 + z4 + x2y2 + x2z2 + y2z2 + x2yz + xy2z + xyz2 + x3y + x3z .

Each of these polynomials has degree 4 and the Poincaré series of the cor-
responding Poincaré duality quotient H = F2 x, y, z I is

1 + 3t + 6t2 + 10t3 + 10t4 + 6t5 + 3t6 + t7 .
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Corollary III.6.5, respectively Proposition III.6.6, implies that the Wu
classes of the Poincaré duality quotients

F2 x, y, z I 2k−1
k N

are trivial, respectively, that the monomials

xyz 2k−1z2
k+1

k N

are all A ∗-indecomposable. Finally, from Proposition III.4.2 we conclude
that

z1 · · · zn 2k−1z2
k+1

n F2 z1 , . . . , zn
are A ∗-indecomposable for n ≥ 2 and k N.

The Frobenius powers I , I 2 , . . . , I 2i , . . . are all A ∗-invari-
ant F2 x, y, z -primary irreducible ideals. The formal dimension of the
Poincaré duality quotient H I 2i is 3 2i − 1 + 7 · 2i . The periodic-
ity operator P when iterated i times and applied to xyz5 = xyz · z4 gives
as representative for the fundamental class

P xyz5 = xyz 2i−1 xyz5 2i .

So the monomials in the sequence

xyz 2i−1 xyz5 2i = xyz 2i+1−1z2
i+2

i N0

are all A ∗-indecomposable. Note that z2 = Sq1 z is A ∗-decomposable,
but that the elements P i z2 are all A ∗-indecomposable, i N. This is
another example to show that the converse of Proposition III.6.6 does not
hold.

One conclusion which can be drawn from this example is the following:
if the P∗-equivalence classes of monomials in Fq V k project to a basis for
Fq V P∗

k then a linear form :Fq V k Fq supported on a union ofP∗-
equivalence classes of the monomials defines aP∗-invariant Fq V -primary
irreducible ideal with trivial Wu classes. However, it need not be the case
that the P∗-equivalence classes of monomials in Fq V k project to a basis
for Fq V P∗

k . A simple example where this fails is F2 x, y, z 4 since the
monomials x2yz, xy2z, xyz2 have distinct images in F2 x, y, z A ∗

4, but

Sq1 xyz = x2yz + xy2z + xyz2 F2 x, y, z ,

so in F2 x, y, z A ∗
4 their images are linearly dependent (cf. Example 2

in Section III.5).

The ideal L 2 of Example 1 in Section III.5 has a Poincaré duality quotient
with xyz5 as a representative for the fundamental class also. However, as



78 POINCARÉ DUALITY AND THE STEENROD ALGEBRA [PART III

noted there the corresponding quotient algebra has nontrivial Wu classes.
Although the quotient algebras F2 x, y, z I and F2 x, y, z L 2 have
the same Poincaré series, and a common representative for a fundamental
class, they are not isomorphic. Aside from the use already noted of the Wu
classes to show this, one could proceed as follows. In degree 4 the ideal
L 2 contains a two dimensional subspace consisting of 4-th powers of lin-
ear forms. In other words, if Q denotes the ideal x4, y4, z4 in F2 x, y, z ,
then the intersection L 2 ∩ Q is nonzero in degree 4. On the other hand, in
degree 4 the ideal I contains no 4-th powers at all. Since any automor-
phism of F2 x, y, z implemented by an element of GL 3, F2 must preserve
the space of 4-th powers, it follows there is no automorphismmapping I
onto L 2 . By Theorem II.4.2 the corresponding Poincaré duality quotient
algebras are not isomorphic.

In [16] M. C. Crabb and J. R. Hubbuck develop a method to study the
Hit Problem for F2 V based on what they call the ring of lines. This is a
subalgebra of V A ∗

which coincides with V A ∗
for dimF2 V = 1 or 2,

and in most homogeneous degrees when dimF2 V is arbitrary. In what
follows we study the first case not fitting into this scheme of things: as
we will see in Section V.5 this example arises quite naturally from our
point of view. Here is a discussion of this example in a raw state based on
Proposition III.5.3.

EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2 : An element of minimal degree not fitting into the scheme
of [16] occurs in degree 8 in the three variable case. Themonomial xy2z5

F2 x, y, z 8 isA ∗-indecomposable, but does not arise by dualizing from the
ring of lines.7 In our notation and terminology an element of u, v, w A ∗

which accounts for the P∗-indecomposability of the element xy2z5 is the
element

= 1 u 2 v 1 w 4 w + 1 u 4 v 1 w 2 w

+ 1 u 1 v 2 w 4 w + 2 u 1 v 2 v 1 w 2 w .

This element has support {xy2z5, x y4z3, x yz6, x2y3z3} and is A ∗-invar-
iant. By Macaulay’s A ∗-Double Annihilator Theorem the ideal I
F2 x, y, z corresponding to is A ∗-invariant and has a Poincaré duality
quotient H with trivial Wu classes. The fundamental class is represented
by the monomials in the support of . Using the method of catalecticant
matrices described in Section VI.2 we computed the ideal I and found

7 See [16] Proposition 3.7 or see also [8] Section 5 where we consider the case s=2, t=1; n=
11 ·2u −3 and set u=0 to obtain the same element up to permutation of the variables. This is
not the only element of u, v, w A ∗

with xy2z5 in its support. See the discussionof Example
1 in Section V.5.
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I = f , g, h where

f = x3

g = y4 + xy3 + x2y2

h = z4 + xyz2 + xy2z + x2yz + x2y2 + x2z2 .

As we will show in Section V.5 the A ∗-indecomposability of the element
xy2z5 has another completely natural explanation from our viewpoint: it
represents the fundamental class of the Poincaré duality quotient with triv-
ial Wu classes F2 x, y, z w4, w3, w2

2 , where w4, w3, w2 F2 x, y, z are
the Stiefel–Whitney classes (see Section V.5). The element in u, v, w
generating the Macaulay dual of the ideal w4, w3, w2

2 has xy2z5 in its
support.

The last example amplifies a number of points already touched on as well
as leading to an infinite number of further similar examples.

EXAMPLE 3EXAMPLE 3EXAMPLE 3EXAMPLE 3EXAMPLE 3 : Consider again the Poincaré duality quotient algebra H =
F2 x, y, z K , where K = x4, y4, z4 F2 x, y, z , introduced in Example
1 of Section III.1. As in that example let f = x3 + y3 + z3 F2 x, y, z .
Then, as we have already seen, Sq f ≡ f mod K , and so H/AnnH f is an
unstable algebra over the Steenrod algebra. We show that H/AnnH f has
trivial Wu classes by applying Theorem III.3.5 in the following way. Set
L = K : f F2 x, y, z so AnnH f ≅ L/K , and

L = K : f = xyz, x3 + y3 + z3, x4, y4, z4 F2 x, y, z

is an A ∗-invariant ideal. The quotient algebra F2 x, y, z L has Poincaré
series

P F2 x, y, z , t = 1+ 3t + 6t2 + 8t3 + 6t4 + 3t5 + t6 .

By Theorem II.5.1 a generator for the Macaulay dual of L is

x3+ y3+ z3 ∩ 3 u 3 v 3 w = 3 v 3 w + 3 u 3 w + 3 u 3 v

and the monomials that represent a fundamental class are y3z3, x3z3, and
x3y3. The ideal L F2 x, y, z is the start of an infinite family of A ∗-in-
variant ideals L = L2 , L3 , . . . in F2 x, y, z defined by

x2
k
, y2

k
, z2

k
: x2

k−1 + y2
k−1 + z2

k−1 = xyz, x2
k−1 + y2

k−1 + z2
k−1, x2

k
, y2

k
, z2

k
,

for k = 2, 3, . . . . These ideals all have trivial Wu classes and require five
generators.





Part IV
Dickson, symmetric, and other
coinvariants

HIS part is concerned with applications of the material developedT so far to families of ideals originating in invariant theory.
If : G GL n, F is a representation of a finite group for which the
ring of invariants F V G is a polynomial algebra, then the corresponding
Hilbert ideal h G is generated by a regular sequence in F V of maximal
length (this follows e.g., by combining [87] Corollaries 6.7.13 and 6.4.4).1

It is therefore irreducible and F V -primary, so F V G = F V h G is a
Poincaré duality algebra ([87] Theorem 6.5.1). Using regular ideals that
arise in this way allows us to illustrate many of the ideas introduced up to
this point as well as point out some special features of Hilbert ideals.

Often the generators of the Hilbert ideal are polynomials of special interest
in their own right, such as the elementary symmetric polynomials or the
Dickson polynomials. In this Part we also examine the Poincaré duality
quotients of Fq V by ideals generated by powers of such polynomials.

IV.1 Dickson coinvariants

Let Fq be the Galois field with q = p elements where p is a prime and set
V =Fn

q . The ring of invariants Fq V GL n,Fq is a polynomial algebra, known
as the Dickson algebra (see e.g. [87] Section 8.1) which we denote by
D n if Fq is clear from the context. Generators for this ring of invariants

1Not every Hilbert ideal which is regular arises in this way (see e.g. [92]) and it is an open
problem to determine conditions on a representation : G GL n, F in the modular case
such that the Hilbert ideal is a regular ideal. In the nonmodular case must be a pseudore-
flection representation (see e.g. [98], [40], and [47]) and F V G is a polynomial algebra.

81
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are called Dickson polynomials; we denote them by

dn,0 , . . . , dn, n−1 Fq z1 , . . . , zn .

We index these polynomials so that deg dn, i = qn − qi and introduce the
notation d k0 , . . . , kn−1 for the ideal of Fq z1 , . . . , zn generated by the
forms dk0n,0 , . . . , d

kn−1
n, n−1. Except for p = 2 the Dickson polynomials are

uniquely determined only up to a nonzero scalar, but they can be unam-
biguously defined by the Stong–Tamagawa formulae (see e.g. [87] Theo-
rem 8.1.6), viz.,

dn, i =
W∗≤V ∗

dim W∗ =i

z /W∗

z .

With these notations we have the following formulae for the action of the
Steenrod operations on the Dickson polynomials (see e.g. [66] Appendix
A or [68] Corollary 6.8.2):

P
pm dn, i = 0 for i = 0 , . . . , n − 1 unless pm = qk for some k

in which case

✣ P
qk dn, i =

−dn, i−1 for k = i − 1 ≥ 0
−dn, idn, n−1 for k = n − 1 ≥ 0
0 otherwise

The following property of the Dickson polynomials seems not to have been
observed before, but is a routine matter to verify using these formulae.

PROPOSITION IV.1.1PROPOSITION IV.1.1PROPOSITION IV.1.1PROPOSITION IV.1.1PROPOSITION IV.1.1: Let a0 , . . . , an−1 N0 be a sequence of integers.
Then the ideal d qa0 , . . . , qan−1 in Fq z1 , . . . , zn generated by the ele-
ments dq

a0

n,0 , . . . , d
qan−1

n, n−1 is closed under the action of the Steenrod algebra
if and only if 0 ≤ a0 ≤ · · · ≤ an−1.

PROOFPROOFPROOFPROOFPROOF: The Steenrod operations P
pm m N0 generate P∗ so it is

enough to show that the ideal d qa0 , . . . , qan−1 is closed under the action
of these operations, and for this it is enough to check that P

pm dq
ai

n, i
d qa0 , . . . , qan−1 for i = 0 , . . . , n − 1 and all m N0. By the preceding
formulae the only cases that are nonzero occur for pm = qk , where we find
by the Cartan formula

P
qk dq

ai

n, i = P
qk−ai dn, i qai =

−dn, i−1 qai for k − ai = i − 1 ≥ 0
−dn, idn, n−1

qai for k − ai = n − 1 ≥ 0
0 otherwise.

If ai ≥ ai−1 it follows that −dn, i−1 qai is divisible by dn, i−1 qai−1 and so be-
longs to the ideal d qa0 , . . . , qan−1 . Likewise −dn, idn, n−1

qai is divisible
by dq

ai

n, i so is also in d qa0 , . . . , qan−1 .
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Conversely, suppose the ideal d qa0 , . . . , qan−1 is closed under the action
of the Steenrod algebra. As a special case (put k =0) of the formulae ✣

we have

P
1 dn,1 = −dn,0

so that

P
qa1 dq

a1

n,1 = P
1 dn,1

qa1 = −1 qa1dq
a1

n,0 .

Since d qa0 , . . . , qan−1 is closed under the action of the Steenrod algebra
this implies dq

a1

n,0 d qa0 , . . . , qan−1 so 0 ≤ a0 ≤ a1.

The proof is completed by induction on n as follows: consider the natural
map

: Fq z1 , . . . , zn Fq z1 , . . . , zn−1

defined by zi = zi for i = 1 , . . . , n − 1 and zn = 0. This map com-
mutes with the action of the Steenrod algebra and satisfies ([87] Theorem
8.1.6)

dn, i = dqn−1, i−1 if i = 1 , . . . , n − 1
0 if i = 0.

Therefore applying the map to the ideal d qa0 , . . . , qan−1 we obtain
d qa0 , . . . , qan−1 = d qa1+1 , . . . , qan−1+1 . So in Fq z1 , . . . , zn−1

the ideal d qa1+1 , . . . , qan−1+1 is closed under the action of the Steenrod
algebra. By the inductive assumption we have a1 + 1 ≤ · · · ≤ an−1 + 1 and
the result follows.

If any of the inequalities in the chain a0 ≤ a1 ≤ · · · ≤ an−1 are strict then it
may happen that the Wu classes of the correspondingP∗-Poincaré duality
quotient algebra are nontrivial. For the basic ideal d 1 , . . . , 1 generated
by the Dickson polynomials themselves they are trivial by a result of S. A.
Mitchell ([60] Appendix B). Since we intend to reprove Mitchell’s theorem
in the next section using precisely this fact, we include an independent
proof.

Denote by Ln a Dickson–Euler class (see e.g. [94] or [87] Chapter 2 for a
discussion of Euler classes), i.e., for each line in V ∗ = SpanFq

z1 , . . . , zn
we choose a nonzero linear form in that line and take the product of the
resulting set of linear forms. Then Lq−1

n
°= dn,0 loc. cit., and one may make

the choices (see e.g. [9] Chapitre V Exercise 6) so that equality holds. The
point of departure is the following lemma that allows us to make use of
Theorem III.3.5 to compute the Wu classes of the Dickson coinvariants.

LEMMA IV.1.2LEMMA IV.1.2LEMMA IV.1.2LEMMA IV.1.2LEMMA IV.1.2: Let n N and consider the ideals K= zq
n

1 , . . . , zq
n

n

Fq z1 , . . . , zn and L= dn,0 , . . . , dn, n−1 Fq z1 , . . . , zn . Then K L
and K : L = Ln + K .
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PROOFPROOFPROOFPROOFPROOF: Let P k P∗ be the Milnor primitive element of degree
qk − 1 for k N and define P

0 by P
0 u = deg u · u for any u

Fq z1 , . . . , zn . If z Fq z1 , . . . , zn is a linear form then P k z = zq
k

(see e.g. [87] Lemma 10.4.2). Introduce the operator

= P n + dn, n−1P
n−1 + · · · + dn,0P 0 .

Recall that is identically zero on Fq z1 , . . . , zn (see e.g. [87] Lemma
10.6.2, or [2] where this result appears implicitly in Section 5). There-
fore applying the operator to the variables z1 , . . . , zn we obtain after
rearrangement

−zq
n

1 = zq
n−1

1 dn, n−1 + · · · + z1dn,0
.
.
.

.

.

.

−zq
n

n = zq
n−1

n dn, n−1 + · · · + zndn,0 ,
which shows that K L. We rewrite the preceding equations as one matrix
equation, viz.,

✠ −
zq

n

1.
.
.
zq

n

n

=

zq
n−1

1 · · · z1.
.
. · · ·

.

.

.
zq

n−1

n · · · zn

·
dn, n−1.

.

.
dn,0

= A
dn, n−1

· · ·
dn,0

defining the matrix A. Let Acof be the matrix of transposed cofactors of A.
Then multiplying both sides of equation ✠ by Acof and using the fact that
AcofA=det A · I=det Acof · I= AAcof, where I is the n × n identity matrix,
we obtain

Acof ·

−zq
n

1.
.
.

−zq
n

n

= det A ·
dn, n−1.

.

.
dn,0

.

Since ([9] Chapitre V, Exercise 6)

Ln °= det

zq
n−1

1 · · · z1.
.
. · · ·

.

.

.
zq

n−1

n · · · zn

= det A

we conclude from this that Ln · L K so Ln K : L . By Theorem I.2.1
K : L = h + K for some h Fq V , and Corollary I.2.4 tells us that

deg h = f dim Fq z1 , . . . , zn K − f dim Fq z1 , . . . , zn L

= n qn − 1 −
n−1

s=0

qn − qs − 1

=
qn − 1
q − 1

= deg Ln .
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Since Ln / K therefore we may choose h = Ln.

This result is greatly generalized by K. Kuhnigk in [44] where, amongst
other things, she computes a Macaulay dual for the ideal generated by the
Dickson polynomials, thereby also determining all the monomials which
represent a fundamental class of the Dickson coinvariants.

PROPOSITION IV.1.3PROPOSITION IV.1.3PROPOSITION IV.1.3PROPOSITION IV.1.3PROPOSITION IV.1.3: Let Fq be the Galois field with q = p elements, p
a prime, and V =Fn

q the standard n-dimensional vector space over Fq . The
Wu classes of the algebra of Dickson coinvariants Fq z1 , . . . , zn GL n,Fq are
trivial.

PROOFPROOFPROOFPROOFPROOF:We apply Theorem III.3.5 to the K L paradigm with

K = zq
n

1 , . . . , zq
n

n Fq z1 , . . . , zn
L = dn,0 , . . . , dn, n−1 Fq z1 , . . . , zn

K : L = Ln + K , and L = K : Ln .

An elementary computation, or induction and Theorem III.3.5, shows that
the Wu classes of Fq z zq

s
are trivial for any s N0, so taking tensor

products one sees that the Wu classes of Fq z1 , . . . , zn K are trivial. The
Dickson–Euler class Ln is a product of linear forms so it is a Thom class, and
hence PPPPP Ln =Ln · f Fq z1 , . . . , zn for some inhomogeneous polynomial
f =1+ f1 + · · ·, with fi F z1 , . . . , zn i q−1 for i N. Since both Ln and
PPPPP Ln are SL n, Fq -invariant, the homogeneous components of f belong
to the Dickson algebra D n , so the components of positive degree of PPPPP Ln
belong to the ideal L. By Theorem III.3.5 we therefore have

Wu L ≡ f · Wu K = 1 mod L

as claimed.

Denote by H qa0 , . . . , qan−1 the Poincaré duality quotient algebra of
Fq z1 , . . . , zn by the ideal d qa0 , . . . , qan−1 . If a0 = a1 = · · ·= an−1 = a
then H qa , . . . , qa is obtained by applying the Frobenius operator qa

to the Hilbert ideal h GL n, Fq = dn,0 , . . . , dn, n−1 , and passing to the
corresponding Poincaré duality quotient algebra. From Proposition IV.1.3
and Corollary III.6.5 it follows that the Wu classes, apart from Wu0 of
course, of the algebra H qa , . . . , qa are zero. Further P∗-invariant
ideals with trivial Wu classes can be obtained from these by the proce-
dure used in the proof of Propositions V.1.3 and V.1.4. For q = 2 we will
give in Section V.4 a condition on the exponents k0 , . . . , kn−1 that as-
sures that the ideal d k0 , . . . , kn−1 is A ∗-invariant and has trivial Wu
classes. For n = 2 or 3 we give independent proofs in Sections V.1 and
V.3.
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IV.2 Wu classes of algebras of coinvariants

Let : G GL n, Fq be a representation of a finite group such that F V G

is a polynomial algebra. In [60] Appendix B S. A. Mitchell showed that in
this case the Wu classes of the algebra of coinvariants Fq V G are trivial. In
fact he provedmore: if Fq f1 , . . . , fn Fq z1 , . . . , zn is aP∗-invariant
subalgebra and f1 , . . . , fn Fq z1 , . . . , zn is a regular sequence, then
the quotient algebra Fq z1 , . . . , zn f1 , . . . , fn has trivial Wu classes.
We are indebted to R. E. Stong for clarifying a number of points in Mitchell’s
argument which allowed us to construct a variant of the proof that fits
nicely with the development at this point. Here is how it goes.

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: If A B is a map of commutative graded connected alge-
bras over the field F then we denote F ⊗A B by B//A.

LEMMA IV.2.1LEMMA IV.2.1LEMMA IV.2.1LEMMA IV.2.1LEMMA IV.2.1: Let n N and suppose given a chain of algebras

F h1 , . . . , hn F f1 , . . . , fn F z1 , . . . , zn

where h1 , . . . , hn F f1 , . . . , fn and f1 , . . . , fn F z1 , . . . , zn are
regular sequences.2 Introduce H=F z1 , . . . , zn h1 , . . . , hn and H =
F f1 , . . . , fn h1 , . . . , hn . Then H is a free H -module.

PROOFPROOFPROOFPROOFPROOF: Let H = F z1 , . . . , zn f1 , . . . , fn . Then

F H H H F

is a coexact sequence, and for the Poincaré series of these algebras we have

P H, t = P H , t · P H , t .

Since H ≅ F ⊗H H is the F-vector space of H -indecomposable elements
of H we can find an epimorphism of H -modules : H ⊗ H H by
lifting a vector space basis for H to H. Since H ⊗ H and H have the
same Poincaré series must also be a monomorphism, and hence is an
isomorphism.

PROPOSITION IV.2.2PROPOSITION IV.2.2PROPOSITION IV.2.2PROPOSITION IV.2.2PROPOSITION IV.2.2: Let q = p where p N is a prime and N.
Suppose

Fq H H H Fq

is a coexact sequence of P∗-Poincaré duality algebras over Fq and H is a
free H -module. If Wuk H = 0 for 1 ≤ k ≤ f dim H

q−1
, then Wu H = 1.

2 It does not matter if we assume h1 , . . . , hn is a regular sequence in F f1 , . . . , fn or
F z1 , . . . , zn : the conditions are equivalent.



§2] WU CLASSES OF ALGEBRAS OF COINVARIANTS 87

PROOFPROOFPROOFPROOFPROOF: Let H H be a fundamental class. Choose a lift h H of
a fundamental class H Hf dim H . It follows from Lemma IV.2.1 that
H = H · h for a suitable choice of fundamental class H of H . Let
h H and suppose that deg h + k q − 1 = f dim H . Choose a lift
h H of h . Then for k > 0 the Cartan formula gives

P
k h  H = H · P k h  H = P

k H · h  H

= Wuk H · H · h  H = 0

since P
i H =0 H for i > 0 and Wuk H =0. ThereforeWuk H =0.

Since this holds for any 1 ≤ k ≤ f dim H
q−1 the result follows.

COROLLARY IV.2.3COROLLARY IV.2.3COROLLARY IV.2.3COROLLARY IV.2.3COROLLARY IV.2.3(S. A. Mitchell): Let q = p where p N is a prime
and N. Suppose Fq f1 , . . . , fn Fq z1 , . . . , zn is a P∗-invariant
subalgebra and f1 , . . . , fn Fq z1 , . . . , zn is a regular sequence. Then

Wu Fq z1 , . . . , zn f1 , . . . , fn = 1.

PROOFPROOFPROOFPROOFPROOF: The algebra Fq f1 , . . . , fn contains a fractal of the Dickson
algebra, say Fq dq

s

n,0 , . . . , d
qs
n, n−1 Fq f1 , . . . , fn (see e.g. [53] Appen-

dix B or [66] Theorem 7.4.4). By Lemma IV.2.1 the sequence

Fq
Fq f1 , . . . , fn
dqsn,0 , . . . , d

qs
n, n−1

Fq z1 , . . . , zn
dqsn,0 , . . . , d

qs
n, n−1

Fq z1 , . . . , zn
f1 , . . . , fn

Fq

is coexact and Fq z1 , . . . , zn dq
s

n,0 , . . . , d
qs
n, n−1 is free as a module over

Fq f1 , . . . , fn dq
s

n,0 , . . . , d
qs
n, n−1 . By Proposition IV.1.3 the Wu classes

of the Dickson coinvariants Fq z1 , . . . , zn dn,0 , . . . , dn, n−1 are trivial,
so by Theorem III.6.4 Fq z1 , . . . , zn dq

s

n,0 , . . . , d
qs
n, n−1 has trivial Wu

classes also, and the result follows from Lemma IV.2.1 and Proposition
IV.2.2.

REMARKREMARKREMARKREMARKREMARK: If f1 , . . . , fn Fq z1 , . . . , zn it is not enough to assume
that the ideal f1 , . . . , fn Fq z1 , . . . , zn is P∗-invariant and regular
to conclude that the quotient has trivial Wu classes. A simple counterex-
ample is provided by Fq z zk where k is not a power of q. Nor does
the result generalize to unstable algebras other than Fq z1 , . . . , zn . For
example it can fail for quotients of the Dickson algebra, see e.g. Example
1 in Section VI.6.

COROLLARY IV.2.4COROLLARY IV.2.4COROLLARY IV.2.4COROLLARY IV.2.4COROLLARY IV.2.4(S. A. Mitchell): Let : G GL n, Fq be a repre-
sentation of a finite group over the Galois field Fq with q = p elements,
p N a prime. If Fq V G is a polynomial algebra, then Wu Fq V G = 1.



88 DICKSON, SYMMETRIC, AND OTHER COINVARIANTS [PART IV

IV.3 The Macaulay dual of Dickson coinvariants mod 2

Since the Dickson coinvariants have trivial Wu classes, any monomial that
represents a fundamental class is P∗-indecomposable. In this section we
determine for q = 2 all such monomials, i.e., which monomials zD in
F2 z1 , . . . , zn represent the fundamental class of the coinvariant algebra
F2 z1 , . . . , zn GL n,F2 . It turns out that this set of monomials is the n-
orbit of the single monomial z2

n−20−1
1 z2

n−21−1
2 · · · z2

n−2n−1−1
n . To prove this we

first compute a generator for the dual principal system dn,0 , . . . , dn, n−1
⊥

using the K L paradigm. This arrangement of the material is due to K.
Kuhnigk and replaces our original proofs which were considerably longer,
more cumbersome, and less intuitive. We are indebted to her for per-
mission to use it here. In her doctoral dissertation [44] she also deter-
mines a generator of the Macaulay dual of dn,0 , . . . , dn, n−1 for arbi-
trary q, as well as certain ideals of the form da0n,0 , . . . , d

an−1
n, n−1 , where

a0 , . . . , an−1 N.

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: The monomial z2
n−20−1

1 z2
n−21−1

2 · · · z2
n−2n−1−1

n plays an impor-
tant role in this section and we reserve the notation zDn for it. The entries
in the sequence Dn are deg dn,0 − 1 , . . . , deg dn, n−1 − 1 . The orbit of
Dn Nn

0 under the natural n-action will be denoted by Dn .

THEOREM IV.3.1THEOREM IV.3.1THEOREM IV.3.1THEOREM IV.3.1THEOREM IV.3.1: The generator of the dual principal system to the
ideal dn,0 , . . . , dn, n−1 F2 z1 , . . . , zn is

D Dn

D u1 , . . . , un

where Dn Nn
0 is the n-orbit of the index sequence Dn.

PROOFPROOFPROOFPROOFPROOF: Recall the identity (see e.g. [87] Section 8.1)

X =
0=z V ∗

X + z =
n

i=0

dn, i X 2i−1

that is often used to define the Dickson polynomials. Note that zi = 0
for i = 1 , . . . , n. Writing these n equations as a single matrix equation
gives after some rearrangement

z2
n−1

1.
.
.

z2
n−1

n

=

1 z2−1
1 . . . z2

n−1−1
1.

.

.
.
.
.

.

.

.
1 z2−1

n . . . z2
n−1−1

n

dn,0
· · ·
dn, n−1

.

From this we see that z2
n−1

1 , . . . , z2
n−1

n dn,0 , . . . , dn, n−1 . If we apply
Cramer’s rule to this matrix equation we find as in the proof of Lemma
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IV.1.2 that

z2
n−1

1 , . . . , z2
n−1

n : dn,0 , . . . , dn, n−1

= det

1 z2−1
1 . . . z2

n−1−1
1.

.

.
.
.
.

.

.

.
1 z2−1

n . . . z2
n−1−1

n

+ z2
n−1

1 , . . . , z2
n−1

n

=
E En

zE + z2
n−1

1 , . . . , z2
n−1

n ,

where En is the n-orbit of 20 −1, 21 − 1 , . . . , 2n−1 − 1 Nn
0 . The gener-

ator of the dual principal system z2
n−1

1 , . . . , z2
n−1

n
⊥ is the divided power

monomial 2n−2 u1 · · · 2n−2 un u1 , . . . , un . By Theorem II.5.1 it
follows that

E En

zE ∩ 2n−2 u1 · · · 2n−2 un =
D Dn

D u1 , . . . , un

generates the dual principal system dn,0 , . . . , dn, n−1
⊥ as claimed.

COROLLARY IV.3.2COROLLARY IV.3.2COROLLARY IV.3.2COROLLARY IV.3.2COROLLARY IV.3.2: If a monomial zD F2 z1 , . . . , zn represents a
fundamental class of F2 z1 , . . . , zn GL n,F2 then D is a permutation of Dn.

PROOFPROOFPROOFPROOFPROOF: The support of the generator

D Dn

D u1 , . . . , un

of the dual principal system dn,0 , . . . , dn, n−1
⊥ consists precisely of the

monomials zD with D Dn .

IV.4 Symmetric coinvariants

Denote by : n+1 GL n + 1, F the tautological representation of the
symmetric group n+1 over the field F. The action of n+1 on Fn+1 stabi-
lizes the subspace V of vectors with coordinate sum 0, so by restriction in-
duces a faithful representation : n+1 GL n, F . The ring of invariants
of is a polynomial algebra. To wit, if z0 , z1 , . . . , zn is the canonical basis
for the linear forms on Fn+1, then the inclusion : V Fn+1 induces a map
between the rings of invariants ∗ : F z0, z1 , . . . , zn n+1 F V n+1 . One
knows by the fundamental theorem on symmetric polynomials, [87] Theo-
rem 1.1.1, that F z0, z1 , . . . , zn n+1 ≅ F e1 , . . . , en+1 , where the gener-
ators, although not unique, may be chosen to be the elementary symmetric
polynomials e1, e2 , . . . , en+1 F z0, z1 , . . . , zn+1 . The kernel of ∗ is the
principal ideal generated by e1. If we set wi = ∗ ei for i = 2 , . . . , n +1
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then it is easy to see that F V n+1 ≅ F w2 , . . . , wn+1 using [87] Theorem

5.5.5. Note that F z0, z1 , . . . , zn n+1

∗

≅
F V w2 , . . . , wn+1 . If F is

the Galois field Fq this is an isomorphism of P∗-algebras. From topologi-
cal considerations it is clear that the Wu classes of Fq V w2 , . . . , wn+1

must be trivial if the ground field is finite: this also follows from S. A.
Mitchell’s theorem, Corollary IV.2.3. For the sake of illustration we include
a simple algebraic proof that makes use of the K L paradigm.

LEMMA IV.4.1LEMMA IV.4.1LEMMA IV.4.1LEMMA IV.4.1LEMMA IV.4.1(R. E. Stong): Let k N, G be a finite group, and
: G GL k, F a representation. If I F V is stable under the ac-

tion of G then the action of G on F V passes down to the quotient algebra
F V I. If F = Fq is a Galois field and I is a P∗-invariant irreducible
Fq V -primary ideal then Wu I Fq V I G .

PROOFPROOFPROOFPROOFPROOF: Choose a fundamental class H for the Poincaré duality quo-
tient algebra H = Fq V I. Let u Fq V and g G be arbitrary. Then one
has

g · Wu I · u  H = g · Wu I · g−1 · u  H

= Wu I · g−1 · u  g−1 · H = PPPPP g−1 · u  g−1 · H

= g−1 · PPPPP u  g−1 · H = PPPPP u  gg−1 · H

= PPPPP u  H = Wu I · u  H .

Since u Fq V was arbitrary this means g · Wu I − Wu I =0 and since
g G was also arbitrary the result follows.

PROPOSITION IV.4.2PROPOSITION IV.4.2PROPOSITION IV.4.2PROPOSITION IV.4.2PROPOSITION IV.4.2: Let Fq be the Galois field with q elements, where
q = p and p N is a prime. Then, with the preceding notations, the Wu
classes of the Poincaré duality quotient Fq V w2 , . . . , wn+1 are trivial.

PROOFPROOFPROOFPROOFPROOF:Themap ∗ :Fq z0, z1 , . . . , zn n+1 Fq V w2 , . . . , wn+1

is an isomorphism, so it is equivalent to show that Fq z0, z1 , . . . , zn n+1

has trivial Wu classes. To this end recall the identity

t = tn+1 + e1 tn + · · · + en t + en+1 =
n

i=0

t + zi ,

which is often used to define the elementary symmetric polynomials. If we
evaluate t at −zi for i=0, 1 , . . . , n we obtain zero. Hence rearranging
gives us the equations

− −zi n+1 = e1 −zi n + · · · + en −zi + en+1 i = 0, 1 , . . . , n .
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These in turn can be regarded as a system of linear equations, viz.,

−
−z0 n+1

.

.

.
−zn n+1

=
−z0 n · · · −z0 1
.
.
.

.

.

.
.
.
.

.

.

.
−zn n · · · −zn 1

·
e1.
.
.

en+1
.

This implies that zn+10 , zn+11 , . . . , zn+1n e1 , . . . , en+1 . If we mul-
tiply both sides of this equation by the matrix of transposed cofactors we
obtain n+1e1 , . . . , n+1en+1 zn+10 , zn+11 , . . . , zn+1n , where

n+1 = det
zn0 · · · z0 1
.
.
.

.

.

.
.
.
.

.

.

.
znn · · · zn 1

=
i<j

zi − zj ,

by the rule for expanding Vandermonde determinants. So, if we set K =
zn+10 , zn+11 , . . . , zn+1n and L = e1 , . . . , en+1 we have a K L para-
digm. Reasoning as in Lemma IV.1.2 (see also Proposition VI.3.1) K : L =

n+1 + K . Since

PPPPP n+1 = PPPPP

i<j

zi − zj =
i<j

PPPPP zi − zj =
i<j

zi − zj + zi − zj q

=
i<j

zi − zj ·
i<j

1 + zi − zj q−1

we find that
PPPPP n+1

n+1
=

i<j

1 + zi − zj q−1 .

Note that in the fraction on the left hand side of this formula both the
numerator and the denominator are n+1 det-relative invariants, so the
fraction is a n+1 invariant. Therefore this form is congruent to 1 modulo
the Hilbert ideal h n+1 and by Theorem III.3.5 we obtain

Wu L =
i<j

1 + zi − zj q−1 · Wu K ≡ Wu K mod L.

By Lemma IV.4.1 Wu K ≡ 1 mod L so we conclude Wu L ≡ 1 mod L
and the result is established.





Part V
The Hit Problem mod 2

HEOREM III.4.1 presented a very unexpected connection betweenwhatT started out as a study of Poincaré duality quotients of F V for the sake
of invariant theory and the Hit Problem, a problem involving the action of
the Steenrod algebra on Fq V . This Part is devoted to the exploitation of
that result: we apply what has been developed in Parts I–IV to the problem
of computing the A ∗-indecomposable elements of F2 z1 , . . . , zn . Again,
more than one surprise occurs.

The objects of study in this Part are the A ∗-invariant Poincaré duality quo-
tients of F2 z1 , . . . , zn with trivial Wu classes. We examine the cases
n = 2 and n = 3 in some detail. For n = 2 we account for the known
results on the Hit Problem in terms of spikes1 in the sense of [82] and
the fundamental classes of ideals generated by powers of Dickson poly-
nomials. In the case n = 3 we need to bring in the ideals generated by
powers of Stiefel–Whitney classes. These account for some of theA ∗-inde-
composable monomials that up to this juncture had somewhat mysterious
computational origins. We include in this Part a complete list of the ideals
da0n,0 , . . . , d

an−1
n, n−1 which areA ∗-invariant, as well as a list of the quotients

F2 z1 , . . . , zn da0n,0 , . . . , d
an−1
n, n−1 with trivial Wu classes. There are also

partial results for the ideals generated by powers of Stiefel–Whitney classes.

In this Part we work almost exclusively over the Galois field F2. We employ
the classical notationA ∗ for the mod 2 Steenrod algebra, reservingP∗ for
results that are valid for any prime power. We write Sqk for the squaring
operations in A ∗, and Sq = 1 + Sq1 + · · · for the total Steenrod squaring

1 These are in essence the elements that come from the one variable case. They are the prod-
ucts zq

a1−1
1 · · · zq

an −1
n Fq z1 , . . . , zn where a1 , . . . , an Nn

0 .

93
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operation in the mod 2 case. Many of the results in this Part could be
extended to any Galois field at the expense of a more complex notation
and argumentation. We refrain from doing so as it appears to us that no
new ideas occur if 2 is replaced by q.

Since there is a very large literature on Hit Problems we suggest the reader
consult the bibliographies of [108] and [109].

V.1 Powers of Dickson polynomials in 2 variables

Let d2,0 = x2y + xy2, d2,1 = x2 + xy + y2 F2 x, y be the two Dick-
son polynomials. They form a regular sequence, as do da2,0, db2,1 for any
a, b N. Write d a, b = da2,0, db2,1 for the ideal in F2 x, y generated
by da2,0, db2,1. Then the quotient algebra H a, b = F2 x, y d a, b satis-
fies Poincaré duality. In this section we will determine which of the ideals
d a, b are A ∗-invariant, and which of the quotient algebras H a, b have
trivial Wu classes. Here is the final result.

THEOREM V.1.1THEOREM V.1.1THEOREM V.1.1THEOREM V.1.1THEOREM V.1.1: An ideal d a, b = da2,0, db2,1 is invariant under the
action of the mod 2 Steenrod algebra A ∗ if and only if b=2 · c with c odd
and a ≤ 2 . The quotient algebra H a, b = F2 x, y d a, b has trivial Wu
classes if and only if a = 2t and b = 2s − 2t with s > t.

The proof of this theorem proceeds in stages. To begin with, the ideal
d 1, 1 has trivial Wu classes: this is an easy computation using the formu-
lae (see also Proposition IV.1.3)

Sq d2,1 = d2,1 + d2,0 + d22,1
Sq d2,0 = d2,0 1 + d2,1 + d2,0

and the structure of the algebra H 1, 1 . One way to visualize this algebra
is with the aid of Figure V.1.1. The nodes • indicate basis vectors for the
homogeneous component whose degree is equal to the number of rows

in the diagram above the
x2y = xy2

•
x2 • • y2

x • • y
•
1

FIGURE V.1.1FIGURE V.1.1FIGURE V.1.1FIGURE V.1.1FIGURE V.1.1: H 1, 1 = F2 x , y d 1, 1

node labeled 1, which is as-
signed the degree zero. The
monomials representing a
fundamental class, viz., x2y
and xy2 are an A ∗-equiv-
alence class and A ∗-inde-
composable, so there is no
possible squaring operation

into the top nonzero degree. By applying Frobenius powers to d 1, 1 we
conclude the following result from Corollary III.6.5.
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PROPOSITIONV.1.2PROPOSITIONV.1.2PROPOSITIONV.1.2PROPOSITIONV.1.2PROPOSITIONV.1.2: Let t N0. Then the ideals d 2t , 2t = d 1, 1 2t

are A ∗-invariant and have trivial Wu classes.

Note that the ideals d 2t , 2t have d2t2,0 as the generator of larger degree. To
gain an idea of what the Poincaré duality quotient algebra H 2t , 2t looks
like, we computed its Poincaré polynomial P H 2t , 2t , u and found the
following formula:

P H 2t , 2t , u = 1+ u+ u2+ · · ·+ u2
t+1+2t−1 1+ u+ u2 + · · ·+ u2

t+1−1

= 1 + 2u + 3u2 + · · · + 2t+1u2
t+1−1 + 2t+1u2

t+1
+ · · · + 2t+1u2

t+1+2t−1

+ 2t+1 − 1 u2
t+1+2t + · · · + 3u2

t+2+2t−4 + 2u2
t+2+2t−3 + u2

t+2+2t−2 .

When pictured graphically H 2t , 2t looks a bit like a lighthouse standing
with its base completely covering a small island as shown in the accom-
panying graphic. In the graphic the degree of a homogeneous component
of H 2t , 2t is the height above the apex at the bottom labeled 0, with

the width of the graphic

2t+1

2t+1−1

2t+1+2t−1

0

2t+2+2t−2

!

aa dd
}

HY
Z

representing the dimen-
sion of that homogene-
ous component. Notice
the maximum width, by
which we mean the max-
imum dimension of a ho-
mogeneous component
of H 2t , 2t , is equal to
2t+1. In [56] we discuss

which of these algebras can occur as themod 2-cohomology of a topological
space.

The next step in the proof of Theorem V.1.1 is to determine which of the
ideals d a, b isA ∗-invariant. This we do by an interpolation process. The
main tools involved are Lemma III.1.3 and Theorem III.3.5.

PROPOSITIONV.1.3PROPOSITIONV.1.3PROPOSITIONV.1.3PROPOSITIONV.1.3PROPOSITIONV.1.3: Let a, b N and write b = 2 · c where c is odd.
Suppose that the ideal d a, b F2 x, y is A ∗-invariant. Then a ≤ 2 . In
particular, if b is odd then a=1. Conversely, if a ≤ 2 then the ideal d a, b
is A ∗-invariant.

PROOFPROOFPROOFPROOFPROOF: Note that Sq d2,1 = d2,1 + d2,0 + d22,1 so

Sq2 db2,1 = Sq1 dc2,1
2 = c · dc−12,1 · d2,0 2 = dc−12,1 · d2,0 2

since c is odd. If d a, b = da2,0, db2,1 is A ∗-invariant then dc−12,1 · d2,0 2

da2,0, db2,1 so 2 ≥ a as claimed.
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Conversely, suppose a ≤ 2 . Note that the ideal d 1, c = d2,0, dc2,1 isA ∗-
invariant because d2,0 is a Thom class in F2 x, y and

Sq dc2,1 = d2,1 + d2,0 + d22,1
c

≡ d2,1 + d22,1
c = dc2,1 1 + d2,1 c = 0 mod d2,0, dc2,0 .

Therefore by Proposition III.6.1 the ideal d 2 , 2 · c = d22,0, db2,1 is also
A ∗-invariant. Set K= d22,0, db2,1 and L= da2,0, db2,1 so K : L = d2 −a

2,0 +
K and L = K : d2 −a

2,0 . Since d2 −a
2,0 F2 x, y is a Thom class Lemma III.1.3

implies that L is A ∗-invariant as claimed.

The final stage in the proof of Theorem V.1.1 is to determine which of the
A ∗-invariant ideals d a, b have trivial Wu classes. We do this in two steps:
first we show that the ideals d 2t , 2s − 2t for s > t N0 all have trivial Wu
classes, and then that the otherA ∗-invariant ideals d a, b have nontrivial
Wu classes.

PROPOSITIONV.1.4PROPOSITIONV.1.4PROPOSITIONV.1.4PROPOSITIONV.1.4PROPOSITIONV.1.4: Suppose that s > t N0. Then d 2t , 2s − 2t is an
A ∗-invariant m-primary irreducible ideal and has trivial Wu classes.

PROOFPROOFPROOFPROOFPROOF: By Frobenius periodicity, Corollary III.6.5, it suffices to con-
sider the case t = 0. The ideal d 2s , 2s is A ∗-invariant and has trivial Wu
classes by Proposition V.1.2. By Proposition V.1.3 the ideal d 1, 2s − 1 is
also A ∗-invariant. Note that

d 2s , 2s : d 1, 2s − 1 = d2
s−1

2,0 d2,1 + d 2s , 2s .

By Proposition II.6.7 the ideal d2s−12,0 d2,1 + d 2s , 2s is A ∗-invariant, and
moreover we have by Theorem I.2.1

d 2s , 2s : d2
s−1

2,0 d2,1 = d 1, 2s − 1

so if we set

K = d 2s , 2s

L = d 1, 2s − 1
and

h = d2
s−1

2,0 d2,1
the hypotheses of Theorem III.3.5 are fulfilled. Hence we may compute
Wu d 1, 2s − 1 and Wu d 1, 2s − 1 by means of that theorem. Our
strategy is to show Wu d 1, 2s − 1 is trivial.

To this end we note that

Sq d2
s−1

2,0 = d2,0 + d2,0d2,1 + d22,0
2s−1

Sq d2,1 = d2,1 + d2,0 + d22,1
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and hence if we rewrite d2,1 + d2,0 + d22,1 as a sum of two terms, viz.,
d2,1 1 + d2,1 + d2,0, and multiply out we obtain

Sq d2
s−1

2,0 d2,1 = d2,0 + d2,0d2,1 + d22,0
2s−1 · d2,1 + d2,0 + d22,1

= d2
s−1

2,0 d2,1 1 + d2,1 + d2,0 2s−1 1 + d2,1 + d2
s

2,0 1 + d2,1 + d2,0 2s−1

≡ d2
s−1

2,0 d2,1 1 + d2,1 + d2,0 2s−1 1 + d2,1 mod K .

Therefore dividing by d2s−12,0 d2,1 and reducing modulo L we find

Wu d 1, 2s − 1 ≡ 1 + d2,1 + d2,0 2s−1 1 + d2,1
≡ 1 + d2,1 2s−1 1 + d2,1 ≡ 1 + d2,1 2s ≡ 1 + d2

s

2,1

≡ 1 mod d 1, 2s − 1 .

Hence the Wu classes of d 1, 2s − 1 are trivial as claimed.

PROPOSITIONV.1.5PROPOSITIONV.1.5PROPOSITIONV.1.5PROPOSITIONV.1.5PROPOSITIONV.1.5: Let k N and choose m N0 such that 2m ≤ k ≤
2m+1 − 1. Then

Sq Wu d 1, k = 1+ d2,1 k+1

Wu d 1, k = 1+ d2,1 2m+1− k+1 .

PROOFPROOFPROOFPROOFPROOF: Consider the decreasing chain of ideals

d 1, k d 1, k + 1 · · · d 1, 2m+1 − 1 .

Each ideal in this chain is A ∗-invariant and we may therefore apply Theo-
rem III.3.5 to adjacent pairs of ideals. To this end note that

d 1, j = d 1, j + 1 :d2,1
and recall

Sq d2,1 = d2,0 + d2,1 + d22,1 ≡ d2,1 1 + d2,1 mod d 1, j .

The recipe of Theorem III.3.5 therefore yields

✣ Wu d 1, j = 1+ d2,1 · Wu d 1, j + 1 .

By Proposition V.1.4 the ideal d 1, 2m+1 −1 has trivial Wu classes. Induct-
ing down from this case using the formula ✣ we arrive at the formula

Wu d 1, k = 1+ d2,1 2m+1− k+1 .

In the quotient algebra F2 x, y d 1, k we have d2m+1

2,1 = 0. Therefore

1 + d2,1 2m+1− k+1 · 1 + d2,1 k+1 = 1+ d2,1 2m+1
= 1 + d2

m+1

2,1 = 1

and the formula for Sq Wu d 1, k follows from Lemma III.3.3.

PROPOSITIONV.1.6PROPOSITIONV.1.6PROPOSITIONV.1.6PROPOSITIONV.1.6PROPOSITIONV.1.6: Let a, b N and write b = 2 · c with c odd. Sup-
pose that the ideal d a, b is A ∗-invariant with trivial Wu classes. Then
a = 2 and c + 1 is a power of 2.
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PROOFPROOFPROOFPROOFPROOF: Since d a, b is A ∗-invariant a ≤ 2 by Proposition V.1.3. The
ideal d 2 , 2 · c is the -th Frobenius power of the ideal d 1, c . Choose
m N0 so that 2m ≤ c ≤ 2m+1 − 1. (N.b. Since c is odd, 2m < c unless c = 1,
in which case m = 0 and the entire inequality collapses to an equality.)
Then Proposition V.1.5 gives

Wu d 1, c = 1+ d2,1 2m+1− c+1

so by Theorem III.6.4

Wu d 2 , 2 · c = 1+ d22,1
2m+1− c+1 .

If we set K = d 2 , 2 · c and L = d a, b then K : L = d2 −a
2,0 + K and

L = K :d2 −a
2,0 . Both K and L are A ∗-invariant so again Theorem III.3.5

provides a recipe to compute Wu L from Wu K . To apply this we note

Sq d2 −a
2,0 = d2 −a

2,0 · 1 + d2,1 + d2,0 2 −a ,

so the recipe gives

Wu L = 1+ d2,1 + d2,0 2 −a · 1 + d22,1
2m+1− c+1 .✠

We have
1 + d2,1 + d2,0 2 −a = 1+ · · · + d2 −a

2,1 + · · ·

and, since 2m+1 − c + 1 is even, d2 +1

2,1 is the least positive power of d2,1
occurring in the expansion of 1 + d22,1 2m+1− c+1 , so we also have

Wu L = 1+ · · · + d2 −a
2,1 + · · · .

Since b=2 · c and a ≤ 2 it follows that b > 2 − a, and therefore if a=2
one has Wu2 2 −a L = d2 −a

2,1 + · · · ≡ 0 mod L contrary to assumption. So
a = 2 and Wu L = 1+ d22,1 2m+1− c+1 .

Next we show that c + 1 = 2m+1. Note that 2 +m+1 > 2 · c from the way
we chose m, so in F2 x, y L we have

1 + d22,1
2m+1− c+1 · 1 + d22,1

c+1 = 1 + d22,1
2m+1

= 1 + d2
+m+1

2,1 = 1

and therefore
Sq Wu L = 1+ d22,1

c+1 .
If c + 1 is not a power of 2 then the dyadic expansion of c + 1 is of the
form

c + 1 = cm+12m+1 + · · · c12 + c0
where cj = 0 for some j < m + 1. Therefore the binomial coefficient c+1

2j

is odd, so the homogeneous component of Sq Wu L of degree 2 +j+1

is d2 ·2j
2,1 = d2 + j

2,1 which is nonzero. This contradicts the assumption that
L = d a, b has trivial Wu classes, so c + 1 = 2m+1 completing the proof.
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PROOF OF THEOREM V.1.1PROOF OF THEOREM V.1.1PROOF OF THEOREM V.1.1PROOF OF THEOREM V.1.1PROOF OF THEOREM V.1.1: Combine Propositions V.1.3, V.1.4, and
V.1.6.

In the proof of Proposition V.1.6 we developed a formula, namely ✠ , for
the conjugate Wu classes of any A ∗-invariant ideal d a, b in F2 x, y that
will be of use in the sequel. We record it next.

COROLLARY V.1.7COROLLARY V.1.7COROLLARY V.1.7COROLLARY V.1.7COROLLARY V.1.7: Let a, b N and write b=2 · c with c odd. Assume
that a ≤ 2 so that the ideal d a, b isA ∗-invariant. Choose m N0 so that
2m ≤ c ≤ 2m+1 − 1. Then

Wu d a, b = 1+ d2,1 + d2,0 2 −a · 1 + d22,1
2m+1− c+1 .

The proof of Theorem V.1.1 involves only two basic constructions and the
initial A ∗-invariant ideal with trivial Wu classes d 1, 1 . These suffice to
yield all of the ideals generated by powers of the two Dickson polynomials
d2,0 and d2,1 which are A ∗-invariant and have trivial Wu classes. To wit,
the ideals d 2t , 2s − 2t arise as follows:

(1) first Frobenius periodicity is used to obtain the ideals d 2r , 2r =
d 1, 1 2r which have trivial Wu classes,

(2) then the operator : d2r−1
2,0 d2,1 is applied to the ideal d 2r , 2r

(and Theorem III.6.4 is used) to obtain the examples of ideals
d 1, 2r − 1 with trivial Wu classes, and finally

(3) Frobenius periodicity is applied to d 1, 2r − 1 to yield all the re-
maining examples.

The portion of the proof that shows that the other A ∗-invariant ideals of
the form d a, b have nontrivial Wu classes involves the same two basic
constructions.

The ideals d 2t , 2s − 2t with 2s − 2t = 2t were discussed following Propo-
sition V.1.2: they are just the ideals d 2t , 2t = d 1, 1 2t obtained as
Frobenius powers of the basic ideal d 1, 1 . The ideals d 2t , 2s − 2t for
which 2s − 2t > 2t , i.e., for which s > t + 1, have d2t2,0 as the generator of
lowest degree (in contrast to the ideals d 2t , 2t which have d2t2,0 as the
generator of largest degree). The corresponding Poincaré duality algebra
has Poincaré series

P H 2t , 2s −2t , u = 1+ u+ u2 + · · ·+ u2
t+1+2t−1 1+ u+ u2 + · · ·+ u2

s+1−2t+1−1

= 1+ 2u + 3u2 + · · · + 2t+1 + 2t u2
t+1+2t−1 + 2t+1 + 2t u2

t+1+2t + · · ·+

2t+1 + 2t u2
s+1−2t+1−1 + 2t+1 + 2t − 1 u2

s+1−2t+1 + · · · + 2u2
s+1−2t−3 + u2

s+1−2t−2 .

Again, if pictured graphically this looks a bit like a lighthouse. This
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time themaximumwidth is 2t+1 +2t ,

2t+1+2t

2t+1+2t−1

2s+1−2t+1−1

0

2s+1+2t−2
which is independent of s N. The
appearance of this graphic is a spe-
cial feature of the case of two vari-
ables: for more than a small number
of variables it can happen that the
coefficients of the Poincaré polyno-
mial of a Poincaré duality quotient of
F z1 , . . . , zn do not form a non-
decreasing sequence up to the mid-
dle dimension (see [95] Theorem 4.2
and the example that follows it).

Setting m= s − t we see that there are
two periodicity operators acting on the family of ideals

d 2t , 2t 2m − 1 t N0 , m N ;

the one increases t by 1 and the other m by 1. Increasing t corresponds
to raising both Dickson polynomials to the next highest power of 2, so is
related in an obvious way to the operator prevalent in the literature on
the Steenrod algebra (see for example [76]) and which also occurred in
Proposition II.6.7. The operator corresponding to increasing m is more
mysterious, and depends on a special property of Dickson polynomials.

V.2 A ∗-Indecomposable elements in F2 x, y

Our purpose in this section is to make more explicit the connection dis-
cussed in Section III.4 betweenP∗-invariant Poincaré duality quotients of
Fq z1 , . . . , zn and a solution to the Hit Problem for Fq z1 , . . . , zn . For
q = 2 and n =2 this problem was solved by F. P. Peterson in [74] who gave
a set of monomials that generate F2 x, y as a module over the Steenrod al-
gebraA ∗. We intend to show that the fundamental classes of the naturally
occurring families of Poincaré duality quotients of F2 x, y with an unstable
A ∗-algebra structure studied in Section V.1 can be used to provide a basis
for F2 x, y A ∗ .

It is actually much more convenient to describe a vector space basis for
u, v A ∗

using our work on A ∗-invariant Poincaré duality quotients of
F2 x, y . We then establish a precise relationship between our basis and
those already in the literature, e.g., [75], [82], [3], and [8]. The first step
is to find explicit formulae for the2 Macaulay duals of the A ∗-invariant

2We are working over F2 where a Macaulay dual is actually unique.
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ideals da2,0, db2,1 with trivial Wu classes (see also [44]).

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: Denote by s, t the Macaulay dual of the ideal d2t2,0, d2
s−2t

2,1 .

We begin by computing the special cases r+1, r , r N0, which we then use
to determine the Macaulay duals of the remaining cases.

LEMMA V.2.1LEMMA V.2.1LEMMA V.2.1LEMMA V.2.1LEMMA V.2.1: Let r N0. The Macaulay dual of the ideal d2r2,0d2
r

2,1
F2 x, y is

r+1, r = 2r+1−1 u 2r+1+2r−1 v + 2r+1+2r−1 u 2r+1−1 v ,

where u, v u, v are dual to x, y F2 x, y .

PROOFPROOFPROOFPROOFPROOF: Recall that x3, y3 d2,0, d2,1 and

x3, y3 : d2,0, d2,1 = x + y + x3, y3

(see e.g. Section II.5 Example 1). Taking Frobenius powers and using
Proposition II.6.3 we find

x2
r+1+2r , y2

r+1+2r : d2
r

2,0, d
2r
2,1 = x2

r
+ y2

r
+ x2

r+1+2r , y2
r+1+2r

and therefore by Theorem II.6.6 the Macaulay dual of d2r2,0, d2
r

2,1 is

r+1, r = x2
r
+ y2

r
∩ 2r+1+2r−1 u 2r+1+2r−1 v

= 2r+1−1 u 2r+1+2r−1 v + 2r+1+2r−1 u 2r+1−1 v

as claimed.

LEMMA V.2.2LEMMA V.2.2LEMMA V.2.2LEMMA V.2.2LEMMA V.2.2: Let s > t N0 and set r = s − t. The Macaulay dual of
the ideal d2t2,0, d2

s−2t
2,1 is

s, t =
2r+1−2

k=1
2s+1−1−k2t u 2t−1+k2t v ,

where u, v u, v are dual to x, y F2 x, y .

PROOFPROOFPROOFPROOFPROOF:We have d2s2,0, d2
s

2,1 d2t2,0, d2
s−2t

2,1 and

d2
s

2,0, d
2s
2,1 : d2

t

2,0, d
2s−2t
2,1 = d2

s−2t
2,0 d2

t

2,1 + d2
s

2,0, d
2s
2,1 .

We next develop a formula for the transition element d2r−1
2,0 d2,1 2t . We have

d2
r−1

2,0 = xy x + y 2r−1 = x2
r−1y2

r−1 x + y 2r−1

= x2
r−1y2

r−1

i+j=2r−1

x i y j =
i+j=2r−1

x2
r+i−1y2

r+j−1

and

d2
r−1

2,0 d2,1 =
i+j=2r−1

x2
r+i−1y2

r+j−1 x2 + xy + y2
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=
i+j=2r−1

x2
r+i+1y2

r+j−1 +
i+j=2r−1

x2
r+i y2

r+j +
i+j=2r−1

x2
r+i−1y2

r+j+1 .

With the exception of two terms each, the terms of the first and third sums
cancel each other, and we are left with the following formula for d2r−1

2,0 d2,1:

i+j=2r−1

x2
r+i y2

r+j + x2
r−1y2

r+1
+ x2

r
y2

r+1−1 + x2
r+1−1y2

r
+ x2

r+1
y2

r−1 .

Hence d2s−2t2,0 d2t2,1 is equal to

i+j=2r−1

x2
s+i2t y2

s+j2t + x2
s−2t y2

s+1
+ x2

s
y2

s+1−2t + x2
s+1−2t y2

s
+ x2

s+1
y2

s−2t .

From Lemma V.2.1 we have that

s+1, s = 2s+1−1 u 2s+1+2s−1 v + 2s+1+2s−1 u 2s+1−1 v

is a Macaulay dual for the ideal d2s2,0, d2
s

2,1 . Hence by Theorem II.5.1 the
Macaulay dual of the ideal d2t2,0, d2

s−2t
2,1 is

s, t = d2
s−2t

2,0 d2
t

2,1 ∩ 2s+1−1 u 2s+1+2s−1 v + 2s+1+2s−1 u 2s+1−1 v .

Substituting d2s−2t2,0 d2t2,1 with the preceding formula we find after some cal-
culation

s, t =
i+j=2r−1

2s−i2t−1 u 2s+1−j2t−1 v +
i+j=2r−1

2s+1−i2t−1 u 2s−j2t−1 v

+ 2s+1−1 u 2t−1 v + 2t−1 u 2s+1−1 v .

In the first sum of the previous formula the indices 2s − i2t −1 of the divided
powers of u satisfy

2t − 1 = 2s − 2r − 1 2t − 1 ≤ 2s − i2t − 1 ≤ 2s − 1

while in the second sum the indices 2s+1 − i2t − 1 satisfy

2s + 2t − 1 = 2s+1 − 2r − 1 2t − 1 ≤ 2s+1 − i2t − 1 ≤ 2s+1 − 1.

Hence we can combine the two sums and the remaining terms into a single
sum, viz.,

s, t =
2r+1−2

k=1
2s+1−k2t−1 u 2t+k2t−1 v

as claimed.

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: For k N0 write k = i=0 i k 2i for the 2-adic expansion
of k. So i k is the i-th binary digit of k.



§2] A ∗-INDECOMPOSABLE ELEMENTS IN F2 x, y 103

LEMMA V.2.3LEMMA V.2.3LEMMA V.2.3LEMMA V.2.3LEMMA V.2.3: Let d = 2s+1 + 2t − 2 with s + 1 ≥ t ≥ 0. Assume that
we have two nonnegative integers a and b with a+ b = d. Suppose there
exists n with 0 ≤ n < t such that

i a = 1 0 ≤ i < n
0 i = n.

Then

i b = 1 0 ≤ i < n
0 i = n

as well. If a > 2n or b > 2n it follows that the element xa yb F2 x, y is
A ∗-decomposable.

PROOFPROOFPROOFPROOFPROOF: Denote the difference a − 2n − 1 by a. Then i a = 0 for all
0 ≤ i ≤ n. We have

b = d − a = d − a − 2n − 1 + 2n − 1 = d − a − 2n − 1
= 2s+1 + 2t − 2n − 1 − a

and since by assumption n < t ≤ s + 1 the claim about i b follows easily
from this.

To prove that xa yb is A ∗-decomposable if a > 2n or b > 2n we procede by
induction on n. Without loss of generality we assume a > 2n . If n = 0 then
0 a = 0 b = 0, so Sq1 xa−1yb = xa yb .

Next assume that n > 0. We have

Sq2
n
x a−2n yb = xa yb +

2n−1

j=0

Sqj x a−2n Sq2
n−j yb

= xa yb +
2n−1

j=0

xa−2n+j yb+2
n−j

and for each 0 ≤ j ≤ 2n − 1 there exists 0 ≤ h j < n such that

i x a−2n+j =
1 0 ≤ i < h j
0 i = h j .

Since a > 2n and j ≥ 2h j , we have that a − 2n + j > 2h j . Therefore we can
use induction to conclude that all the terms in the sum 2n−1

j=0 xa−2n+j yb+2
n−j

are A ∗-decomposable. Hence the same holds for xa yb .

PROPOSITIONV.2.4PROPOSITIONV.2.4PROPOSITIONV.2.4PROPOSITIONV.2.4PROPOSITIONV.2.4: Let xa yb , a, b N0 be a monomial of degree d in
F2 x, y .

(i) If d =2t+1 − 2, t ≥ 0, then xa yb isA ∗-indecomposable if and only
if a = 2t − 1 = b.
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(ii) If d = 2s+1 + 2t − 2, s ≥ t ≥ 0, then xa yb is A ∗-indecomposable if
and only if a = 2s+1 − 1 − k2t and b = 2t − 1 + k2t with 0 ≤ k ≤
2s−t+1 − 1.

There are no A ∗-indecomposable monomials in any other degrees.

PROOFPROOFPROOFPROOFPROOF: It is known that the only degrees in which A ∗-indecomposa-
ble monomials can be found are those of the form d = 2 − 1 + 2 − 1 ,
, N0 (see e.g. [74] or [82]). So the two cases for d listed above

cover all possible degrees that need to be considered. We therefore find
the following.

(i) In the first case, the given monomial x2
t−1y2

t−1 is a spike and thus
indecomposable. All other monomials xa yb fulfill the hypothesis
of Lemma V.2.3 and are thus decomposable.

(ii) In the second case, the monomials corresponding to k = 0 and
k = 2s−t+1 − 1 are the two spikes x2

s+1−1y2
t−1 and x2

t−1y2
s+1−1. If

s > t then the other monomials given form the support of s, t . All
other monomials in this degree satisfy the hypothesis of Lemma
V.2.3 and are therefore decomposable.

This yields the desired conclusion.

PROPOSITIONV.2.5PROPOSITIONV.2.5PROPOSITIONV.2.5PROPOSITIONV.2.5PROPOSITIONV.2.5: u, v A ∗

d = 0 unless d has one of the following
three forms, in which case the indicated divided power forms provide an
F2-basis for u, v A ∗

d .

degree F2-basis for u, v A ∗

d

d = 2t+1 − 2, t ≥ 0 2t−1 u 2t−1 v

d = 2t+1 + 2t − 2, t ≥ 0 2t+1−1 u 2t−1 v , 2t−1 u 2t+1−1 v

d = 2s+1 + 2t − 2, s > t ≥ 0 2s+1−1 u 2t−1 v , 2t−1 u 2s+1−1 v , s, t

In particular it follows that the dimension of u, v A ∗

d is at most 3 as has
already been shown in [12].

PROOFPROOFPROOFPROOFPROOF: It is clear from Proposition V.2.4 that u, v A ∗

d =0 in degrees
other than those that are listed and that the given divided power forms
span u, v A ∗

d in the degrees where it is not trivial. Since their supports
are disjoint they are also linearly independent and so provide a basis.

To establish a concordance between Proposition V.2.5 and the results of [3]
and [16] we observe that in our notation, the basis for u, v A ∗

2s+1−1+2t−1
that is chosen there consists of the two spikes

2s+1−1 u 2t−1 v , 2t−1 u 2s+1−1 v

and the form



§3] POWERS OF DICKSON POLYNOMIALS IN 3 VARIABLES 105

2s+1−1 u + v 2t−1 v .

Although the last form seems to be asymmetric in u and v it is not: to see
this expand 2s+1−1 u + v using the beginner’s binomial theorem to obtain

2s+1−1 u + v =
i+j=2s+1−1

i u j v .

Then, note that

2t−1 v = 1 v 2 v · · · 2t−1 v

annihilates j v for j not of the form k · 2t and

2t−1 v k·2t v = 2t−1+k·2t v .

So we find that

2s+1−1 u + v 2t−1 v =
2s+1−t−2t

k=0
2s+1−1−k2t u 2t−1+k2t v

= 2s+1−1 u 2t−1 v + s, t + 2t−1 u 2s+1−1 v .

From this concordance with [3] the reader can establish similar concor-
dances with the bases for F2 x, y A ∗

k of [74], [8], and [39].

V.3 Powers of Dickson polynomials in 3 variables

In this section we consider the quotients of F2 x, y, z by the ideals gener-
ated by powers of the Dickson polynomials d a0, a1, a2 = da03,0, d

a1
3,1, d

a2
3,2 .

We determine which of these ideals areA ∗-invariant as well as which of the
corresponding Poincaré duality quotient algebras F2 x, y, z d a0, a1, a2
have trivial Wu classes. The methods employed are the same as in Section
V.1 so we will be a little less complete in giving the details of computations
than we gave in that section.

The action of the total Steenrod operation Sq on the Dickson polynomials
in three variables over F2 is summarized in the following formulae (see e.g.
[66] Section A.2):

Sq d3,2 = d3,0 + d3,1 + d3,2 d3,2 + 1

Sq d3,1 = d3,0 1 + d3,2 + d3,1 d3,1 + d3,2 + 1✣

Sq d3,0 = d3,0 d3,0 + d3,1 + d3,2 + 1 .

We have chosen this way of writing things to emphasize the deviation of
d3,2 and d3,1 from being Thom classes.
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LEMMA V.3.1LEMMA V.3.1LEMMA V.3.1LEMMA V.3.1LEMMA V.3.1: For positive integers a0, a1, a2 write ai for i = 0, 1, and
2 in the form ai = 2si · bi where bi is odd. Then the ideal d a0, a1, a2 =
da03,0, d

a1
3,1, d

a2
3,2 F2 x, y, z is A ∗-invariant if and only if 2s1 ≥ a0 and

2s2 ≥ a1.

PROOFPROOFPROOFPROOFPROOF: If 2s1 < a0 then

Sq2
s1 da13,1 = Sq2

s1 db1 ·2s1
3,1 = Sq1 db13,1

2s1 = db1−1
3,1 · d3,0

2s1

since b1 is odd. But this is not in d a0, a1, a2 = da03,0, d
a1
3,1, d

a2
3,2 since

2s1 < a0 and 2s1 b1 − 1 < a1. Likewise if 2s2 < a1 then

Sq2
s2+1 da23,2 = Sq2·2s2 ds2·b2

3,2 = Sq2 db23,2
2s2 = db2−1

3,2 d3,1
2s2

since b2 is odd and Sq1 d3,2 = 0. This is not in the ideal d a0, a1, a2 =
da03,0, d

a1
3,1, d

a2
3,2 since 2s2 < a1 and 2s2 b2 − 1 < a2. So the condition for

A ∗-invariance of the ideal d a0, a1, a2 = da03,0, d
a1
3,1, d

a2
3,2 F2 x, y, z is

necessary.

Conversely, if 2s1 ≥ a0 and 2s2 ≥ a1, then

Sq da23,2 = d3,0 + d3,1 + d3,2 d3,2 + 1 a2

= d3,0 + d3,1 2s2 + d2
s2

3,2 d3,2 + 1 2s2 b2

≡ da23,2 d3,2 + 1 a2 ≡ 0 mod d a0, a1, a2

since 2s2 ≥ a1 ≥ a0. Likewise

Sq da13,1 = d3,0 + d3,0d3,2 + d3,1 d3,1 + d3,2 + 1 a1

= d2
s1

3,0 + d2
s1

3,0d
2s1
3,2 + d2

s1

3,1 d3,1 + d3,2 + 1 2s1 b1

≡ da13,1 d3,1 + d3,2 + 1 a1 ≡ 0 mod d a0, a1, a2

as 2s1 ≥ a0, whence the ideal d a0, a1, a2 = da03,0, d
a1
3,1, d

a2
3,2 F2 x, y, z

is A ∗-invariant.

Our next task is to determine which of the A ∗-invariant ideals of the form
d a0, a1, a2 = da03,0, d

a1
3,1, d

a2
3,2 F2 x, y, z have trivial Wu classes.

PROPOSITIONV.3.2PROPOSITIONV.3.2PROPOSITIONV.3.2PROPOSITIONV.3.2PROPOSITIONV.3.2: Let a0 , a1 , a2 N and suppose that the ideal
d a0, a1, a2 = da03,0, d

a1
3,1, d

a2
3,2 F2 x, y, z is A ∗-invariant. Write ai =

2si · bi with bi odd, i = 0, 1, 2. If for some s3 N with s3 > s2 one has
b2 = 2s3−s2 − 1, b1 = 2s2−s1 − 1, s0 = s1, and b0 = 1, then the Wu classes of
the corresponding quotient algebra F2 x, y, z d a0, a1, a2 are trivial .

PROOFPROOFPROOFPROOFPROOF: Note that s2 ≥ s1 and, since b0 = 1 and s0 = s1,

da03,0, d
a1
3,1, d

a2
3,2 = d2

s0

3,0, d
2s0 2s2−s0−1
3,1 , d2

s2 2s3−s2−1
3,2

= d3,0, d2
s2−s0−1

3,1 , d2
s2−s0 2s3−s2−1

3,2
2s0 .
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Hence by Theorem III.6.4 it is enough to consider the ideals of the form
d3,0, d2

s−1
3,1 , d2

s 2t−1
3,2 (one sets s = s2 − s0 and t = s3 − s2). To show these

have trivial Wu classes we employ Corollary III.6.5. We set

K = d2
s+t

3,0 , d
2s+t

3,1 , d
2s+t

3,2

L = d3,0, d2
s−1

3,1 , d2
s 2t−1

3,2

h = d2
s+t−1

3,0 d2
s 2t−1 +1

3,1 d2
s

3,2 .

Here is a short resumé of the relevant portion of the computation. It makes
use of the formulae ✣ , as well as the fact that d3,0 and d2

s

3,1 belong to
the ideal d 1, 2s − 1, 2s 2t − 1 . We use the notation ≡ to denote equality
in the quotient algebra F2 x, y, z d 1, 2s − 1, 2s 2t − 1 :

Wu d 1, 2s − 1, 2s 2t − 1
≡ d3,0 + d3,1 + d3,2 + 1 2s+t−1 d3,1 + d3,2 + 1 2s 2t−1 +1 d3,2 + 1 2s

≡ d3,1+d3,2+1 2s+t−1 d2
s

3,1 +d
2s
3,2+1 2t−1 d3,1+d3,2 +1 d3,2+1 2s

≡ d3,1 + d3,2 + 1 2s+t
d3,2 + 1 2s+t−2s d3,2 + 1 2s

≡ d2
s+t

3,1 + d2
s+t

3,2 + 1 d2
s+t

3,2 + 1 ≡ 1.

The final task in this section is to show that there are no other examples of
quotients F2 x, y, z d a0, a1, a2 with trivial Wu classes apart from those
given by Proposition V.3.2 and their Frobenius powers. We will use the
notations introduced in Lemma V.3.1 and write ai = 2si · bi where bi is
odd for i = 0, 1, 2. Let us consider an ideal da03,0, d

a1
3,1, d

a2
3,2 F2 x, y, z

that is A ∗-invariant. By Lemma V.3.1 we may write

da03,0, d
a1
3,1, d

a2
3,2 = db03,0, d

a1/2s0
3,1 , da2/2

s0

3,2
2s0 .

So to compute theWu classes ofA ∗-invariant ideals in F2 x, y, z generated
by powers of Dickson polynomials we may restrict our attention to those
where a0 = b0 is odd, i.e., s0 =0. If a0 = b0 =1 thenA ∗-invariance implies
that s2 ≥ s1 ≥2. Choose a large power of 2, say 2r , with 2r ≥max{a0, a1, a2}
and apply Theorem III.6.4 to the situation

K = d2
r

3,0, d
2r
3,1, d

2r
3,2

L = da03,0, d
a1
3,1, d

a2
3,2

h = d2
r−a0

3,0 · d2
r−a1

3,1 · d2
r−a2

3,2 .

Note that 2r − a0 is odd, and 2r − a1 and 2r − a2 are even. We find

Wu da03,0, d
a1
3,1, d

a2
3,2

✠ ≡ 1+ d3,2 + d3,1 + d3,0 2r−a0 · 1 + d3,2 + d3,1 2r−a1 · 1 + d3,2 2r−a2

≡ 1+d3,2 +d3,1 +d3,0 + · · · · 1+d23,2 +d
2
3,1

2r−a1
2 · 1+d23,2

2r −a2
2 ,
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where ≡ means equality in F2 x, y, z da03,0, d
a1
3,1, d

a2
3,2 . Hence we have

shown the following.

LEMMA V.3.3LEMMA V.3.3LEMMA V.3.3LEMMA V.3.3LEMMA V.3.3: Let a0, a1, a2 N. If a0 = b0 · 2s0 with b0 odd and not
equal to 1 and the ideal da03,0, d

a1
3,1, d

a2
3,2 F2 x, y, z isA ∗-invariant, then

Wu da03,0, d
a1
3,1, d

a2
3,2 = 1 + d2

s0

3,2 + d2
s0

3,1 + d2
s0

3,2 + · · ·

= 1 F2 x, y, z da03,0, d
a1
3,1, d

a2
3,2 .

In particular if da03,0, d
a1
3,1, d

a2
3,2 has trivial Wu classes then b0 = 1.

So applying Theorem III.6.4 allows us to reduce consideration to ideals of
the form da03,0, d

a1
3,1, d

a2
3,2 which are A ∗-invariant where b0 = 1 and s0 = 0,

i.e., a0 = 1.

LEMMA V.3.4LEMMA V.3.4LEMMA V.3.4LEMMA V.3.4LEMMA V.3.4: Let a1, a2 N. If the ideal d3,0, da13,1, d
a2
3,2 isA ∗-invari-

ant and has trivial Wu classes then a1 = 2s − 1 and a2 = 2s 2t − 1 for some
s, t N.

PROOFPROOFPROOFPROOFPROOF: Choose r so that 2r > max{a1, a2} and apply Theorem III.6.4
to the situation

K = d2
r

3,0, d
2r
3,1, d

2r
3,2

L = d3,0, da13,1, d
a2
3,2

h = d2
r−1

3,0 · d2
r−a1

3,1 · d2
r−a2

3,2 .
Then, since d3,0 L, a short computation gives

Wu d3,0, da13,1, d
a2
3,2

≡
modL

1 + d3,2 + d3,1 2r−1 · 1 + d3,2 + d3,1 2r−a1 · 1 + d3,2 2r−a2

≡
modL

1 + d3,2 + d3,1 2r+1− a1+1 1 + d3,2 2r−a2 .

Terms involving d3,1 in the expansion of 1+ d3,2 + d3,1 2r+1− a1+1 are only
trivial modulo L if a1 + 1 = 2s for some s N. In this case we find that

Wu d3,0, da13,1, d
a2
3,2 ≡

modL
1 + d3,2 + d3,1 2r+1−2s · 1 + d3,2 2r−a2

≡
modL

1 + d3,2 2r+1−2s 1 + d3,2 2r−a2

≡
modL

1 + d3,2 2r+1+2r− 2s+a2 .

Again, the terms involving d3,2 in the expansion of 1 + d3,2 2r+1+2r− 2s+a2

only vanish modulo L if 2s+ a2=2t+s for some t N, so that a2=2s 2t −1
as desired.

Combining Lemmas V.3.3 and V.3.4 with Proposition V.3.2 we obtain the
following theorem.
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THEOREM V.3.5THEOREM V.3.5THEOREM V.3.5THEOREM V.3.5THEOREM V.3.5: Let a0, a1, a2 N and write ai = 2si · bi with bi odd,
i = 0, 1, 2. The ideal d a0, a1, a2 = da03,0, d

a1
3,1, d

a2
3,2 F2 x, y, z is A ∗-

invariant if and only if 2s1 ≥ a0 and 2s2 ≥ a1. It has trivial Wu classes if and
only if in addition for some s3 N with s3 > s2 > s1 one has a0 = 2s1 , a1 =
2s1 2s2−s1 − 1 , and a2 = 2s2 2s3−s2 − 1 .

Prior to Lemma V.3.3 we developed a formula ✠ for the conjugate Wu
classes of an A ∗-invariant ideal d a0, a1, a2 in F2 x, y, z . It comes in
handy in the sequel, so we record it here.

COROLLARY V.3.6COROLLARY V.3.6COROLLARY V.3.6COROLLARY V.3.6COROLLARY V.3.6: Let a0, a1, a2 N and write ai for i = 0, 1, and 2 in
the form ai = 2si · bi where bi is odd. Assume 2s1 ≥ a0 and 2s2 ≥ a1 so the
ideal d a0, a1, a2 = da03,0, d

a1
3,1, d

a2
3,2 F2 x, y, z is A ∗-invariant. Then

the conjugate Wu classes of d a0, a1, a2 are given by

Wu da03,0, d
a1
3,1, d

a2
3,2

= 1+d3,2 +d3,1+d3,0 2r−a0 · 1+d3,2 +d3,1 2r−a1 · 1+d3,2 2r−a2 .

V.4 Powers of Dickson polynomials in many variables

In this section we study the m-primary irreducible ideals in F2 z1 , . . . , zn
generated by powers of Dickson polynomials. Write d a0 , . . . , an−1 for
the ideal in the algebra F2 z1 , . . . , zn generated by da0n,0 , . . . , d

an−1
n, n−1,

where a0 , . . . , an−1 N. We have three goals in this section. First, to
provide a necessary and sufficient condition for d a0 , . . . , an−1 to beA ∗-
invariant. Then, to develop formulae for the conjugate Wu classes of an
A ∗-invariant ideal d a0 , . . . , an−1 , and finally to find the conditions un-
der which they vanish.

We begin by determining which n-tuples a0 , . . . , an−1 Nn index anA ∗-
invariant ideal d a0 , . . . , an−1 . To do so we will make use of the follow-
ing formula for the action of the total squaring operation on the Dickson
polynomials: Namely, for k = 0 , . . . , n − 1 one has

✣
Sq dn, k = 1+ dn, n−1 + · · · + dn, k+1 · dn, k−1 + · · · + dn,0

+dn, k · 1 + dn, n−1 + · · · + dn, k .

Note that this formula expresses Sq dn, k as a sum of two parts: a Thom
class portion

dn, k · 1 + dn, n−1 + · · · + dn, k
and an obstruction to being a Thom class

1 + dn, n−1 + · · · + dn, k+1 · dn, k−1 + · · · + dn,0 .
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The formula ✣ follows for example from the formulae lists in [66] Sec-
tion A.2 and some gymnastics with the Adem–Wu relations. The following
proposition answers the question: which of the ideals d a0 , . . . , an−1 are
A ∗-invariant?

PROPOSITIONV.4.1PROPOSITIONV.4.1PROPOSITIONV.4.1PROPOSITIONV.4.1PROPOSITIONV.4.1: Let n, a0 , . . . , an−1 N and for k=0 , . . . , n −1
write ak = bk · 2sk with bk odd. Then the ideal

d a0 , . . . , an−1 = da0n,0, d
a1
n,1 , . . . , d

an−1
n, n−1 F2 z1 , . . . , zn

is A ∗-invariant if and only if 2sk ≥ ak−1 for k = 1 , . . . , n − 1.

PROOFPROOFPROOFPROOFPROOF: First of all we note that formula ✣) gives that Sqi dn, k = 0
for 0 < i < 2k−1. Therefore if we apply the Cartan formula to

Sq2
k−1
dbn, k = Sq2

k−1
dn, k · · · dn, k

b

we find that the only nonzero terms in the resulting sum are of the form

dn, k · · · dn, k · Sq2
k−1
dn, k · dn, k · · · dn, k = dn, k · · · dn, k · dn, k−1 · dn, k · · · dn, k .

Since there are exactly b of these terms we conclude that for b odd

Sq2
k−1
dbn, k = db−1

n, kdn, k−1 .

Suppose that for some k, 1 ≤ k ≤ n − 1 , we have 2sk < ak−1. Then

Sq2
k−1+sk dakn, k = Sq2

k−1 ·2sk d2
sk ·bk
n, k = Sq2

k−1
dbkn, k

2sk

= dn, k−1 · dbk−1
n, k

2sk = d2
sk
n, k−1 · d2

sk bk−1
n, k .

Since 2sk < ak−1 and 2sk bk − 1 < ak this term is not in d a0 , . . . , an−1 ,
so the ideal d a0 , . . . , an−1 is not A ∗-invariant.

On the other hand, suppose 2sk ≥ ak−1 for k = 1 , . . . , n − 1. To show
that d a0 , . . . , an−1 is A ∗-invariant it is enough to verify that Sq dakn, k
belongs3 to d a0 , . . . , an−1 for k = 0 , . . . , n − 1. From formula ✣ we
obtain for Sq dakn, k

1+dn, n−1+ · · ·+dn, k+1 · dn, k−1+ · · ·+dn,0 +dn, k · 1+dn, n−1+ · · ·+dn, k
bk ·2sk

= 1+d2
sk

n, n−1+ · · ·+d2
sk

n, k+1 · d2
sk

n, k−1+ · · ·+d2
sk

n,0 +d2
sk

n, k · 1+d2
sk

n, n−1+ · · ·+d2
sk

n, k
bk .

Since 2sk ≥ ak−1 we have 2sk ≥ ai for i = 0 , . . . , k − 1. Hence the elements
d2skn,0 , . . . , d2

sk
n, k−1 belong to d a0 , . . . , an−1 , and therefore

1 + d2
sk

n, n−1 + · · · + d2
sk

n, k+1 · d2
sk

n, k−1 + · · · + d2
sk

n,0 d a0 , . . . , an−1 .

3What is meant is that the homogeneous components of Sq dakn, k belong to d a0 , . . . , an−1 .
This imprecision of phrase recurs several times in the text.
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Thereforemodulo the ideal d a0 , . . . , an−1 , we see that Sq dakn, k is equiv-
alent to

d2
sk ·bk
n, k 1 + dn, n−1 + · · · + dn, k 2sk ·bk = dakn, k 1 + dn, n−1 + · · · + dn, k ak ,

so belongs to d a0 , . . . , an−1 since dakn, k does.

Our next goal is to determine a formula for the conjugate Wu classes of the
A ∗-invariant ideals given by Proposition V.4.1. To facilitate this we intro-
duce two number theoretic functions, and , by the requirement
that takes only odd integer values and n=2 n · n , ∀ n N . Thus
n is the 2-adic valuation4 of n and n is the largest odd divisor of n.

If d a0 , . . . , an−1 is A ∗-invariant then Proposition V.4.1 implies

ai−1 ≤ 2 ai , for i = 1 , . . . , n − 1,

and therefore
2 a0 ≤ 2 a1 ≤ · · · ≤ 2 an−1 .

Thus a0 ≤ a1 ≤ · · · ≤ an−1 . There may of course be repetitions
amongst a0 ≤ · · · ≤ an−1 . For example Proposition V.4.1 implies that
the ideals d 2t , . . . , 2t , 2t · u , where t , u N0 and u is odd are all A ∗-
invariant. In this case a0 , . . . , an−1 all have the same 2-adic valuation.

Let t0 < . . . < t be the distinct elements amongst the exponent sequence
a0 ≤ · · · ≤ an−1 and 0 , . . . , their multiplicities, so 0 , . . . , is

an ordered partition of n and

a0 , . . . , an−1 = t0 , . . . , t0
0

, t1 , . . . , t1
1

, . . . , t , . . . , t .

It is also convenient to introduce the notation i = i − 1 for i =0 , . . . , .

If c1 , . . . , c is a string of natural numbers satisfying

c1 = · · · = c = t ,

so c1 , . . . , c all have the same 2-adic valuation t, and

ci−1 ≤ 2 ci = 2t for i = 2 , . . . , ,

then from the inequalities

ci−1 2t = ci−1 ≤ 2t for i = 2 , . . . ,

we deduce that
c1 = · · · = c −1 = 1.

4 A more precise notation would be 2 n , but 2 is the only prime that occurs in this section
so we use the simpler notation to avoid multiple subscripts.
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In other words
c1 , . . . , c = 2t , . . . , 2t , c .

Note carefully that this does not exclude the possibility that c = 2t also.

By Proposition V.4.1 this means that a sequence of integers a0 , . . . , an−1
indexing an A ∗-invariant ideal d a0 , . . . , an−1 falls into blocks corre-
sponding with the distinct 2-adic valuations t0 < · · · < t , viz.,

2t0 , . . . , 2t0
0

, a 0−1 , 2t1 , . . . , 2t1
1

, a 1−1 , . . . , 2t , . . . , 2t , a −1

where i = 0 + · · · + i for i = 0 , . . . , . N.b., − 1 = n − 1.

We fix this notation5 for the rest of this section. Specifically, we define the
following.

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: Let a0 , . . . , an−1 be an index sequence for an A ∗-invar-
iant ideal d a0 , . . . , an−1 . Then we define the following quantities:

+ 1 is the number of distinct 2-adic valuations
in the chain a0 ≤ · · · ≤ an−1 ,

t0 < · · · < t their distinct values,
0 , . . . , their multiplicities,
i = i − 1 for i = 0 , . . . , ,
i = 0 + · · · + i for i = 1 , . . . , , and,
i = a i−1 for i = 0 , . . . , .

So the last entry of the i-th block is 2ti · i = a i−1. Note in particular
that = n and the A ∗-invariance conditions of Proposition V.4.1 imply
not only that ti+1 > ti but in addition that 2ti+1 > a i−1 = 2ti · i for i =
0 , . . . , − 1.

Using this notation and the preceding discussion we can strengthen Propo-
sition V.4.1 to include more complete information about the index se-
quences a0 , . . . , an−1 of the A ∗-invariant ideals d a0 , . . . , an−1 in the
algebra F2 z1 , . . . , zn .

PROPOSITIONV.4.2PROPOSITIONV.4.2PROPOSITIONV.4.2PROPOSITIONV.4.2PROPOSITIONV.4.2: Let n, a0 , . . . , an−1 N. Then the ideal

d a0 , . . . , an−1 = da0n,0, d
a1
n,1 , . . . , d

an−1
n, n−1 F2 z1 , . . . , zn

is A ∗-invariant if and only if 2 ak ≥ ak−1 for k = 1 , . . . , n − 1. Therefore,
if a0 , . . . , an−1 indexes an A ∗-invariant ideal in F2 z1 , . . . , zn then
a0 ≤ · · · ≤ an−1 . If t0 < · · · < t are the distinct values among these 2-

adic valuations then a0 , . . . , an−1 falls into + 1 blocks of consecutive

5 It would be more accurate to indicate the dependence of these quantities on the sequence
a0 , . . . , an−1 , but as we will only discuss one sequence at a time we have chosen not to
encumber the notation with further indices.
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entries. The j -th such block has the form

2tj , . . . , 2tj , j · 2tj
j

where j is an odd natural number, and 2ti+1 > a i−1 = 2ti · i for i =
0 , . . . , − 1.

Fix a sequence a0 , . . . , an−1 Nn indexing an A ∗-invariant ideal. We
intend to apply the K L paradigm and Theorem III.3.5 to compute the
conjugate Wu classes of d a0 , . . . , an−1 . To do so we choose an integer
t +1 N that satisfies 2t +1 ≥ an−1. Then the ideal d 2t +1 , . . . , 2t +1 is
A ∗-invariant, has trivial Wu classess, and is contained in d a0 , . . . , an−1 .
If an−1 = 1, i.e., the entry an−1 is a power of 2, then we may choose
t +1 = t . A transition element for the ideal d a0 , . . . , an−1 regarded as
an over ideal of d 2t +1 , . . . , 2t +1 is the product

d2
t +1−2t0

0 · · · d2
t +1−2t0
0−2 · d2

t +1− 02t0
0−1.

.
.

· d2
t +1−2ti
i−1

· · · d2
t +1−2ti
i−2 · d2

t +1− i2ti
i−1.

.
.

· d2
t +1−2t

−1
· · · d2

t +1−2t
−2 · d2

t +1− 2t
−1 .

We need to compute the value of Sq on this product and rewrite the result
in the quotient algebra D n d2t +1

n,0 , . . . , d2t +1
n, n−1 in the form appearing

in Theorem III.3.5 to compute6 the Wu classes. Since Sq is multiplicative
its value on this product is a similar product where dn, i is replaced with
Sq dn, i using the formulae ✣ . The strategy is to work block by block
through the product and within each block to reduce modulo the ideal
d2t +1
n,0 , . . . , d2t +1

n, n−1 after each multiplication.

To reduce the number of indices7 we write dn, k in the shorter form dk (as
n remains fixed in the following discussion) and introduce the polynomials

Qi = 1+ dn−1 + · · · + di+1 di−1 + · · · + d0 + di 1 + dn−1 + · · · + di

as a short-hand for Sq di for i = 0 , . . . , n − 1 (cf. formula ✣ ). It
is also convenient in order to avoid extra discussions of extreme cases to
agree that dn = 1 and d−1 = 0.

6 The entire computation that follows takes place in quotients of the Dickson algebra and
not of F2 z1 , . . . , zn as one might expect. See the remark following Theorem V.4.3 for an
explanation of why this works.
7 As well as a startling number of Overfull \hboxes produced by TEX.
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With these notations, the total Steenrod operation applied to the chosen
transition element for the ideal d a0 , . . . , an−1 over d 2t +1 , . . . , 2t +1

is the product

Q2t +1−2t0
0 · · ·Q2t +1−2t0

0−2 · Q2t +1− 02t0
0−1.

.
.

✠ · Q2t +1−2ti
i−1

· · ·Q2t +1−2ti
i−2 · Q2t +1− i2ti

i−1.
.
.

· Q2t +1−2t
−1

· · ·Q2t +1 −2t
−2 · Q2t +1− 2t

−1 .

We start the computation with the first element of the first block, viz.,

Q2t +1−2t0
0 = d0 1 + dn−1 + · · · + d0

2t +1−2t0

= d2
t +1−2t0

0 1 + d2
t0

n−1 + · · · + d2
t0

0
2s0 −1 ,

where s0 = t +1 − t0. Expand 1 + d2t0n−1 + · · · + d2t00
2s0−1 as a polynomial

in d2t00 whose coefficients are polynomials in d2t0n−1 , . . . , d2
t0

1 . Note that

d2
t +1−2t0

0 · dj ·2
t0

0 d2
t +1

0 , . . . , d2
t +1

n−1 for j > 0,

so only the coefficient of d0·2t0
0 contributes to the product modulo the ideal

d2t +1
0 , . . . , d2t +1

n−1 , and,

Q2t +1 −2t0
0 ≡ d2

t +1−2t0
0 1 + d2

t0

n−1 + · · · + d2
t0

1
2s0−1

modulo d2t +1
0 , . . . , d2t +1

n−1 .

Next we examine Q2t +1−2t0
1 and find

Q2t +1−2t0
1 = 1 + dn−1 + · · · + d2 d0 + d1 1 + dn−1 + · · · + d1

2t +1−2t0

= 1 + d2
t0

n−1 + · · · + d2
t0

2 d2
t0

0 + d2
t0

1 1 + d2
t0

n−1 + · · · + d2
t0

1
2s0 −1 .

The terms of the expansion are of the form

1 + d2
t0

n−1 + · · · + d2
t0

2 d2
t0

0 · d2
t0

1 1 + d2
t0

n−1 + · · · + d2
t0

1

where , N0 and + = 2s0 − 1. If > 0 then d2t +1−2t0
0 · d ·2t0

0 is in
d2t +1
0 , . . . , d2t +1

n−1 so, modulo this ideal we have

Q2t +1−2t0
0 Q2t +1−2t0

1

≡d2
t +1−2t0

0 1+d2
t0

n−1 + · · ·+d2
t0

1
2s0−1 · d2

t0

1 1+d2
t0

n−1 + · · ·+d2
t0

1
2s0 −1

≡ d2
t +1−2t0

0 d2
t +1−2t0

1 1 + d2
t0

n−1 + · · · + d2
t0

1
2 2s0−1 .

If we expand 1 + d2t0n−1 + · · · + d2t01
2 2s0 −1 as a polynomial in d2t01 with

coefficients that are polynomials in d2t0n−1 , . . . , d2
t0

2 , then since the product
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d2t +1−2t0
1 · dj ·2

t0

1 belongs to the ideal d2t +1
0 , . . . , d2t +1

n−1 for j > 0 only the
coefficient of d0·2t0

1 makes a nonzero contribution to the product modulo
this ideal. So we have

Q2t +1−2t0
0 Q2t +1−2t0

1 ≡ d2
t +1−2t0

0 d2
t +1−2t0

1 1 + d2
t0

n−1 + · · · + d2
t0

2
2 2s0−1

modulo d2t +1
0 , . . . , d2t +1

n−1 . If we continue in this way we find that the
product of all the terms in the first block except for the last term yields

Q2t +1−2t0
0 · · ·Q2t +1 −2t0

0−2

≡ d2
t +1−2t0

0 · · · d2
t +1−2t0
0−2 · 1 + d2

t0

n−1 + · · · + d2
t0

0−1
0−1 2s0−1 .

To complete the analysis of the first block (i.e., the product of the terms
corresponding to the 2-adic valuation t0 in the product ✠ ) note

Q2t +1 − 02t0
0−1 = 1 + dn−1 + · · · + d 0 d 0−2 + · · · d0

+ d 0−1 · 1 + dn−1 + · · · + d 0−1
2t +1− 02t0

= 1 + d2
t0

n−1 + · · · + d2
t0

0
d2

t0

0−2 + · · ·d2
t0

0 + d2
t0

0−1 · 1 + d2
t0

n−1 + · · · + d2
t0

0−1
2s0 − 0 .

The terms of this expansion have the form

1 + d2
t0

n−1 + · · · + d2
t0

0
d2

t0

0−2 + · · ·d2
t0

0 · d2
t0

0−1 · 1 + d2
t0

n−1 + · · · + d2
t0

0−1

where , N0 and + = 2s0 − 0. For > 0 every monomial in the
expansion of

1 + d2
t0

n−1 + · · · + d2
t0

0
d2

t0

0−2 + · · · d2
t0

0

is divisible by d2t0j for some 0 ≤ j ≤ 0 − 2. The product of this term with
the rest of the first block is divisible by d2t +1−2t0

j · d2t0j which belongs to the
ideal d2t +1

0 , . . . , d2t +1
n−1 . Therefore none of these terms contributes to the

product of the elements of the first block modulo this ideal. Hence for the
product of all the elements of the first block we find

Q2t +1−2t0
0 · · ·Q2t +1−2t0

0−2 · Q2t +1− 02t0
0−1 ≡ d2

t +1−2t0
0 · · · d2

t +1−2t0
0−2 ·

1+d2
t0

n−1 + · · ·+d2
t0

0−1
0−1 2s0−1 ·d2

t +1− 02t0
0−1 · 1+d2

t0

n−1 + · · ·+d2
t0

0−1
2s0 − 0

≡ d2
t +1−2t0

0 · · · d2
t +1−2t0
0−2 · d2

t +1− 02t0
0−1 · 1 + d2

t0

n−1 + · · · + d2
t0

0−1
0·2s0 − 0+ 0

in D n d2t +1
0 , . . . , d2t +1

n−1 .

We next examine the product of Q2t +1 −2t1
0

(the first element associated with
the second block) withQ2t +1−2t0

0 · · ·Q2t +1−2t0
0−2 ·Q2t +1− 02t0

0−1 (the product of all
the elements associated with the first block) which we just computed. We
have

Q2t +1−2t1
0

= 1 + dn−1 + · · · + d 0+1 · d 0−1 + · · · + d0

+ d 0 1 + dn−1 + · · · + d 0

2t +1−2t1
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which expands to a sum of terms of the form

1+d2
t1

n−1 + · · ·+d2
t1

0+1 · d2
t1

0−1+ · · ·+d2
t1

0 · d2
t1

0
1+d2

t1

n−1 + · · ·+d2
t1

0

where , N0, + =2s1 −1, and s1 = t +1 − t1. Note that by Proposition
V.4.2 we have 2t1 > a 0−1 = 02t0 ≥ 2t0 since we have assumed that the ideal
d a0 , . . . , an−1 is A ∗-invariant. If > 0 then each term of the expansion
of

1 + d2
t1

n−1 + · · · + d2
t1

0+1 · d2
t1

0−1 + · · · + d2
t1

0

is divisible by some d2t1j for 0≤ j ≤ 0−1. For such j the products d2t +1−2t0
j d2t1j

and d2
t +1− 02t0
j d2t1j belong to the ideal d2t +1

0 , . . . , d2t +1
n−1 . It follows

that none of these terms makes a nonzero contribution to the product
Q2t +1−2t0
0 · · ·Q2t +1−2t0

0−2 · Q2t +1− 02t0
0−1 · Q2t +1−2t1

0
modulo d2t +1

0 , . . . , d2t +1
n−1 .

Hence modulo this ideal we have

Q2t +1−2t0
0 · · ·Q2t +1−2t0

0−2 · Q2t +1− 02t0
0−1 · Q2t +1−2t1

0

≡ d2
t +1−2t0

0 · · ·d2
t +1 −2t0
0−2 · d2

t +1− 02t0
0−1

· 1+d2
t0

n−1 + · · ·+d2
t0

0−1
02s0− 0+ 0 · d2

t +1−2t1
0

1+d2
t1

n−1 + · · ·+d2
t1

0

2s1−1 .

Expanding 1 + d2t1n−1 + · · · + d2t1
0

2s1−1 in powers of d2t1
0
we see that since

d2t +1−2t1
0

dj2t1
0

belongs to d2t +1

0 , . . . , d2t +1
n−1 for j > 0 only the term with

j = 0 in the expansion is relevant for our computation. Hence

Q2t +1−2t0
0 · · ·Q2t +1−2t0

0−2 · Q2t +1− 02t0
0−1 · Q2t +1−2t1

0

≡ d2
t +1−2t0

0 · · · d2
t +1−2t0
0−2 · d2

t +1− 02t0
0−1 · d2

t +1−2t1
0

· 1 + d2
t0

n−1 + · · · + d2
t0

0−1
0·2s0 − 0+ 0

· 1 + d2
t1

n−1 + · · · + d2
t1

0+1
2s1 −1

modulo d2t +1
0 , . . . , d2t +1

n−1 . Continuing in this waywe find for the product
of the elements associated to the first two blocks that

Q2t +1−2t0
0 · · ·Q2t +1−2t0

0−2 · Q2t +1− 02t0
0−1 · Q2t +1−2t1

0
· · ·Q2t +1−2t1

1−2 · Q2t +1− 12t1
1−1

≡ d2
t +1−2t0

0 · · · d2
t +1−2t0
0−2 · d2

t +1− 02t0
0−1 · d2

t +1 −2t1
0

· · · d2
t +1−2t1
1−2 · d2

t +1− 12t1
1−1

· 1 + d2
t0

n−1 + · · · + d2
t0

0−1
0·2s0 − 0+ 0

· 1 + d2
t1

n−1 + · · · + d2
t1

1−1
1·2s1 − 1+ 1

modulo d2t +1
0 , . . . , d2t +1

n−1 . In the bitter end this analysis leads to the
formula for the product
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Q2t +1−2t0
0 · · ·Q2t +1−2t0

0−2 · Q2t +1− 02t0
0−1.

.
.

· Q2t +1−2ti
i−1

· · ·Q2t +1−2ti
i−2 · Q2t +1− i2ti

i−1.
.
.

· Q2t +1−2t
−1

· · ·Q2t +1 −2t
−2 · Q2t +1− 2t

−1

modulo d2t +1
0 , . . . , d2t +1

n−1 , where si = t +1 − ti for i = 0 , . . . , , that
follows:

d2
t +1−2t0

0 · · · d2
t +1−2t0
0−2 · d2

t +1− 02t0
0−1.

.
.

· d2
t +1−2ti
i−1

· · · d2
t +1−2ti
i−2 · d2

t +1− i2ti
i−1.

.
.

· d2
t +1−2t

−1
· · · d2

t +1−2t
−2 · d2

t +1 − 2t
−1

· 1 + d2
t0

n−1 + · · · + d2
t0

0−1
0·2s0 − 0+ 0

.
.
.

· 1 + d2
ti

n−1 + · · · + d2
ti

i−1
i ·2si − i+ i

.
.
.

· 1 + d2
t

n−1 + · · · + d2
t

−1
·2s − + .

This in turn gives by means of the K L paradigm and Theorem III.3.5
the following formula for the conjuate Wu classes of an A ∗-invariant ideal
generated by powers of Dickson polynomials.

THEOREM V.4.3THEOREM V.4.3THEOREM V.4.3THEOREM V.4.3THEOREM V.4.3: Let n, a0 , . . . , an−1 N and suppose the ideal

d a0 , . . . , an−1 = da0n,0, d
a1
n,1 , . . . , d

an−1
n, n−1 F2 z1 , . . . , zn

is A ∗-invariant. Let t0 < · · · < t be the distinct values of the 2-adic valua-
tions of the exponents a0 , . . . , an−1 and choose t +1 so that 2t +1 ≥ an−1.
Then

Wu d a0 , . . . , an−1 =
i=0

1 + d2
ti

n−1 + · · · + d2
ti

i−1
i ·2si − i+ i ,

where si = t +1 − ti for i=0 , . . . , . This formula is independent of t +1.

REMARKREMARKREMARKREMARKREMARK: Note carefully that the entire computation up to the final step
took place in quotients of D n . One might therefore wonder why Theorem
V.4.3 is stated only for the ideal d a0 , . . . , an−1 in F2 z1 , . . . , zn and
not also for the ideal with the same generators in D n . The answer is both
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important and subtle. Namely, the ideals d 2t , . . . , 2t in F2 z1 , . . . , zn
have trivial Wu classes, however, regarded as ideals in D n this is no longer
the case: for example the ideal d22,0, d22,1 = d2,0, d2,1 2 regarded as an
ideal in D 2 does not have trivial Wu classes. Indeed, as Example 1 in
Section VI.6 shows

Wu2 d22,0, d
2
2,1 = d2,1 = 0 D 2 d22,0, d

2
2,1 .

Thereforewhen applying the K L paradigm and some variant of Theorem
III.3.5, such as Proposition III.3.1, one cannot assume that the Frobenius
powers of the maximal ideal in D n have trivial Wu classes: the Wu classes
of D n qm , regarded as an ideal in D n , being nontrivial enter into the
final result as per Theorem III.3.5.

To pass from information about theWu classes of the ideal d a0 , . . . , an−1
regarded as an ideal in F2 z1 , . . . , zn to information about the Wu classes
of the ideal with the same generators in D n (and vice versa) requires
a correction term. This correction term is what S. A. Mitchell and R. E.
Stong [61] called the Wu classes of the adjoint representation of an un-
stable polynomial algebra over the Steenrod algebra. In essence it is the
conjugate Wu class of D n qm as m . See the discussion of change of
rings in Sections VI.5 and VI.7 as well as the discussion in Section VI.8 of
the Hit Problem for the Dickson algebra, and [27]. We intend to return to
this circle of ideas in a future investigation.

The final goal of this section is to determine which of the A ∗-invariant
ideals d a0 , . . . , an−1 have trivial Wu classes. We continue to employ the
notations introduced preceding Theorem V.4.3. Our strategy is to fix the
number + 1 of distinct 2-adic valuations among a0 , . . . , an−1 as well as
their values t0 < · · · < t , and multiplicities 0 , . . . , . This allows us to
arrange the sequence a0 , . . . , an−1 into a rectangular array

2t0 , . . . , 2t0
0

, 2t0 · 0

0

= a 0

.

.

.
2ti , . . . , 2ti

i

, 2ti · i

i

= a i

.

.

.
2t , . . . , 2t , 2t · = a

where each line of the array corresponds to one of the + 1 distinct 2-
adic valuations t0 < · · · < t , the integers 0 , . . . , are odd, and 2ti+1 >
2ti · i , for i = 0 , . . . , − 1. We refer to the lines as blocks and to
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, t0 , . . . , t , 0 , . . . , as the block parameters of the exponent se-
quence a0 , . . . , an−1. For a fixed set of block parameters the exponent
sequences indexing an A ∗-invariant ideal d a0 , . . . , an−1 correspond to
the different values of 0 , . . . , . The formula of Theorem V.4.3 for
conjugate Wu classes is therefore a function of 0 , . . . , . We propose
to analyze the product representation of the conjugate Wu classes8

Wu a0 , . . . , an−1 =
i=0

1 + dn, n−1 + · · · + dn, i−1
i ·2t +1− i+ i ·2ti

modulo the ideal d a0 , . . . , an−1 to determine precise conditions for the
vanishing of the Wu classes of d a0 , . . . , an−1 .

To this end, note that the term

1 + dn, n−1 + · · · + dn, 0−1
0 ·2t +1− 0+ 0 ·2t0

is the only term of the product involving the forms dn, 1−2 , . . . , dn, 0−1.
Therefore the triviality of the Wu classes of the ideal d a0 , . . . , an−1 re-
quires that the terms of the expansion involving these formsmust all vanish
or, what is the same thing, that

1 + dn, n−1 + · · · + dn, 0−1
0·2t +1− 0+ 0 ·2t0

≡ 1+dn, n−1 + · · ·+dn, 1−1
0·2t +1− 0+ 0 ·2t0 mod d a0 , . . . , an−1 .

If this is the case, the product

1 + dn, n−1 + · · · + dn, 1−1
1 ·2t +1− 1+ 1 ·2t1 · 1 + dn, n−1 + · · · + dn, 1−1

0 ·2t − 0+ 0 ·2t0

= 1 + dn, n−1 + · · · + dn, 1−1
1·2t − 1+ 1 ·2t1− 0+ 0 ·2t0

(remember 1= 1+ 0) becomes the only term in the resulting formula for
Wu a0 , . . . , an−1 that involves the forms dn, 2−2 , . . . , d 1−1, and so on.

This means that the sought for conditions on 0 , . . . , can be recovered
recursively once we have determined integers 0 , . . . , such that

1 + dn, n−1 + · · · + dn, i−1
i

≡ 1 + dn, n−1 + · · · + dn, i+1−1
i mod d a0 , . . . , an−1 ,

for i = 0 , . . . , − 1, and

1 + dn, −1 ≡ 1 mod d a0 , . . . , an−1 .

We do this next.

8We have rewritten the formula given by Theorem V.4.3 to eliminate s0 , . . . , s .
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Expand 1+ dn, n−1 + · · ·+ dn, i−1
i in powers of dn, i−1. The terms of the

expansion are

i 1 + dn, n−1 + · · · + dn, i
i− · dn, i−1 0 ≤ ≤ i .

Since 1 + dn, n−1 + · · · + dn, i
i− is a monic polynomial we see that for

= 0 this term belongs to the ideal d a0 , . . . , an−1 if and only if

i ≡ 0 mod 2

or

dn, i−1 d a0 , . . . , an−1 .

Since a i−1 = 2ti · i the second condition holds provided ≥ 2ti · i . The
significance of the first condition is revealed by the following lemma.

LEMMA V.4.4LEMMA V.4.4LEMMA V.4.4LEMMA V.4.4LEMMA V.4.4: Suppose a , b N and define N0 by 2 −1 < b ≤ 2 .
Then

a
c

≡ 0 mod 2

for all 0 < c < b if and only if 2 divides a.

PROOFPROOFPROOFPROOFPROOF: By Lucas’ formula, see e.g. [97] Chapter I Lemma 2.6,

a
c

≡ 0 mod 2 ∀ 0 < c < b

if and only if
a
2d

≡ 0 mod 2 ∀ 0 < 2d < b ,

and therefore the least power of 2 occurring in the dyadic expansion of a
is greater than or equal to 2 .

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION: For k N define k by the requirement 2 k −1 < k ≤
2 k .

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: Set i = i , for i = 0 , . . . , .

From Lemma V.4.4 we conclude that

i ≡ 0 mod 2 ∀ 0 < < 2ti · i

if and only if 2ti+ i divides i . Therefore we have shown the following.

LEMMA V.4.5LEMMA V.4.5LEMMA V.4.5LEMMA V.4.5LEMMA V.4.5:With the preceding notations we have

1 + dn, n−1 + · · · + dn, i−1
i

≡ 1 + dn, n−1 + · · · + dn, i
i mod d a0 , . . . , an−1



§4] POWERS OF DICKSON POLYNOMIALS IN MANY VARIABLES 121

if and only if 2ti+ i divides i .

The expansion of 1 + dn, n−1 + · · · + dn, i
i in powers of dn, i contains

the terms

i 1 + dn, n−1 + · · · + dn, i+1
i− dn, i

0 ≤ ≤ i .

Again, 1 + dn, n−1 + · · · + dn, i+1
i− is a monic polynomial so reasoning

as before we see that these terms belong to d a0 , . . . , an−1 only if 2ti+1

divides i . If 2ti+1 divides i then

1 + dn, n−1 + · · · + dn, i
i

= 1+ d2
ti+1

n, n−1 + · · · + d2
ti+1

n, i+1−1 + d2
ti+1

n, i+1−2 + · · · + d2
ti+1

n, i

i/2ti+1

= 1 + d2
ti+1

n, n−1 + · · · + d2
ti+1

n, i+1−1
i/2ti+1

≡ 1 + dn, n−1 + · · · + dn, i+1−1
i mod d a0 , . . . , an−1

since
d2

ti+1

n, i+1−2 , . . . , d
2ti+1
n, i

d a0 , . . . , an−1 .
Hence combining this with Lemma V.4.5 and repeating the above argument
for dn, i+1 , . . . , dn, i+1−2 leads to the following conclusion.

LEMMA V.4.6LEMMA V.4.6LEMMA V.4.6LEMMA V.4.6LEMMA V.4.6:With the preceding notations one has for 0 ≤ i ≤ − 1

1 + dn, n−1 + · · · + dn, i−1
i

≡ 1 + dn, n−1 + · · · + dn, i+1−1
i mod d a0 , . . . , an−1

if and only if i is divisible by 2ti+1 . For i =

1+ dn, −1 ≡ 1 mod d a0 , . . . , an−1

if and only if 2t + divides .

PROOFPROOFPROOFPROOFPROOF: For i = 0 , . . . , − 1 the A ∗-invariance of d a0 , . . . , an−1
implies that ti+1 ≥ ti + i and therefore the preceding discussion has dis-
posed of these cases. For i = the binomial theorem gives

1 + dn, −1 =
=0

dn, −1 ,

so 1 + dn, −1 ≡ 1 modulo d a0 , . . . , an−1 if and only if

≡ 0 mod 2

for 0 < < a −1 = 2t · and the result follows from Lemma V.4.4.
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THEOREM V.4.7THEOREM V.4.7THEOREM V.4.7THEOREM V.4.7THEOREM V.4.7: Let d a0 , . . . , an−1 F2 z1 , . . . , zn be an A ∗-in-
variant ideal with block parameters , t0 , . . . , t , 0 , . . . , . Thenwith
the above notations d a0 , . . . , an−1 has trivial Wu classes if and only if

i

j=0

2tj · j + j

is divisible by 2ti+1 for 0 ≤ i < , and

j=0

2tj · j + j

is divisible by 2t + .

PROOFPROOFPROOFPROOFPROOF: Choose t +1 so that the ideal d 2t +1 , . . . , 2t +1 is contained
in d a0 , . . . , an−1 . Then using the preceding notations we see that 2t +1 ≥
2t · > · · · > 2t0 · 0. Set i = 2t +1 · i − i + i 2ti for i = 0 , . . . , .
Then Theorem V.4.3 says

Wu a0 , . . . , an−1 =
i=0

1 + dn, n−1 + · · · + dn, i−1
i .

Define 0 , . . . , by

i = i + · · · + 0 0 ≤ i ≤ .

Then

i = 2t +1 · i −
i

j=0

2tj · j + j

so the hypotheses are equivalent to: i is divisible by 2ti+1 for i = 0 , . . . ,
− 1, and is divisible by 2t + .

Since 0 = 0 is divisible by 2t1 we may apply Lemma V.4.6 to conclude
that

Wu a0 , . . . , an−1

=
i=2

1+ dn, n−1 + · · ·+dn, i−1
i · 1+ dn, n−1 + · · ·+dn, 1−1

1 .

Proceeding inductively we may assume that

Wu a0 , . . . , an−1

=
i=j+1

1+dn, n−1 + · · ·+dn, i−1
i · 1+dn, n−1 + · · ·+dn, j −1

j .
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Again Lemma V.4.6 applies since j is divisible by 2tj+1 , so by induction we
obtain

Wu a0 , . . . , an−1 = 1 + dn, −1

from which the result follows by one last application of Lemma V.4.6 since
is divisible by 2t + .

In the extreme case where = 0, i.e., if all the exponents a0 , . . . , an−1
have the same 2-adic valuation, then the condition of Theorem V.4.7 is
particularly simple.

COROLLARY V.4.8COROLLARY V.4.8COROLLARY V.4.8COROLLARY V.4.8COROLLARY V.4.8: If t, N0, and is odd, then the ideal
d2tn,0 , . . . , d2

t

n, n−2 , d2
t ·
n, n−1 in F2 z1 , . . . , zn is A ∗-invariant. It has trivial

Wu classes if and only if 2 divides n − 1 + .

PROOFPROOFPROOFPROOFPROOF: The A ∗-invariance is a consequence of Proposition V.4.1. For
the rest, apply Theorem V.4.7 with = 0. We have only one block with
block parameters t0 = t, 0 = n − 1, and 0 = yielding the desired con-
clusion.

V.5 Powers of mod 2 Stiefel–Whitney classes in 3 variables

Recall that : n+1 GL n, F2 denotes the restriction of the tautolog-
ical representation of n+1 on Fn+1

2 to the subspace of vectors with co-
ordinate sum zero. The ring of invariants F z1 , . . . , zn n+1 is a polyno-
mial algebra F w2 , . . . , wn+1 whose generators we call Stiefel–Whitney
classes, following topological terminology (cf. Section IV.4). By Propo-
sition IV.4.2 the corresponding ring of coinvariants F z1 , . . . , zn n+1

has trivial Wu classes. By Proposition III.6.1 and Corollary III.6.5 this
means that for s N0 the ideals w2s

n+1 · · · w2s
2 F2 z1 , . . . , zn are

A ∗-invariant and the corresponding Poincaré duality quotient algebras
F2 z1 , . . . , zn w2s

n+1 · · · w2s
2 have trivial Wu classes.9

In this section we study the ideals wa
4 , w

b
3 , w

c
2 F2 x, y, z , a, b, c N,

determine which of these are A ∗-invariant, which have trivial Wu classes,
and apply this to the Hit Problem for F2 x, y, z . We introduce the notation

a, b, c for the ideal10 wa
4 , w

b
3 , w

c
2 in F2 x, y, z . In the study of the

Wu classes of these ideals we often need to write exponents in the form of a

9 This does not imply that the quotient algebra F2 wn+1 , . . . , w2 w2s
n+1 , . . . , w

2s
2 also

has trivial Wu classes. See Sections VI.6 and VI.8, as well as [61] and [27].
10As with the ideals d a0 , . . . , an−1 generated by powers of Dickson polynomials we write
the generators of the ideals a, b, c in decreasing order by degree.
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power of 2 times an odd number. To facilitate this we employ the notation
introduced in Section V.4, n = 2 n · n , ∀ n N where n is odd.

We begin by recalling the following formulae for how the Steenrod oper-
ations act on the Stiefel–Whitney classes in F2 x, y, z . These are special
cases of Wu’s formula (cf. [1]):

Sq w4 = w4 + w2w4 + w3w4 + w2
4

Sq w3 = w3 + w2w3 + w2
3

Sq w2 = w2 + w3 + w2
2 .

Note that w4 and w3 are Thom classes in F2 x, y, z , so to check whether
an ideal a, b, c = wa

4 , w
b
3 , w

c
2 F2 x, y, z isA ∗-invariant entails ex-

amining only the behavior of the Steenrod squares on wc
2. One aid to do

so is a special case of Wu’s formula:

Sq2
c
wc
2 = Sq2

c
w2 c · c
2 = Sq1 w c

2
2 c

= c w c −1
2 w3

2 c

= w c −1 2 c

2 w2 c

3 = wc−2 c

2 w2 c

3 .

PROPOSITIONV.5.1PROPOSITIONV.5.1PROPOSITIONV.5.1PROPOSITIONV.5.1PROPOSITIONV.5.1: If a, b, c N then the ideal a, b, c F2 x, y, z
is A ∗-invariant if and only if b ≤ 2 c , so b ≤ c .

PROOFPROOFPROOFPROOFPROOF: If the ideal a, b, c is to be A ∗-invariant then

Sq2
c
wc
2 = wc−2 c

2 w2 c

3

has to lie in a, b, c . Since c= c ·2 c > c −2 c this can only happen
if w2 c

3 a, b, c , which means 2 c ≥ b.

It remains to show that a, b, c is A ∗-invariant provided b ≤ 2 c . To
prove this we apply the K L paradigm.

Consider the ideal a, 1, c . Note that

Sq w c
2 = Sq w2

c = w2 + w3 + w2
2

c

≡ w c
2 1 + w2

c mod a, 1, c since w3 a, 1, c

≡ 0 mod a, 1, c since w c
2 a, 1, c .

Since w4 and w3 are Thom classes this shows that the ideal a, 1, c
is A ∗-invariant for any a N. By Proposition III.6.1 so are the ideals

a · 2 c , 2 c , c · 2 c = a · 2 c , 2 c , c . Next note that

a, b, c = a · 2 c , 2 c , c : wa 2 c −1
4 w2 c −b

3 .

The principal ideal wa 2 c −1
4 w2 c −b

3 is A ∗-invariant since both w4 and w3

are Thom classes. Therefore a, b, c is A ∗-invariant by Lemma III.1.3.
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Note that A ∗-invariance of a, b, c imposes no condition on a, but, by
contrast, it forces b = 1 if c is odd.

LEMMA V.5.2LEMMA V.5.2LEMMA V.5.2LEMMA V.5.2LEMMA V.5.2: Let a, b, c N. Let the ideal a, b, c F2 x, y, z be
A ∗-invariant. Choose s N such that 2s > max{a, b, c}. Then

Wu a, b, c ≡ 1 + w2 + w3 + w4
2s−a 1 + w2 + w3

2s−b 1 + w2
2s−c

modulo a, b, c . If a is a power of 2 this simplifies to

Wu a, b, c ≡ 1 + w2 + w3
2s+1−2 a −b 1 + w2

2s−c

modulo a, b, c .

PROOFPROOFPROOFPROOFPROOF: We apply the K L paradigm (Theorem III.3.5). Denote
by K the ideal 2s, 2s , 2s = w2s

4 , w2s
3 , w

2s
2 and set L = a, b, c =

wa
4 , w

b
3 , w

c
2 . Then K : L = h + K , where for h we may choose the

element w2s−a
4 w2s−b

3 w2s−c
2 . The ideal 2s, 2s , 2s has trivial Wu classes so

if we write Sq h in the form h · w then Wu L = w. Using Wu’s formulae
we find for Sq h

w2s−a
4 1+ w2 + w3 + w4

2s−aw2s−b
3 1+ w2 + w3

2s−b w2 1+ w2 + w3
2s−c .

By Proposition V.5.1 2 c ≥ b so w2s−b
3 w2 c

3 ≡ 0 modulo K . Since 2 c

2s − c this means every term in the expansion of w2 1 + w2 + w3
2s−c

that contains a nonzero power of w3 is annihilated by w2s−b
3 modulo K .

Therefore we can eliminate w3 from the last term above and arrive at the
following expression

Sq h ≡
modK

h 1 + w2 + w3 + w4
2s−a 1 + w2 + w3

2s−b 1 + w2
2s−c

for Sq h modulo K . By Theorem III.3.5 this implies the first formula from
which the second formula for the case where a is a power of 2 follows
easily.

Thus to determine which ideals a, b, c have trivial Wu classes we pick
s such that 2s >max{a, b, c} and must determine the conditions on a, b, c
such that

1 + w2 + w3 + w4
2s−a 1 + w2 + w3

2s−b 1 + w2
2s−c a, b, c .

LEMMA V.5.3LEMMA V.5.3LEMMA V.5.3LEMMA V.5.3LEMMA V.5.3: Let a, b, c N. If the ideal a, b, c F2 x, y, z is
A ∗-invariant and has trivial Wu classes then a is a power of 2.

PROOFPROOFPROOFPROOFPROOF: This follows from the first formula in Lemma V.5.2.

Lemma V.5.3 provides us with a first condition on a for an A ∗-invariant
ideal a, b, c to have trivial Wu classes, namely a is a power of 2, i.e.,
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a = 2 a . What remains to be done is determine the conditions on b, c,
and a such that

1 + w2 + w3
2s+1−2 a −b 1 + w2

2s−c a, b, c .

So far all we have is the condition b ≤ 2 c imposed by the assumption that
a, b, c be A ∗-invariant (see Proposition V.5.1).

PROPOSITIONV.5.4PROPOSITIONV.5.4PROPOSITIONV.5.4PROPOSITIONV.5.4PROPOSITIONV.5.4: Let a, b, c N. If the ideal a, b, c F2 x, y, z
is A ∗-invariant and a < b then Wu a, b, c = 1.

PROOFPROOFPROOFPROOFPROOF: The second formula of Lemma V.5.2 shows that the total con-
jugate Wu class Wu a, b, c contains the isolated term w2 a

3 . Since
2 a < 2 b ≤ 2 b · b = b this term does not belong to a, b, c .

So, if the ideal a, b, c is A ∗-invariant and has trivial Wu classes, then
b ≤ min{ a , c }. Let us summarize what we know up to this point

by combining Propositions V.5.1 and V.5.4 with Lemma V.5.3.

COROLLARY V.5.5COROLLARY V.5.5COROLLARY V.5.5COROLLARY V.5.5COROLLARY V.5.5: Let a, b, c N. If the ideal a, b, c F2 x, y, z
is A ∗-invariant and has trivial Wu classes then

(i) a is a power of 2,
(ii) b ≤ 2 c , so if c is odd then b = 1, and
(iii) b ≤ a .

Together (ii) and (iii) imply b ≤ min{ a , c }.

The case of equal 2-adic valuations can be easily disposed of with this and
the second formula for the conjugate Wu classes of an A ∗-invariant ideal

a, b, c derived in Lemma V.5.2.

PROPOSITIONV.5.6PROPOSITIONV.5.6PROPOSITIONV.5.6PROPOSITIONV.5.6PROPOSITIONV.5.6: Let a, b, c N with a = b = c . If the ideal
a, b, c F2 x, y, z is A ∗-invariant and has trivial Wu classes, then

1 = a = b = c . So the ideal a, b, c is a Frobenius power of
the ideal 1, 1, 1 .

PROOFPROOFPROOFPROOFPROOF: Since a = b = c we may suppose in view of Theorem
III.6.4 that a, b, and c are odd. By Corollary V.5.5 a = 1 = b so we need
to show that c = 1. If we substitute a = 1 = b into the second formula of
Lemma V.5.2 we obtain after simplification that

Wu a, b, c = 1+ w2
2s+1−2 · 1 + w2

2s−c = 1+ w2
2s+1+2s−2−c .

Since 2s+1 + 2s − 2 − c is odd the expansion of the right hand side of this
equation contains the term w2, which belongs to a, b, c if and only if
c = 1.
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It remains to consider theA ∗-invariant ideals a, b, c with exponents of
unequal 2-adic valuations.

LEMMA V.5.7LEMMA V.5.7LEMMA V.5.7LEMMA V.5.7LEMMA V.5.7: Suppose that t, r N, t > r, and 2t > 2r · m where m N
is odd. Then 2t ≥ 2r · m + 1 .

PROOFPROOFPROOFPROOFPROOF: If t > r then 2t−r is even. Since m < 2t−r and m is odd it follows
m+1 ≤ 2t−r . Multiplying both sides of this equality by 2r yields the result.

PROPOSITIONV.5.8PROPOSITIONV.5.8PROPOSITIONV.5.8PROPOSITIONV.5.8PROPOSITIONV.5.8: Let a, b, c N with a = b < c . If the ideal
a, b, c F2 x, y, z is A ∗-invariant then it has trivial Wu classes if and

only if

b = 2 c − b − 1,
and

c = 2 − 1,
for some N.

PROOFPROOFPROOFPROOFPROOF: If we substitute a = b in the second formula of Lemma
V.5.2 then we obtain

Wu a, b, c = 1+ w2 + w3
2s+1−2 b · b +1 · 1 + w2

2s−2 c · c .

If we write b + 1 in the form 2 · , with , N and odd, then the
preceding expression may be rewritten as

1 + w2 b +

2 + w2 b +

3
2s+1− b − − · 1 + w2

2s−2 c · c .

Expanding this as a polynomial in w3 we see that we have an isolated term
w2 b +

3 since 2s+1− b − − is odd. This term belongs to a, b, c if and
only if 2 b + ≥ b = 2 b b , equivalently 2 ≥ b . Since b + 1 =
2 · with odd, this leads to = 1, so b = 2 − 1.

From this it follows that

1 + w2 + w3
2s+1−2 b · b +1 = 1 + w2 + w3

2s+1−2 b +

= 1 + w2 b +

2 + w2 b +

3
2s+1− b − −1

= 1 + w2 b +

2
2s+1− b − −1

= 1 + w2
2s+1−2 b +

in F2 x, y, z a, b, c , since b < 2 b + implies w2 b +

3 a, b, c .
Hence,

✣ Wu a, b, c = 1+ w2
2s+1+2s−2 b + −2 c · c .
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Since F2 x, y, z a, b, c was assumed to have trivial Wu classes this
expression must lie in a, b, c .

We consider three cases based on the relation between b + and c .

CASECASECASECASECASE: b + < c . Then

1 + w2
2s+1+2s−2 b + −2 c · c = 1+ w2 b +

2 ,

where = 2s+1− b + + 2s− b + − 1 − 2 c − b + · c is odd. There-
fore the term w2 b +

2 occurs in the expansion of ✣ . It does not belong
to a, b, c so Wu a, b, c = 1. Hence this case does not occur.

CASECASECASECASECASE: b + = c . Then we need to deal with the expansion of

1 + w2
2s+1+2s−2 c · c +1 .

Wewrite c +1=2 · with , N and odd. The expansion contains
the term w2 c +

2 . For this term to belong to a, b, c we need 2 c + ≥
c = 2 c · c . So 2 ≥ c , and since c +1 = 2 · where is odd,
we must have = 1. Therefore c = 2 − 1. Since = c − b and

b = 2 − 1 we conclude

b = 2 c − b − 1
and

c = 2 − 1

as claimed. The fact that a, b, c has trivial Wu classes under these con-
ditions follows by direct computation from the formulae given by Lemma
V.5.2.

CASECASECASECASECASE: b + > c . This case cannot occur as we next show. To see
this note that b ≤ 2 c by Proposition V.5.1 and b < c by hypothesis.
Therefore from Lemma V.5.7 we have that 2 c ≥2 b · b +1 =2 b +

which is a contradiction to the fact that b + > c in this case.

It remains to consider the A ∗-invariant ideals a, b, c with a > b .

PROPOSITIONV.5.9PROPOSITIONV.5.9PROPOSITIONV.5.9PROPOSITIONV.5.9PROPOSITIONV.5.9: Let a, b, c N with a > b . Suppose that the
ideal a, b, c F2 x, y, z is A ∗-invariant. It has trivial Wu classes if
and only if

b = c ,(i)

b = 1,(ii)

and either

c = 2 a − b · 2 − 1 − 1,(iii-a)

for some N, or
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c = 2 − 1,(iii-b)

for some N, with < a − c .

PROOFPROOFPROOFPROOFPROOF: In the situation a > b the formula for Wu a, b, c
(see the first formula in Lemma V.5.2) contains the term w2 b

3 in its ex-
pansion. This belongs to a, b, c if and only if 2 b ≥ b = 2 b · b , so

b = 1. Therefore b = 2 b is a power of 2. The formula for the total
conjugate Wu class therefore may be simplified to yield

Wu a, b, c = 1+ w2
2s+1+2s−2 a −2 b −c .

Next use that b ≤ min{ a , c } to rewrite this further in the form

1 + w2 b

2

where the exponent is

= 3 · 2s− b − 2 a − b − 2 c − b c − 1.

The term 3 · 2s − 2 b is even since s ≥ max{a , b , c}. We claim c =
b . The term 2 a − b is even since a > b by hypothesis. If c

were strictly greater than b then the integer 2 c − b c would also be
even. This would mean that would be odd and that therefore the term
w2 b

2 would appear in the expansion. However, w2 b

2 does not belong to
a, b, c since 2 b < 2 c ≤ 2 c c = c, yielding a contradiction to the

assumption that a, b, c has trivial Wu classes. Therefore c ≤ b and
since b ≤min{ a , c } by Corollary V.5.5, we must have c = b .

To summarize: if the A ∗-invariant ideal a, b, c has trivial Wu classes
then under the hypothesis a > b the following conditions hold:

a = 1 so a = 2 a ,

b = 1 so b = 2 b ,

and

b = c .

If we put this into the second formula of Lemma V.5.2 for the conjugate Wu
classes of a, b, c and use that w2 b

3 , w2 c

3 a, b, c we then obtain

Wu a, b, c = 1+ w2 + w3
2s+1−2 a −2 b

1 + w2
2s−c

= 1+ w2
2s+1−2 a −2 b

1 + w2
2s−c .

Since b = c and b = 1 we obtain

Wu a , b , c = 1+ w2
2s+1+2s−2 a −2 c c +1 .

Write c +1= 2 · with , N and odd. The formula for the total
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conjugate Wu class of a, b, c contains the terms of the expansion of

✠ 1 + w2
2s+1+2s−2 a −2 c + · .

We consider three cases based on the relation of to a − c .

CASECASECASECASECASE: > a − c . Then formula ✠ may be rewritten in the form

Wu a, b, c = 1+ w2 a

2
2s+1− a +2s− a −2 c − a + · −1 .

The integers 2s+1− a , 2s− a and 2 − a − c are all even, so the exponent
2s+1− a +2s− a − 2 c − a + · − 1 is odd. This means that w2 a

2 appears
in the expansion of ✠ . Since we have asumed that a, b, c has trivial
Wu classes this implies

2 a ≥ c = 2 c c

giving

2 a − c + 1 ≥ c + 1 = 2 · ≥ 2 ≥ 2 a − c +1

which is a contradiction since a > b = c . Hence this case does not
occur.

CASECASECASECASECASE: = a − c . The formula ✠ becomes

1 + w2
2s+1+2s−2 a +1 .

If we write + 1 = 2 · where , N and is odd then this simplifies
to

1 + w2
2s+1+2s−2 a + · .

The expansion of this expression contains the term w2 a +

2 , which belongs
to a, b, c if and only if 2 a + ≥ c = 2 c · c . Since = a − c
this is equivalent to 2 + ≥ c . If we substitute c +1 = 2 · we get
2 + + 1 ≥ 2 · so dividing by 2 gives 2 + 1

2
≥ . Since , > 0 and

is odd this implies ≤ 2 − 1 yielding 2 · = +1 ≤ 2 and hence = 1.
From this it follows that = 2 − 1 and substituting into the equalities

c + 1 = 2 ·

and

a − c =

and solving for c gives

c = 2 a − c · 2 − 1 − 1

which is condition (iii-a).

CASECASECASECASECASE: < a − c . The term w2 c +

2 appears in the expansion of
✠ . This monomial belongs to a, b, c if and only if 2 c + ≥ c, so we
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must have 2 ≥ c . Since c +1 = 2 · with odd, this implies that
= 1. Hence c = 2 − 1 which yields condition (iii-b).

Conversely, substituting either of the conditions (iii-a) or (iii-b) into the
second formula of Lemma V.5.2 yields that the conjugate Wu classes of

a , b , c are trivial.

This completes the determination of the A ∗-invariant ideals a, b, c in
F2 x, y, z with trivial Wu classes. Putting together Propositions V.5.6,
V.5.8, and V.5.9 we arrive at the following complete result.

THEOREM V.5.10THEOREM V.5.10THEOREM V.5.10THEOREM V.5.10THEOREM V.5.10: The ideals a, b, c such that F2 x, y, z a, b, c
have trivial Wu classes are the Frobenius powers of the following four basic
types:

(i) w4, w3, w2 , or
(ii) w4, w2 −1

3 , w2 2 −1
2 for some , N, or

(iii) w2
4 , w3, w

2 2 −1 −1
2 for some , N, or

(iv) w2
4 , w3, w2 −1

2 for some , N, with < .

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Consider the ideal 1, 1, 2 = w4, w3, w2
2 in F2 x, y, z .

It isA ∗-invariant and has trivial Wu classes by Theorem V.5.10: it is of type
(ii) with = 1 and = 1. The corresponding Poincaré duality quotient has
formal dimension 8, and a monomial representing the fundamental class
can be found by making use of the following facts.

(1) 2, 2, 2 : 1, 1, 2 = w4w3 + 2, 2, 2 .
(2) A fundamental class for F2 x, y, z 1, 1, 1 is given by the

monomial xy2z3 (see Section II.5 Example 3).
(3) A fundamental class for F2 x, y, z 2, 2, 2 is given by the

monomial xyz xy2z3 2 (use Theorem II.6.6).
(4) A short computation shows that a Poincaré dual for w4w3 in

F2 x, y, z 2, 2, 2 is given by xy2z5.
(5) By Corollary I.2.3 xy2z5 is a monomial representing a fundamen-

tal class for F2 x, y, z 1, 1, 2 .
This provides a natural explanation for the A ∗-indecomposable monomial
xy2z5 which we first discussed in Section III.7 Example 2: it is a repre-
sentative for the fundamental class of F2 x, y, z w4, w3, w2

2 which is an
unstable A ∗-Poincaré duality algebra with trivial Wu classes.

We close this section with a few comments on the relation between The-
orem V.5.10 and the Hit Problem for F2 x, y, z . In the manuscripts on
this problem known to us the emphasis has been on finding conditions on
monomials x y z that assure they areA ∗-decomposable, orA ∗-indecom-
posable. This may however not be the most efficacious way to approach the
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problem. Other viewpoints are possible, and we presented one such here.
Namely, to investigate the A ∗-invariant m-primary irreducible ideals I in
F2 z1 , . . . , zn such that the quotient algebra F z1 , . . . , zn /I has trivial
Wu classes and to organize these so a few basic ideals and constructions
yield all examples.

It is of course possible to obtain results aboutA ∗-indecomposable monomi-
als from this point of view. If a, b, c N then F2 w4, w3, w2 is a free mod-
ule over the subalgebra F2 wa

4 , w
b
3 , w

c
2 with basis the monomials w4w3w2

such that 0 ≤ ≤ a − 1, 0 ≤ ≤ b − 1, and 0 ≤ ≤ c − 1. A fundamental class
for F2 x, y, z w4, w3, w2 is the monomial xy2z3 (see e.g. [44]). If we
combine these two facts we see that xy2z3wa−1

4 wb−1
3 wc−1

2 is a fundamen-
tal class for F2 x, y, z a, b, c . Therefore from Proposition III.5.3 and
Theorem V.5.10 we obtain the following.

COROLLARY V.5.11COROLLARY V.5.11COROLLARY V.5.11COROLLARY V.5.11COROLLARY V.5.11: Let a, b, c N. The form xy2z3wa−1
4 wb−1

3 wc−1
2

F2 x, y, z is A ∗-indecomposable if it satisfies one of the following condi-
tions

(i) a = b = c , and a = b = c = 1, or
(ii) a = b < c , b = 2 c − b − 1, and c = 2 − 1 for

some N, or
(iii) a > b = c , b = 1, and c = 2 a − c 2 − 1 − 1 for

some N, or
(iv) a > b = c , b = 1 and c = 2 − 1 for some N

with < a − c .



Part VI
Macaulay’s inverse systems and
applications

ACAULAY ’s theory of irreducible ideals based on Hopf algebra du-M ality was discussed in Section II.2. This was particularly attrac-
tive in connection with the motivating problems from invariant theory, our
study of Poincaré duality quotients of F V , and the applications involving
Frobenius powers and Steenrod operations. It seems however ill adapted to
discussing a number of naturality properties, which we choose to formulate
as change of rings results in the spirit of Cartan–Eilenberg [15]. For this we
return to the source, [49] Part IV, of Macaulay’s theory of F V -primary irre-
ducible ideals and present a version of it using inverse polynomials. This is
basically the way1 Macaulay presented his theory in one of his last papers
[50]. We use it to explain the computational tool of catalecticant matrices
for computing ancestor ideals as this version of Macaulay’s theory seems
better adapted for this purpose than the formulation using Hopf algebra
duality. This tool was important in building up a stock of basic examples.
Using it we supply the missing details for a number of assertions made in
the text, e.g., in Example 1 of Section III.7.

We show how to introduce a Steenrod algebra action into this formulation
and use it to determine the formula generalizing the equality Wu I q =
Wu I q Fq V I q for an Fq V -primary irreducible ideal in Fq V (see
Theorem III.6.4) to arbitrary polynomial algebras over the Steenrod alge-
bra. We also give a new proof of a result of S. A. Mitchell and R. E. Stong
generalizing the triviality of Wu classes of rings of coinvariants (see Corol-
lary IV.2.3).

The two variations of Macaulay’s theory viz., the Hopf algebra duality ver-

1We emphasize that we are only referring to the theory as it applies to homogeneous ideals,
what Macaulay calls H-ideals.

133
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sion of Part II, and the inverse polynomial version here in Part VI, by no
means exhaust all the possibilities of reformulation! See [21] Exercise 21.7
for an even more remarkable interpretation in the characteristic zero case.
Using local cohomology it is also possible to generalize Macaulay’s Double
Duality Theorem to other algebras than polynomial algebras.

VI.1 Macaulay’s inverse principal systems

We devote this section to a discussion of Macaulay’s theory of irreducible
ideals in the language of inverse polynomials. Fix a ground field F. Let
P = F X1 , . . . , Xn be a graded connected polynomial algebra over F in
the formal variables X1 , . . . , Xn . We do not demand that X1 , . . . , Xn
have degree 1: they may have any strictly positive degrees whatever. We
denote these degrees2 by di = deg Xi N for i = 1 , . . . , n.

We let P−1 =F X −1
1 , . . . , X −1

n be the graded algebra in the formal variables
X −1
1 , . . . , X −1

n with degrees deg X −1
i = −deg Xi for i = 1 , . . . , n. This

is the algebra of inverse polynomials. Note that P−1 is a negatively graded
connected F-algebra, i.e., the homogeneous components of strictly positive
degrees are zero and the unit 1 P−1 is a basis for the homogeneous com-
ponent of degree 0. For F Nn

0 we denote by X −F the inverse monomial
X − f1
1 · · · X − fn

n F X −1
1 , . . . , X −1

n . There is a pairing P−1
i × Pj F, denoted

by  , which is defined on monomials by

X −F  X E = 1 if E = F Nn
0

0 otherwise.

By using this pairing in place of the pairing obtained from Hopf algebra du-
ality  : u1 , . . . , un × F z1 , . . . , zn F employed in Section
II.2 we may associate to an inverse polynomial P−1 an ideal I P
by interpreting as the linear form  on Pd, where d = −deg ,
and taking the ideal A ker . The proof of the following reformulation
of Theorem II.2.1 is completely analagous to the proof of that theorem: it
is due to F. S. Macaulay.

THEOREM VI.1.1THEOREM VI.1.1THEOREM VI.1.1THEOREM VI.1.1THEOREM VI.1.1(F. S. Macaulay): Let F be a field and F X1 , . . . , Xn a
graded polynomial algebra over F with generators X1 , . . . , Xn of strictly
positive degrees. The assignment I sets up a correspondence be-
tween nonzero inverse polynomials F X −1

1 , . . . , X −1
n of degree −d and

m-primary irreducible ideals I F X1 , . . . , Xn such that the corre-
sponding Poincaré duality quotient algebra F X1 , . . . , Xn I has formal

2We have chosen to denote the variables with capital letters X, Y, Z etc., hopefully to prevent
confusion with the case where all the variables have degree 1.
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dimension d. Two nonzero elements , F X −1
1 , . . . , X −1

n determine
the same ideal I if and only if they are nonzero multiples of each other;
equivalently, they have the same kernel.

The pairing  between inverse polynomials and polynomials may
be extended to an F X1 , . . . , Xn -module structure on F X −1

1 , . . . , X −1
n

by setting

X E ∩ X −F = X − F−E if F − E Nn
0

0 otherwise.

With this module structure F X −1
1 , . . . , X −1

n becomes an injective hull of
F as graded F X1 , . . . , Xn -module (see e.g. [23] or [70]).

Give F X1 , . . . , Xn the primitively generated Hopf algebra structure and
let U1 , . . . , Un be the dual Hopf algebra. Then, the trick of turn-
ing the superscript grading index of a monomial in F X −1

1 , . . . , X −1
n into

the subscript grading index of an element of U1 , . . . , Un by chang-
ing its sign, namely by mapping X −F to F , shows that U1 , . . . , Un

and F X −1
1 , . . . , X −1

n are isomorphic as F X1 , . . . , Xn -modules.. This fol-
lows from the fact that in both cases the action of F X1 , . . . , Xn is deter-
mined by how monomials act on monomials. The divided power mono-
mials and inverse monomials are each indexed by the same index set,
viz., the elements of Nn

0 , and the action of X E F X1 , . . . , Xn on either
F U1 , . . . , Un or X −F F X −1

1 , . . . , X −1
n is given by the contraction

pairing (see Sections II.2 and VI.2).

Here is the module version of Macaulay’s Double Annihilator Theorem in
the language of inverse polynomials. It needs no proof in view of the pre-
ceding discussion.

THEOREM VI.1.2THEOREM VI.1.2THEOREM VI.1.2THEOREM VI.1.2THEOREM VI.1.2(F. S. Macaulay): There is a bijective correspondence
between nonzero cyclic F X1 , . . . , Xn -submodules of F X −1

1 , . . . , X −1
n

and proper m-primary irreducible ideals in F X1 , . . . , Xn . It is given
by associating to a nonzero cyclic submodule M F X −1

1 , . . . , X −1
n

its annihilator ideal I = AnnF X1 , . . . , Xn M F X1 , . . . , Xn , and to
a proper m-primary irreducible ideal I F X1 , . . . , Xn the submodule
AnnF X −1

1 , . . . , X −1
n

I of elements in F X −1
1 , . . . , X −1

n annihilated by I.

We adapt the terminology of Section II.2 to this new context and refer to the
F X1 , . . . , Xn -submodule of F X −1

1 , . . . , X −1
n associated to an m-primary

irreducible ideal I also as Macaulay’s inverse system of I and denote it
by I−1. We call a generator of I−1 a Macaulay inverse for I and denote it
by I . It follows from Theorems VI.1.1 and VI.1.2 that Macaulay’s theory
of irreducible ideals in the language of Hopf algebras and dual principal
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systems is equivalent to using inverse principal systems and the language of
inverse polynomials. The choice between dual or inverse principal systems
is a matter of taste and the context.

REMARKREMARKREMARKREMARKREMARK: After some cosmetic changes3 to the statements of theorems
such as Theorem II.5.1 and Theorem II.6.6 they remain valid for irreducible
ideals in F X1 , . . . , Xn that are primary for the maximal ideal even if the
generators X1 , . . . , Xn do not all have degree 1. The proofs use the inverse
system and a Macaulay inverse to an m-primary irreducible ideal in much
the same way as the proofs in Part II use the dual system and a Macaulay
dual.

VI.2 Catalecticant Matrices and Ancestor Ideals

The topic of this section is a procedure for computing ancestor ideals based
on the action of the polynomial algebra F z1 , . . . , zn on the inverse poly-
nomial algebra F z−1

1 , . . . , z−1
n . It allows us to compute ideal generators

for the ideal defined by a nonzero inverse polynomial using linear algebra.
To simplify the discussion we restrict ourselves to the case where all the
variables z1 , . . . , zn have degree 1.

CONVENTIONCONVENTIONCONVENTIONCONVENTIONCONVENTION: Both the algebras F z1 , . . . , zn and F z−1
1 , . . . , z−1

n
have bases consisting of monomials in the variables. We agree for this
section to index these monomials by the elements E Nn

0 .

Thus zE = ze11 · · · zenn belongs to F z1 , . . . , zn and z−E = z−e1
1 · · · z−en

n be-
longs to F z−1

1 , . . . , z−1
n .

Let i, j , d N0, with i+ j= d, and let 0= F z−1
1 , . . . , z−1

n be a nonzero
inverse polynomial. We use to define a bilinear pairing

cat i, j : F z1 , . . . , zn i × F z1 , . . . , zn j F

by
cat i, j f , h =  f · h = f · h ∩

(remember i + j = d). The matrix of this pairing with respect to the basis
pair {z I I= i} for F z1 , . . . , zn i and {zJ J= j} forF z1 , . . . , zn j is
called the i, j -th catalecticant matrix4 of and is denoted by Cat i, j .
Therefore the I, J -th entry of thematrix Cat i, j is z I · zJ = z I+J =
zJ · z I , where we are regarding as a linear form on F z1 , . . . , zn d ,

3 Replace dual systems and generators with inverse systems and generators. We see no need
to restate these in this new, or old, depending on your viewpoint, context.
4 To talk of a matrix we need to choose an ordering on the monomials {zE E Nn

0 }. We
assume that this has been done once and for all.
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and hence Cat i, j = Cat j , i tr. This means the catalecticant matrices
Cat i, j for all i and j summing up to d are determined by those where
i ≤ d/2.

The nonzero inverse polynomial of degree −d defines a codimension 1
subspace W = ker in F z1 , . . . , zn d . The ideal I inverse to is
nothing but A W , where A W is the big ancestor ideal of W (see Section
I.3). Thus to find generators for the ideal I it is more than enough to find
additive bases for the homogeneous components a W j for j = 0 , . . . , d
of the little ancestor ideal a W . This amounts to solving the systems of
linear equations

✣ Cat d − j , j ·
zE1.
.
.

zEm
= 0,

where m = n−1+j
j

= dimF F z1 , . . . , zn j and zE1 , . . . , zEm are the el-
ements of a monomial basis for the forms of degree j in F z1 , . . . , zn .
We call ✣ the catalecticant equations. The dimension of the solution
space to the equation ✣ is the number of columns of Cat d − j , j minus
rk Cat d − j , j , where rk Cat d − j , j denotes the rank of the matrix
Cat d − j , j ; viz., m − rk Cat d − j , j . So the dimension of the quo-
tient algebra F z1 , . . . , zn I in degree j is rk Cat d − j , j and the
Poincaré polynomial of the quotient algebra F z1 , . . . , zn I is there-
fore

P F z1 , . . . , zn I , t =
d

j=0

rk Cat d − j , j · t j .

Since Cat d − j , j and Cat j , d − j are transposes of each other this is a
palindromic polynomial just as it should be.

Solving the catalecticant equations is just linear algebra, and amounts to
putting the catalecticant matrices into a suitable standard form, such as
row-echelon form. Here is a simple example to illustrate how this works in
practice.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Consider the inverse polynomial x−4 + y−4 + z−4 in
F x−1, y−1, z−1 . There are 5 catalecticant matrices Cat 4 − j , j for j =
0 , . . . , 4, but really we need only compute two of them, Cat 3, 1 and
Cat 2, 2 . This is straightforward and we collect the results in Table
VI.2.1.

Both of the matrices Cat 3, 1 and Cat 2, 2 have rank 3, so we know
that the Poincaré series of the quotient algebra F x, y, z I is the palin-
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dromic biquadratic polynomial

P F x, y, z I , t = 1+ 3t + 3t2 + 3t3 + t4 .

There are no nonzero elements in the little ancestor ideal of ker
in degree 1. In degree 2Cat 3, 1 x y z

x3 1 0 0
x2y 0 0 0
xy2 0 0 0
x z 0 0 0
x z2 0 0 0
y3 0 1 0
y2z 0 0 0
z3 0 0 1
y2y 0 0 0
xyz 0 0 0

Cat 2, 2 x2 xy x z y2 yz z2

x2 1 0 0 0 0 0
xy 0 0 0 0 0 0
x z 0 0 0 0 0 0
y2 0 0 0 1 0 0
yz 0 0 0 0 0 0
z2 0 0 0 0 0 1

TABLE VI.2.1TABLE VI.2.1TABLE VI.2.1TABLE VI.2.1TABLE VI.2.1: Cat 3, 1 and Cat 2, 2

the little ancestor ideal
has as basis the mono-
mials xy, xz, yz. In
degree 3 it has as basis
the monomials xa yb zc

where a, b, c satisfies
a + b + c = 3 but is not
one of 3, 0, 0 , 0, 3, 0 ,
or 0, 0, 3 . All these cu-
bic forms already lie in
the ideal generated by
the quadratic forms in
I . In degree 4 the
little ancestor ideal has
as vector space basis the
two binomials y4 − x4

and y4 − z4 togetherwith
all monomials xa yb zc

with a+ b+ c=4where
a, b, c is not one of the

index triples 4, 0, 0 , 0, 4, 0 , or 0, 0, 4 . All these monomials also lie
in the ideal generated by the quadratic forms in I , so we conclude

I = xy, x z, yz, y4 − x4, y4 − z4 F x, y, z .

The monomials xy, x z, yz, y4 − x4, y4 − z4 are a minimal ideal basis for
I . The quotient algebra F x, y, z I is the connected sum of three
copies of the algebra F u u4 . This follows from the fact that the inverse
polynomial = x−4+ y−4 + z−4 is a sum of forms in distinct sets of variables
(see the discussion of the connected sum operation in Section I.5). The
inverse polynomial is also invariant under the action of the symmetric
group 3 by permutation of the variables. This invariance is not reflected
in the generators of I , rather in the fact that the ideal I is stable under
the action of 3, i.e., the elements of 3 map I into itself.

One easily checks that the rank sequence of the catalecticant matrices de-
fined by the inverse polynomial = y4 − x2y2 F x−1, y−1, z−1 is also
1, 3, 3, 3, 1, so the Poincaré series of the quotient algebra F x, y, z I is
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also 1+3t+3t2+3t3+ t4. However, the quotient algebras F x, y, z I
and F x, y, z I are not isomorphic since there is no linear change of
coordinates taking to .

REMARKREMARKREMARKREMARKREMARK: If we regard the coefficients of F z−1
1 , . . . , z−1

n d as vari-
ables in their own right then the catalecticant matrices are functions of
these coefficients. The ranks of these matrices are polynomial functions
of these coefficients regarded as variables since the rank of a matrix may
be computed by examining the vanishing of the determinants of its square
submatrices. Therefore, specifying a sequence of ranks, specifies an alge-
braic set in the projective space of the vector space of dimension n+d−1

d
(n.b. this is the dimension of the vector space of forms of degree −d in n
inverse polynomial variables of degree −1). This geometric viewpoint is at
the heart of [34].5 It is an open problem to determine the conditions on
such a sequence that assure this set is nonempty (but see [95]). Although
all the examples occurring in this manuscript have the property that the
rank sequences are nondecreasing up to the middle dimension, this is not
always the case. In [95] R. P. Stanley constructs (loc. cit. Example 3) an
example where this fails in rank 13; it holds in all examples of rank at most
3 (loc. cit. Theorem 4.2). There is clearly room for more work here.

The next example provides the computations with catalecticant6 matrices
promised in Example 1 in Section III.7.

ILLUSTRATIONVI.2.2ILLUSTRATIONVI.2.2ILLUSTRATIONVI.2.2ILLUSTRATIONVI.2.2ILLUSTRATIONVI.2.2: Cat 6, 1 , Cat 5, 2 , and Cat 4, 3

EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2 : Consider the inverse polynomial in F2 x−1, y−1, z−1 sup-
ported on the set consisting of the monomials

xyz5, x y5z, x5yz, x y2z4, x2yz4, x y4z2,

x2y4z, x4yz2, x4y2z, x2y2z3, x2y3z2, x3y2z2 .

5 This book also contains a short discussion (see page XVI) of the origin of the term catalec-
ticant. Though the discussion in [24] pages 104–105 is considerably more amusing.
6 Since catalecticant is very tricky to pronounce properly, and for one of us to spell cor-
rectly, these matrices were referred to between us as the cats. Hence the graphic to aid the
imagination.
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We emphasize that this example was not found ad hoc: is theA ∗-equiva-
lence class of the A ∗-indecomposable monomial xyz5 F2 x, y, z , which
is one of the lowest degree less obviousA ∗-indecomposables. We let A
be the corresponding irreducible ideal in F2 x, y, z .

The catalecticant matrices relevant to the computation of the generators
for the ideal A are the three matrices Cat 6, 1 , Cat 5, 2 , and
Cat 4, 3 . We list these in the two Diagrams VI.2.3 and VI.2.4. The
first entry in each column and each row is a triple of exponents a, b, c
for a monomial xa yb zc. The entry at the intersection of the row headed
by a1, b1, c1 with the column headed by a2, b2, c2 is the value of the
linear form defined by on F2 x, y, z 7 on the product of the monomials
xa1 yb1 zc1 and xa2 yb2 zc2, i.e., on the monomial xa1+a2 yb1+b2 zc1+c2 .

Cat 6, 1 1, 0, 0 0, 1, 0 0, 0, 1

6, 0, 0 0 0 0

5, 1, 0 0 0 1

5, 0, 1 0 1 0

4, 2, 0 0 0 1

4, 1, 1 1 1 1

4, 0, 2 0 1 0

3, 3, 0 0 0 0

3, 2, 1 1 0 1

3, 1, 2 1 1 0

3, 0, 3 0 0 0

2, 4, 0 0 0 1

2, 3, 1 0 1 1

2, 2, 2 1 1 1

2, 1, 3 0 1 1

2, 0, 4 0 1 0

1, 5, 0 0 0 1

1, 4, 1 1 1 1

1, 3, 2 1 1 0

1, 2, 3 1 0 1

1, 1, 4 1 1 1

1, 0, 5 0 1 0

0, 6, 0 0 0 0

0, 5, 1 1 0 0

0, 4, 2 1 0 0

0, 3, 3 0 0 0

0, 2, 4 1 0 0

0, 1, 5 1 0 0

0, 0, 6 0 0 0

Cat 5, 2 2, 0, 0 1, 1, 0 1, 0, 1 0, 2, 0 0, 1, 1 0, 0, 2

5, 0, 0 0 0 0 0 1 0

4, 1, 0 0 0 1 0 1 1

4, 0, 1 0 1 0 1 1 0

3, 2, 0 0 0 1 0 0 1

3, 1, 1 1 1 1 0 1 0

3, 0, 2 0 1 0 1 0 0

2, 3, 0 0 0 0 0 1 1

2, 2, 1 1 0 1 1 1 1

2, 1, 2 1 1 0 1 1 1

2, 0, 3 0 0 0 1 1 0

1, 4, 0 0 0 1 0 1 1

1, 3, 1 0 1 1 1 1 0

1, 2, 2 1 1 1 1 0 1

1, 1, 3 0 1 1 0 1 1

1, 0, 4 0 1 0 1 1 0

0, 5, 0 0 0 1 0 0 0

0, 4, 1 1 1 1 0 0 0

0, 3, 2 1 1 0 0 0 0

0, 2, 3 1 0 1 0 0 0

0, 1, 4 1 1 1 0 0 0

0, 0, 5 0 1 0 0 0 0

DIAGRAM VI.2.3DIAGRAM VI.2.3DIAGRAM VI.2.3DIAGRAM VI.2.3DIAGRAM VI.2.3: Cat 6, 1 and Cat 5, 2
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A certain amount ofCat 4, 3 3, 0, 0 2, 1, 0 2, 0, 1 1, 2, 0 1, 1, 1 1, 0, 2 0, 3, 0 0, 2, 1 0, 1, 2 0, 0, 3

4, 0, 0 0 0 0 0 1 0 0 1 1 0

3, 1, 0 0 0 1 0 1 1 0 0 1 0

3, 0, 1 0 1 0 1 1 0 0 1 0 0

2, 2, 0 0 0 1 0 0 1 0 1 1 1

2, 1, 1 1 1 1 0 1 0 1 1 1 1

2, 0, 2 0 1 0 1 0 0 1 1 1 0

1, 3, 0 0 0 0 0 1 1 0 1 1 0

1, 2, 1 1 0 1 1 1 1 1 1 0 1

1, 1, 2 1 1 0 1 1 1 1 0 1 1

1, 0, 3 0 0 0 1 1 0 0 1 1 0

0, 4, 0 0 0 1 0 1 1 0 0 0 0

0, 3, 1 0 1 1 1 1 0 0 0 0 0

0, 2, 2 1 1 1 1 0 1 0 0 0 0

0, 3, 1 0 1 1 0 1 1 0 0 0 0

0, 0, 4 0 1 0 1 1 0 0 0 0 0

DIAGRAM VI.2.4DIAGRAM VI.2.4DIAGRAM VI.2.4DIAGRAM VI.2.4DIAGRAM VI.2.4: Cat 4, 3

manipulation is re-
quired to work out
the ranks of thesema-
trices. It is pretty easy
to see that Cat 6, 1
has rank 3. If one
brings the other two
matrices into upper
triangular form then
one sees their ranks
are 6 and 10. From
this it follows that the
Poincaré series of the
Poincaré duality quo-

tient algebra F2 x, y, z A is given by the polynomial

P F2 x, y, z A , t = 1+ 3t + 6t2 + 10t3 + 10t4 + 6t5 + 3t6 + t7 .

There are no nonzero elements in A of degree less than 4 as the dimen-
sions of F2 x, y, z i are 1, 3, 6, 10 for i = 0, 1, 2, 3. Since the dimension
of F2 x, y, z 4 as an F2-vector space is 15 we also see that the ideal A
must have 5 generators of degree 4. These may be determined by finding
linear combinations of the rows that add up to zero, and reinterpreting in
terms of monomials. For example it is not difficult to see that the rows
labeled by the exponent sequences

3, 1, 0 3, 0, 1 1, 0, 3 0, 1, 3

add up to zero. This says that the form

x3y + x3z + xz3 + yz3

belongs to A . Continuing in this way one finds that the five polynomi-
als

f1 = x3y + x3z + xz3 + yz3

f2 = xy3 + y3z + xz3 + yz3

f3 = xy2z + xyz2 + xy3 + x3y + xz3 + x3z

f4 = x2yz + xy2z + x3z + xz3 + y3z + yz3

f5 = x4 + y4 + z4 + x2y2 + x2z2 + y2z2 + x2yz + xy2z + xyz2 + x3y + x3z

belong to the ideal A in F2 x, y, z . Poincaré series considerations show
that no further generators are needed and f1 , . . . , f5 form a minimal set
of ideal generators for A .

This ideal provides an example to show that complete intersections do not
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generate the semigroup of Poincaré duality quotients of F2 V under con-
nected sum as V ranges over the finite dimensional F2-vector spaces. To
justify this remark we introduce a lemma.

LEMMA VI.2.1LEMMA VI.2.1LEMMA VI.2.1LEMMA VI.2.1LEMMA VI.2.1: If H=F V I is a Poincaré duality quotient of F V that
can be written as a nontrivial connected sum, then I contains a nonzero
quadratic form.

PROOFPROOFPROOFPROOFPROOF:Write H = H #H where

H = F z1 , . . . , zm I

H = F z1 , . . . , zm I ,

m , m > 0, and neither I nor I contains any linear forms. Then I con-
tains the nonzero quadratic form zm zm .

So to show that the complete intersections do not generate the semigroup
of Poincaré duality quotients of F2 V under the connected sum operation
one needs an irreducible F V -primary ideal containing no quadratic forms.
Since A contains no nonzero quadratic forms the corresponding alge-
bra F2 x, y, z A cannot be written as a nontrivial connected sum of
Poincaré duality quotients. It is clearly not a complete intersection.

VI.3 Regular ideals

In this section we study regular ideals, by which wemean ideals generated
by a regular sequence. We examine the behavior of = I : on the reg-
ular over ideals of a regular ideal I. If we restrict attention to the regular
over ideals with the same grade7 as I we can establish an analog of The-
orem I.2.1 which gives an explicit computation8 of a transition element a
for I over J, i.e., an element a with I : J = a + I and J = I : a . This
applies to the special case where I and J are parameter ideals in a Cohen–
Macaulay algebra, since in such an algebra parameter ideals are generated
by regular sequences. Here is one formulation of what we need (see e.g.
[105] Satz 3). The proof is a variant of that of [87] Theorem 6.5.1.

PROPOSITIONVI.3.1PROPOSITIONVI.3.1PROPOSITIONVI.3.1PROPOSITIONVI.3.1PROPOSITIONVI.3.1: Let I J be ideals in a commutative graded con-
nected algebra A over the field F. Suppose that I = u1 , . . . , ur and J =
w1 , . . . , wr where u1 , . . . , ur and w1 , . . . , wr are regular sequences

7 The grade of an ideal is the length of the longest regular sequence it contains (see e.g. [11]
Section 1.2).
8 This would appear to have been known to F. S. Macaulay ([49] Section 73), but it is hard to
say due to the enormous difference between his terminology and our own.
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in A. Write
u1..
.
ur

=
a1,1 · · · a1, r..
.

. .
.

..

.
ar,1 · · · ar, r

·
w1..
.
wr

.

where ai, j is an r × r matrix with entries in A. If a = det ai, j then
I : J = a + I and J = I : a .

PROOFPROOFPROOFPROOFPROOF: If we pass down from A to A/I then what needs to be proved
are AnnA/I J/I = a and AnnA/I a = J/I. To this end introduce the sub-
algebra of A generated by u1 , . . . , ur, which we call R, and the subalgebra
generated by w1 , . . . , wr, which we call S. Both R and S are polynomial
algebras, viz.,

R = F u1 , . . . , ur
S = F w1 , . . . , wr ,

since u1 , . . . , ur and w1 , . . . , wr are regular sequences ([87] Proposition
6.2.1), and A is free as a module over both R and S ([87] Corollary 6.2.8).

If we regard A as a module over R ⊗ S then standard change of rings ar-
guments ([15] Proposition 4.1.1) yield isomorphisms

TorS∗ F, A/I ≅TorR⊗S
∗ F, A ≅TorR∗ F, A/J .

Since u1 , . . . , ur I J the R-module structure on A/J is trivial, i.e.,
factors through the augmentationmap R F. Therefore by using a Koszul
complex (see e.g. [87] Section 6.2) to resolve F as an R-module we obtain

TorR∗ F, A/J ≅TorR∗ F, F ⊗ A/J ≅ E su1 , . . . , sur ⊗ A/J ,

where E su1 , . . . , sun denotes a bigraded exterior algebra on the vari-
ables9 su1 , . . . , sun of bidegrees 1, deg u1 , . . . , 1, deg un . On the
other hand using a Koszul resolution of F as an S-module, we find that

TorS∗ F, A/I ≅ H∗ E sw1 , . . . , swr ⊗ A/I ; ,

where the derivation is characterized by

swi ⊗ 1 = 1 ⊗ wi i = 1 , . . . , r
1 ⊗ c = 0 ∀ c A/I .

This allows us to compute TorSr F, A/I as follows: a chain of homological
degree r in this complex is of the form sw1 ∧ · · · ∧ swr ⊗ c for some c A/I.
The boundary of such a chain is

sw1 ∧ · · · ∧ swr ⊗ c =
r

i=1

−1 i sw1 ∧ · · · ∧ swi ∧ · · · ∧ swr ⊗ wi · c ,

9 This notation comes from algebraic topology and is derived from the suspension homomor-
phism (see e.g. [84]).
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with the usual convention that the term under the is omitted, and ∧
denotes the product in the exterior algebra. So the chain sw1 ∧ · · ·∧ swr ⊗ c
of homological degree r is a cycle if and only if w1c = · · · wr c = 0 in A/I,
i.e., c annihilates J/I A/I. Since there are no nonzero boundaries of
degree r we obtain

TorSr F, A/I ≅ sw1 ∧ · · · ∧ swr · AnnA/I J/I .

Under the change of rings isomorphism

TorR∗ F, A/J TorS∗ F, A/I

the element sui TorR1 F, A/J is mapped to r
i=1 ai, j swj TorS1 F, A/I ,

and hence su1 ∧ · · · ∧ sur is mapped to sw1 ∧ · · · ∧ swr · a by the defini-
tion of the determinant. Therefore AnnA/I J/I = a is the principal ideal
generated by a in A/I.

The second assertion, that AnnA/I a = J/I, follows from Lemma I.1.1.

NOTATIONNOTATIONNOTATIONNOTATIONNOTATION: If A B is an extension of algebras and I A an ideal
then the extension of I to B, viz., B · I will be denoted by Iex.

Proposition VI.3.1 implies that a transition element for a pair of regular
ideals of the same grade is in a certain sense independent of the containing
algebra. Specifically we have the following.

COROLLARY VI.3.2COROLLARY VI.3.2COROLLARY VI.3.2COROLLARY VI.3.2COROLLARY VI.3.2: Suppose that A is a commutative graded connected
algebra over the field F and K L A regular ideals of the same grade.
Let K = u1 , . . . , ur and L = w1 , . . . , wr , where u1 , . . . , ur and
w1 , . . . , wr are regular sequences in A. If B A is an extension algebra
of A in which u1 , . . . , ur and w1 , . . . , wr remain regular sequences then
a transition element for L over K in A is also a transition element for Kex

over Lex in B.

PROOFPROOFPROOFPROOFPROOF:Write

u1.
.
.
ur

=
a1,1 · · · a1, r.
.
.

.
.
.

.

.

.
ar,1 · · · ar, r

·
w1.
.
.
wr

where ai, j is an r × r matrix with entries in A. Note that it does not
matter whether we compute det ai, j in A or B. Any transition element
for L over K in A is equivalent modulo K to this determinant.

The condition of Corollary VI.3.2 is fulfilled if for example A and B are
Cohen–Macaulay and A B is a finite extension. Proposition VI.3.1 also
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has the following neat little consequence, which is no doubt well known.10

COROLLARY VI.3.3COROLLARY VI.3.3COROLLARY VI.3.3COROLLARY VI.3.3COROLLARY VI.3.3: Suppose that a1 , . . . , an is a regular sequence in a
commutative graded connected algebra A over the field F. If a A satisfies
a · a1 · · · an s as+1

1 , . . . , a s+1
n then a a1 , . . . , an .

PROOFPROOFPROOFPROOFPROOF: There is the inclusion as+1
1 , . . . , a s+1

n a1 , . . . , an and
moreover a1 , . . . , an = as+1

1 , . . . , a s+1
n : a1 · · · an s . By hypothesis

a as+1
1 , . . . , a s+1

n : a1 · · · an s so the result follows.

In a Cohen–Macaulay algebra parameter ideals are minimally generated
by regular sequences, so we have the following special case of Proposition
VI.3.1.

COROLLARY VI.3.4COROLLARY VI.3.4COROLLARY VI.3.4COROLLARY VI.3.4COROLLARY VI.3.4: Let I J be parameter ideals in a commutative
graded connected Cohen–Macaulay algebra A over the field F. Choose
minimal ideal bases u1 , . . . , ur for I and w1 , . . . , wr for J and write

u1.
..
ur

=
a1,1 · · · a1, r..
.

. .
.

..

.
ar,1 · · · ar, r

·
w1.
..
wr

,

where ai, j is an r × r matrix with entries in A. If a = det ai, j then
I : J = a + I and J = I : a .

We draw one final consequence from Proposition VI.3.1 that will be of
use in our treatment of the lying over for m-primary irreducible ideals in
Gorenstein algebras. It is a variant of Corollary VI.3.2. To wit, a transition
element for one parameter ideal over another is independent of the con-
taining algebra provided the algebra is Cohen–Macaulay. This is because
all Proposition VI.3.2 requires is that the regularity property be preserved
on passage to a larger algebra, and parameter ideals in a Cohen–Macaulay
algebra are regular.

COROLLARY VI.3.5COROLLARY VI.3.5COROLLARY VI.3.5COROLLARY VI.3.5COROLLARY VI.3.5: Let F be a field, and A B be a finite extension
of commutative graded connected Cohen–Macaulay algebras over F, and
P Q parameter ideals in A. Then there is an element a A such that

P : Q = a + P

and in addition

Pex : Qex = a + Pex .

10At least to those who know it well.
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PROOFPROOFPROOFPROOFPROOF: The ideals P and Pex are generated by the same regular se-
quence, as are Q and Qex, so the result is a special case of Corolllary VI.3.4.

VI.4 Lying over for irreducible ideals

If A B is a finite ring extension of Noetherian rings and p A is a prime
ideal, then the classical Lying Over Theorem (see e.g. [4] Theorem 3.1.16)
says that there is a prime ideal P B with P ∩ A= p. In this case one says
P lies over p. If A and B are commutative connected graded Gorenstein
algebras we show how to exploit Theorem I.2.1 to prove in favorable cases
an analog of this classical result for irreducible ideals. We begin with the
case where the algebras have Krull dimension zero, i.e., where A and B are
Poincaré duality algebras.

PROPOSITIONVI.4.1PROPOSITIONVI.4.1PROPOSITIONVI.4.1PROPOSITIONVI.4.1PROPOSITIONVI.4.1: If H H is an inclusion of Poincaré duality al-
gebras, and I H an irreducible ideal, then there exists an irreducible
ideal I H such that I ∩ H = I .

PROOFPROOFPROOFPROOFPROOF: By Corollary I.2.2 AnnH I = h for some element h H .
If we set I = AnnH h H a second application of Corollary I.2.2
shows I is irreducible. The verification that I ∩ H = I is routine.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : If H H is an inclusion of Poincaré duality algebras and
I H is an irreducible ideal, then the extended ideal I ex H need not
be irreducible. To see this let H = F x, y x2, y2 . Then the subalge-
bra H generated by the image of xy in the quotient is a Poincaré duality
subalgebra. The ideal I in H generated by the image of xy is irreducible,
since the quotient algebra is F. However the extended ideal I ex H
is not irreducible as F x, y x2, x y, y2 is not a Poincaré duality alge-
bra. Topologists should recognize these algebras as H = H∗ S1 × S1;F ,
H = H∗ S2;F , where the inclusion H H is induced by collapsing
onto the top cell of the torus. The quotient H /I ex is the cohomology of
the wedge of two circles which is not a manifold.

If we attempt to extend Proposition VI.4.1 from Poincaré duality algebras
(i.e., graded Gorenstein algebras of Krull dimension zero) to finite exten-
sions A B of Gorenstein algebras of positive Krull dimension by pas-
sage to the quotients by a system of parameters we encounter a problem.
Namely, if Q A is a parameter ideal and Qex B the extension of Q to
B, then the induced map A/Q B/Qex need not be a monomorphism. It
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is a monomorphism if and only if Qex ∩ A = Q. The following example
illustrates this can fail.

EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2EXAMPLE 2 : Let A be the subalgebra of F x generated by x2 and x3

and B = F x . The ideal Q = x2 A is a parameter ideal in A, and A/Q
≅ F x3 x6 is a Poincaré duality algebra, so Q is irreducible. The extended
ideal Qex in B contains the element x3 which belongs to A but not to Q.
Hence A ∩ Qex = Q.

Note that the algebra A is not integrally closed. If F has characteristic zero
and A is an integrally closed integral domain, this type of behavior can-
not occur (see [30] Section 2 G). If the characteristic of F is p = 0 then it
can occur. Perhaps the most striking example originates in invariant the-
ory. Recall that the ring of invariants of a finite group is always integrally
closed. If p < n then the ideal e1 , . . . , en generated by the elementary
symmetric polynomials e1 , . . . , en in the ring of invariants of the alter-
nating group F z1 , . . . , zn An if first extended up to F z1 , . . . , zn and
then restricted back to F z1 , . . . , zn An becomes the entire Hilbert ideal
h An = e1 , . . . , en, n (see e.g. [25] Section 11, [83], and [93].) The
ideal h An properly contains e1 , . . . , en .

To overcome the difficulty posed by examples such as Example 2 we re-
quire an additional assumption on the extension A B (see e.g. [31]
Proposition 10).

LEMMA VI.4.2LEMMA VI.4.2LEMMA VI.4.2LEMMA VI.4.2LEMMA VI.4.2: Let : A B be a finite extension of commutative
graded connected algebras over the field F and I A an ideal. If splits
as a map of A-modules then Iex ∩ A = I.

PROOFPROOFPROOFPROOFPROOF: Choose a set of generators for the ideal I and let C be the
subalgebra of A that they generate. Choose an A-module homomorphism
: B A splitting . It is also a splitting of C-modules. The commutative

diagram, in which is induced by ,

A/I
¯

B/Iex

≅ ≅

F ⊗C A
F⊗

F ⊗C B.

F⊗

shows that A/I B/Iex is a monomorphism, and since A ∩ Iex I is the
kernel of this map, the result follows.

Here is the first of the lying over results for irreducible ideals.
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PROPOSITIONVI.4.3PROPOSITIONVI.4.3PROPOSITIONVI.4.3PROPOSITIONVI.4.3PROPOSITIONVI.4.3: Let : A B be a finite extension of commuta-
tive graded connected Gorenstein algebras over the field F. Assume that
splits as a map of A-modules and I A is an A-primary irreducible ideal.
Then there exists a B-primary irreducible ideal lying over I.

PROOFPROOFPROOFPROOFPROOF: Choose a system of parameters a1 , . . . , ad for A that is con-
tained in I. Since B A is a finite extension a1 , . . . , ad are also a system
of parameters for B. Since A and B are Gorenstein the quotients A/Q and
B/Qex are Poincaré duality algebras. By Lemma VI.4.2 Qex ∩ A = Q so
the map A/Q B/Qex is a monomorphism. The ideal I/Q A/Q is ir-
reducible, so by Proposition VI.4.1 there is an irreducible ideal in B/Qex

lying over it. If J B is the preimage of this ideal under the quotient map
B B/Qex then J B is B-primary, irreducible, and A ∩ J = I.

The restriction imposed in Proposition VI.4.3 on a finite extension of com-
mutative graded connected Gorenstein algebras : A B over the field
F is not severe. The map splits as a map of A-modules in several interest-
ing cases. First, if A is a polynomial algebra, say A = F a1 , . . . , ad , then
a1 , . . . , ad are a system of parameters for B. Since B is Cohen–Macaulay
they form a regular sequence, and B becomes a free A-module, so splits
as a map of A-modules. Further examples are provided by invariant theory.
If : G SL n, F , G F×, and H < G is a subgroup, then A = F V G

and B = F V H are Gorenstein by a theorem of K. Watanabe [103] (see
also [68] Theorem 5.7.6). The relative transfer TrGH : F V H F V G is
an F V G-module homomorphism, and after normalizing it by dividing by
G : H it becomes a splitting to the inclusion F V G F V H (see e.g.
[87] Section 2.4). In the modular case the inclusion need not split and
these results may fail. Again examples are provided by the invariants of
the tautological permutation representation of the alternating group An in
the modular case ([25] Section 11, [83], and [93]). There is no irreducible
ideal in F z1 , . . . , zn whose intersection with F z1 , . . . , zn An is the ideal
e1 , . . . , en F z1 , . . . , zn An generated by the elementary symmetric
polynomials. In F z1 , . . . , zn An this ideal is regular, hence irreducible,
since it is a parameter ideal and F z1 , . . . , zn An is a complete intersec-
tion, so Cohen–Macaulay.

For a finite extension : A B of a pair of commutative graded connected
Gorenstein algebras and I A an A-primary irreducible ideal, if splits
as a map of A-modules, then the proof of Proposition VI.4.3 constructs for
each parameter ideal Q I a B-primary irreducible ideal J B, which
lies over I. Here is how to make this construction explicit.

CONSTRUCTIONVI.4.4CONSTRUCTIONVI.4.4CONSTRUCTIONVI.4.4CONSTRUCTIONVI.4.4CONSTRUCTIONVI.4.4: Let : A B be a finite extension of commu-
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tative graded connected Gorenstein algebras and I A an A-primary ir-
reducible ideal. Assume splits as a map of A-modules. Let Q I be a
parameter ideal for A. By Theorem I.2.1 Q : I = aQ + Q for some ele-
ment aQ A. To obtain an ideal JQ B lying over I set JQ= Qex : aQ B.
By construction JQ is B-primary and Proposition VI.4.3 assures us that JQ
lies over I. The ideal Qex B is a parameter ideal in B, so irreducible and
B-primary since B is Gorenstein. The ideal JQ is a B-primary over ideal of
Qex and Qex : JQ = aQ + Qex, so JQ is irreducible by Theorem I.2.1.

The ideals arising fromConstruction VI.4.4 play a central role in the sequel.
For this reason we introduce the following terminology.

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION: Let : A B be a finite extension of commutative graded
connected Gorenstein algebras and assume that splits as a map of A-
modules. If I A an A-primary irreducible ideal and Q I a parameter
ideal for A contained in I, then the ideal JQ obtained from Construction
VI.4.4 is called a fit extension of I to B.

Not every B-primary irreducible ideal lying over I need be fit. Here is a
simple example to illustrate this.

EXAMPLE 3EXAMPLE 3EXAMPLE 3EXAMPLE 3EXAMPLE 3 : Suppose that A = F x2 F x = B and I = A is the max-
imal ideal of A. The ideal J = x B lies over I, is B-primary and irre-
ducible. However it is not of the form a + Qex for any parameter ideal
Q of A and element a A since a + Qex cannot contain any nonzero
element of degree 1.

If F Y1 , . . . , Yn F X1 , . . . , Xn is a finite extension of polynomial al-
gebras then the m-primary regular ideals in F Y1 , . . . , Yn are irreducible.
The extension of such an ideal to F X1 , . . . , Xn is again regular and m-
primary, and Corollary VI.3.2 shows that the ordinary extension of such an
ideal is in fact fit.

We next show that fit extensions are unique.

PROPOSITIONVI.4.5PROPOSITIONVI.4.5PROPOSITIONVI.4.5PROPOSITIONVI.4.5PROPOSITIONVI.4.5: Suppose : A B is a finite extension of com-
mutative graded connected Gorenstein algebras and I A an A-primary
irreducible ideal. Suppose that splits by a map of A-modules. Then I has
a unique fit extension.

PROOFPROOFPROOFPROOFPROOF: Let Q , Q I be parameter ideals and aQ , aQ transition
elements for I over J and J respectively. Let JQ , JQ B be the fit
extensions of I defined by JQ = Q ex : aQ and JQ = Q ex : aQ .

Consider first the special case where Q Q . Then we may write Q =
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Q : a for some element a A using Theorem I.2.1. Therefore

Q : aQ = I = Q : aQ = Q : a : aQ = Q : aaQ .

So without loss of generality we may suppose that aQ = aaQ . Then

JQ = Q ex : aQ = Q ex : aaQ
= Q ex : a : aQ = Q : a ex : aQ = Q ex : aQ = JQ .

In the general case where Q and Q are arbitrary parameter ideals con-
tained in I we may choose a third parameter ideal Q that is contained in
both of them (e.g., Q = ak

1 , . . . , a
k
r for k large, where a1 , . . . , ar A

is any system of parameters). By what we just established JQ = JQ = JQ
and the fit extension is therefore unique.

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION: If : A B is an A-split finite extension of commutative
graded connected Gorenstein algebras and I A an A-primary irreducible
ideal then the unique fit extension of I to B is denoted by Ifit.

For an A-split finite extension A B of commutative graded connected
Gorenstein algebras the fit extension Ifit of an A-primary irreducible ideal
I A is a particular choice of B-primary irreducible of B lying over I. If
B is a free A-module and I A is an A-primary regular ideal then so is
Iex B and moreover Corollary VI.3.2 shows that Iex = Ifit. So we have
the following result.

COROLLARY VI.4.6COROLLARY VI.4.6COROLLARY VI.4.6COROLLARY VI.4.6COROLLARY VI.4.6: If : A B is an A-split finite extension of com-
mutative graded connected Gorenstein algebras and I A an A-primary
regular ideal then the unique fit extension of I to B is the ideal Iex.

Before discussing fit extensions in more detail we record some lemmas that
will be useful.

LEMMA VI.4.7LEMMA VI.4.7LEMMA VI.4.7LEMMA VI.4.7LEMMA VI.4.7: Suppose A is a commutative graded connected algebra
and K I L A are A-primary irreducible ideals. If

K : I = u + K

and

I : L = w + I

then

K : L = uw + K .

PROOFPROOFPROOFPROOFPROOF: By Theorem I.2.1 we have L= I : w so using basic properties
of : K from Section I.2 (to do so wemay harmlessly replace the principal
ideal w by the over ideal w + K of K without changing the outcome of
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the result) we have

K : L = K : I : w = K : I : w + K = w + K · K : I

= w + K · u + K = uw + K

as required.

LEMMA VI.4.8LEMMA VI.4.8LEMMA VI.4.8LEMMA VI.4.8LEMMA VI.4.8: Let A B be an A-split finite extension of commuta-
tive graded connected Gorenstein algebras and let I J A be A-primary
irreducible ideals. Suppose that I :

A
J = u + I for some u A. Then

Ifit :
B
Jfit = u + Ifit .

PROOFPROOFPROOFPROOFPROOF: Choose a parameter ideal Q I and a transition element aI A
for I over Q, i.e., Q : I = aI + Q. By Lemma VI.4.7 Q : J = uaI + Q.
Therefore

Jfit = Qex : uaI = Qex : aI : u = Ifit : u .
So the result follows from Theorem I.2.1.

LEMMA VI.4.9LEMMA VI.4.9LEMMA VI.4.9LEMMA VI.4.9LEMMA VI.4.9: Suppose : A B is an A-split finite extension of com-
mutative graded connected Gorenstein algebras. The passage from an
A-primary irreducible ideal I A to Ifit B preserves inclusions, i.e., if
I I A are A-primary irreducible ideals then I fit I fit.

PROOFPROOFPROOFPROOFPROOF: To see this choose a parameter ideal Q I and note that by
Lemma VI.4.7 we may also choose transition elements aQ and aQ for I
and I respectively such that aQ = aaQ where I : I = a + I . Then
I fit = Qex : aQ = Qex : aQa = Qex : aQ : a = I fit : a I fit.

Since the fit extension Ifit of I lies over I the map A/I B/Ifit induced by
the inclusion A B is also monic. The cokernel of the map A/I B/Ifit

is the algebra B/Ifit // A/I ≅ B/ Aex + Ifit . The case Aex = Afit is par-
ticularly attractive, since then Aex = Afit Ifit so this quotient algebra
B/Ifit // A/I is the Poincaré duality algebra B//A, and we obtain a coex-
act sequence of Poincaré duality algebras

F A/I B/Ifit B//A F

which is split. Let us analyze this situation a bit more carefully.

Suppose : A B is an A-split finite extension of commutative graded
connected Gorenstein algebras and I A an A-primary irreducible ideal
with Ifit = Iex. By Lemma VI.4.8 there is an element u A such that

I :
A
A = u + I
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and

Ifit :
B
Afit = u + Ifit .

Passing down to the quotient algebra A/I gives AnnA/I A/I = u so, since
A/I = A/I, we conclude from the definition of Poincaré duality that u rep-
resents a fundamental class of A/I. Passing down to B/Ifit tells us that
AnnB/Ifit Afit/Ifit = u . Since Afit/Ifit is the kernel of the natural map
B/Ifit B/Ifit Afit/Ifit ≅ B//A Corollary I.2.3 tells us that a Poincaré
dual u∨ to u in B/Ifit represents a fundamental class of B//A. Therefore

f dim B/Ifit =deg uu∨ =deg u +deg u∨ =f dim A/I +f dim B//A .

Hence we have proven the following result.

LEMMA VI.4.10LEMMA VI.4.10LEMMA VI.4.10LEMMA VI.4.10LEMMA VI.4.10: Suppose : A B is an A-split finite extension of
commutative graded connected Gorenstein algebras and that I A is an
A-primary irreducible ideal. If Ifit = Iex then

f dim B/Ifit = f dim A/I + f dim B//A .

Not every short coexact sequence of Poincaré duality algebras

F H H H F

satisfies the additivity formula

f dim H = f dim H + f dim H

of the preceding lemma: not even if the map is split as map of H -
modules. Here is an example to illustrate this.

EXAMPLE 4EXAMPLE 4EXAMPLE 4EXAMPLE 4EXAMPLE 4 : Let A = F X with X of degree 3 and B = F z with z of
degree 1. Define X = z3 and let I= X 2 A and J= z4 B. Both the
ideals I and J are m-primary and irreducible. The inclusion :A B splits
as a map of A-modules because B is a free A-module with basis 1 , z , z2. A
splitting map is given by sending 1 F z = B to 1 F X = A and both z
and z2 to zero. Note that J lies over I, so the sequence of Poincaré duality
quotient algebras11

F F X X 2 F z z4 F z z3 F ,

is coexact and splits as a sequence of F X / X 2 -modules. However, it is
not of the form considered in Lemma VI.4.10 since J = Ifit = Iex, and

3 = f dim F z z4 = f dim F X X 2 + f dim F z z3 = 3+2= 5,

11 This sequence corresponds to the cohomology exact sequence of the cofibration

CP 2 CP 3 S6

after regrading.
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so the additivity formula of Lemma VI.4.10 is not satisfied.

Short coexact sequences of Poincaré duality algebras with the additivity
property for formal dimensions have a special property expressed in the
next lemma.

LEMMA VI.4.11LEMMA VI.4.11LEMMA VI.4.11LEMMA VI.4.11LEMMA VI.4.11: Suppose that

F H H H F

is a coexact sequence of Poincaré duality algebras. If

f dim H + f dim H = f dim H

then H is a free H -module.

PROOFPROOFPROOFPROOFPROOF: The ideal H ex = ker H is irreducible and H-primary
by Lemma I.1.3. By Corollary I.2.2 there is a u H such that u =
AnnH H ex and H ex = AnnH u . Since H = H AnnH u Corol-
lary I.2.3 tells us that f dim H = f dim H − deg u . But f dim H =
f dim H − f dim H by hypothesis so it follows that deg u = f dim H .
If H H is a fundamental class then H annihilates H in H so

H annihilates H ex in H and therefore H u . As u and
H have the same degree and H is a multiple of u they must be

proportional, so they generate the same principal ideal in H. Therefore
AnnH H ex = H .

We may regard H = F ⊗H H as the vector space of H -indecomposable
elements in H. Therefore we may construct an epimorphism from the free
H module with the same indecomposables, viz., : H ⊗ H H , onto
H such that the induced map on indecomposables is the identity.

We claim that this map is an isomorphism. To prove this it is enough
to show it is a monomorphism which we do by downward induction on
the degree. It is certainly the case in degrees strictly larger than degree
d = f dim H = f dim H + f dim H as both modules are zero in such
degrees. In degree d it follows from the fact that is an epimorphism, and
dimF H ⊗ H d = 1 = dimF Hd .

So suppose that we have shown that is monic in all degrees strictly greater
than k for some k < d. Let

0 = hj ⊗ hj H ⊗ H

be a nonzero element of degree k written in an irredundant form: namely
no hj is a nonzero scalar multiple of an hi for i = j and likewise for the
elements {hj }. We consider two cases.
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CASECASECASECASECASE 1: There is an i such that deg hi < f dim H . Using Poincaré
duality we may find an element hi

∨ H such that

hj hi
∨ = H if i = j

0 otherwise.

Then deg hi
∨ > 0 and

hi
∨ hj ⊗ hj = hi

∨hi ⊗ hi = 0.

Since the degree of this element is > k we have

0 = hi
∨hi ⊗ hi = hi

∨ hj ⊗ hj = hi
∨ hj ⊗ hj

so hj ⊗ hj = 0.

CASECASECASECASECASE 2: Suppose deg hi = f dim H for all i. In this case, since the
representation is irredundant, we may write H ⊗ h for the element in
question. Then

H ⊗ h = H · 1 ⊗ h .
By construction of the element 1 ⊗H 1 ⊗ h = h is nonzero in H .
Let h ∨ H be a lift of a Poincaré dual in H for it. Then, since ker =
AnnH H ex = H , Corollary I.2.5 implies

H · 1 ⊗ h · h ∨ = H · 1 ⊗ h · h ∨ = H = 0

as 1⊗ h · h ∨ is a fundamental class for H . Hence H ⊗ h =0
in this case also.

PROPOSITIONVI.4.12PROPOSITIONVI.4.12PROPOSITIONVI.4.12PROPOSITIONVI.4.12PROPOSITIONVI.4.12: Suppose : A B is a finite extension of com-
mutative graded connected Gorenstein algebras and I A an A-primary ir-
reducible ideal. Assume that is split as a map of A-modules and Aex = Afit.
Then the sequence of Poincaré duality algebras

F A/I B/Ifit B//A F

is split coexact, B/Ifit is a free A/I-module, and

f dim B/Ifit = f dim A/I + f dim B//A .

PROOFPROOFPROOFPROOFPROOF: The discussion preceding Corollary I.2.5 shows f dim B/Ifit =
f dim A/I + f dim B//A so the result follows from Lemmas VI.4.10 and
VI.4.11.

A number of other properties are preserved by the passage I Ifit. For
the sake of completeness we close this section with a short list of a few of
these. Their proofs are no more difficult than those already presented in
Lemmas VI.4.7 and VI.4.8 and are left to the reader.
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(1) Since fitness preserves inclusions, both going up and going down
hold for fit extensions.

(2) Fitness is transitive: i.e., if A B C are finite extensions
of commutative graded connected Gorenstein algebras, where
splits as a map of A-modules and splits as a map of B-modules,
then Ifit fit = Ifit.

(3) If A B is a finite extension of polynomial algebras and the
ground field F has characteristic p, then fitness commutes with
the Frobenius, i.e., for an A-primary irreducible ideal I A we
have Ifit p = I p fit. That the ideal I p is A-primary and ir-
reducible is a consequence of Sharp’s theorem, Theorem II.6.5,
which requires the ambient algebra to be a polynomial algebra.

VI.5 Change of rings and inverse polynomials

In this section and the next we explain another12 reason why we have in-
troducedMacaulay’s theory of irreducible ideals using inverse polynomials.
Namely, we plan by these means to establish a number of change of rings
results for irreducible ideals using the lying over results of Sections VI.3
and VI.4.

The elements of the inverse polynomial algebra F X −1
1 , . . . , X −1

n −k of de-
gree −k define linear maps F X1 , . . . , Xn ∗ F X1 , . . . , Xn ∗−k in the fol-
lowing way: to the inverse monomial X −E , with exponent sequence E N0,
we assign the linear map ∩ X −E defined by

X F ∩ X −E = X F−E if F − E Nn
0

0 otherwise.

We call this the cocontraction pairing. For an arbitrary inverse polyno-
mial of degree −k the linear map ∩ is defined in the obvious way
by linear extension. If we restrict ∩ X −E to polynomials of degree E,
and identify F with the homogeneous component of F X1 , . . . , Xn of de-
gree 0, then the cocontraction pairing defines a linear form denoted by E .
The linear form defined on F X1 , . . . , Xn k corresponding to an arbitrary
inverse polynomial of degree −k is denoted by . The correspondence

allows us to identify F X −1
1 , . . . , X −1

n −k with the space of linear
forms on F X1 , . . . , Xn k .

12 The first reason was to introduce the computational tool of catalecticantmatrices which we
used for several computations in the text. Catalecticant matrices are discussed in Section VI.2
which contains several illustrative examples.
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If :F Y1 , . . . , Yn F X1 , . . . , Xn is a map of algebras passing to dual
vector spaces we obtain an induced map

∗ : F X −1
1 , . . . , X −1

n F Y −1
1 , . . . , Y −1

n

defined by assigning to F X −1
1 , . . . , X −1

n k the linear form

F Y1 , . . . , Yn k
k F X1 , . . . , Xn k F .

The maps , ∗, and the contraction pairing are related by the formula

f = ∗ f

or

f ∩ = f ∩ ∗

which holds for all f F Y1 , . . . , Yn of degree k and F X −1
1 , . . . , X −1

n
of degree −k.

Suppose that : F Y1 , . . . , Yn F X1 , . . . , Xn is a finite extension of
commutative graded connected polynomial algebras over the field F. This
means that Y1 , . . . , Yn F X1 , . . . , Xn is a regular sequence of max-
imal length in F X1 , . . . , Xn . Therefore F X1 , . . . , Xn Y1 , . . . , Yn
is a Poincaré duality algebra (see e.g. [86]). So the maximal ideal of
F Y1 , . . . , Yn extends to an irreducible m-primary ideal Y1 , . . . , Yn ex

in F X1 , . . . , Xn . Since Y1 , . . . , Yn F X1 , . . . , Xn is a regular se-
quence F X1 , . . . , Xn is a free module over F Y1 , . . . , Yn (see e.g. [87]
Theorem 6.2.3) and therefore the inclusion of algebras F Y1 , . . . , Yn
F X1 , . . . , Xn is split by a map of F Y1 , . . . , Yn -modules. Hence from
Proposition VI.4.5 every m-primary irreducible ideal I F Y1 , . . . , Yn
has a unique fit extension Ifit to an irreducible m-primary ideal in the alge-
bra F X1 , . . . , Xn . The inclusion : F Y1 , . . . , Yn F X1 , . . . , Xn in-
duces as above an epimorphism ∗ :F X −1

1 , . . . , X −1
n F Y −1

1 , . . . , Y −1
n ,

which can be used to compare the inverse system of I with that of Ifit. This
allows us to study how properties of the Poincaré duality quotient algebras
F Y1 , . . . , Yn I and F X1 , . . . , Xn Ifit relate to each other: particularly
in the presence of a Steenrod algebra action we can study how their Wu
classes relate.

PROPOSITIONVI.5.1PROPOSITIONVI.5.1PROPOSITIONVI.5.1PROPOSITIONVI.5.1PROPOSITIONVI.5.1: Let :F Y1 , . . . , Yn F X1 , . . . , Xn be a finite
extension, I F Y1 , . . . , Yn an m-primary irreducible ideal, and Ifit

F X1 , . . . , Xn its fit extension. If Ifit F X −1
1 , . . . , X −1

n generates the
inverse system of Ifit, then

∗ h ∩ Ifit F Y −1
1 , . . . , Y −1

n

generates the inverse system of I, where h F X1 , . . . , Xn represents a
fundamental class of F X1 , . . . , Xn Y1 , . . . , Yn .
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PROOFPROOFPROOFPROOFPROOF: The elements Y1 , . . . , Yn F X1 , . . . , Xn form a regular
sequence since the extension F Y1 , . . . , Yn F X1 , . . . , Xn is finite.
Therefore splits as a map of F Y1 , . . . , Yn -modules. Hence the sequence
of Poincaré duality algebras

F
F Y1 , . . . , Yn

I
F X1 , . . . , Xn

Ifit
F X1 , . . . , Xn
Y1 , . . . , Yn

F

is split coexact by Proposition VI.4.12 and

f dim
F X1 , . . . , Xn

Ifit
=f dim

F Y1 , . . . , Yn

I
+f dim

F X1 , . . . , Xn

Y1 , . . . , Yn
.

Therefore by Corollary I.2.5, if f F Y1 , . . . , Yn represents a fundamen-
tal class for F Y1 , . . . , Yn I, then f h F X1 , . . . , Xn represents a
fundamental class for F X1 , . . . , Xn Ifit. Hence f h ∩ Ifit = 0. Without
loss of generality we may suppose that f h∩ Ifit = 1. Choose a generator
I for the inverse system of I such that f ∩ I = 1. By Proposition VI.4.12

deg h ∩ Ifit = deg I ,

and since

f ∩ ∗ h ∩ Ifit = f ∩ h ∩ Ifit = f h ∩ Ifit = 1,

the inverse polynomial ∗ h ∩ Ifit F Y −1
1 , . . . , Y −1

n is nonzero. In fact
f ∩ ∗ h ∩ Ifit = 1 = f ∩ I .

We claim that the diagram

F Y1 , . . . , Yn k F X1 , . . . , Xn k

I h∩
Ifit

F F

commuteswhere k is the degree of f . To see this extend f = f1 to an F-basis
for F Y1 , . . . , Yn k , say f1 , f2 , . . . , fm , by choosing a basis f2 , . . . , fm
for ker I = Ik . The elements f2 h , . . . , fm h F X1 , . . . , Xn all
lie in Iex, and since Ifit Iex, they also lie in Ifit. Hence for i = 2 , . . . , m

∗ h∩ Ifit
fi = fi ∩ ∗ h ∩ Ifit = fi ∩ h ∩ Ifit = fi h ∩ Ifit

= 0 = I fi = fi ∩ I = I fi .

Therefore ∗ h ∩ Ifit agrees with I on all the basis elements f1 , f2 , . . . ,
fm and hence they define the same inverse polynomial.

We refer to Proposition VI.5.1 as the contravariant change of rings for-
mula13 for Macaulay inverses. We apply it to translate and generalize our

13There is also a covariant change of rings formula which appears naturally if Macaulay’s
theory is formulated in terms of local cohomology.
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formula for the Macaulay dual of a Frobenius power of an m-primary irre-
ducible ideal in a polynomial algebra on generators of degree 1 (see The-
orem II.6.6) to polynomial algebras on generators of arbitrary degrees.

Let F be a field of characteristic p=0. Recall from Section II.6 the notation
for the graded object regraded by setting

k = k/p if p divides k
0 otherwise.

We write f F X1 , . . . , Xn dp for the element corresponding to f
F X1 , . . . , Xn d . Note that F X1 , . . . , Xn = F X1 , . . . , Xn .
The map

: F X1 , . . . , Xn F X1 , . . . , Xn
defined by

f = f p ∀ f F X1 , . . . , Xn
is a map of algebras (apart from a possible Frobenius automorphism of the
ground field). In this way we obtain a finite extension

F X1 , . . . , Xn F X1 , . . . , Xn

of polynomial algebras over F.

Let I F X1 , . . . , Xn be an m-primary irreducible ideal. Then I
F X1 , . . . , Xn is also an m-primary irreducible ideal. Its extension to

F X1 , . . . , Xn is I p . There are two basic facts pertaining to this situation.

PROPOSITIONVI.5.2PROPOSITIONVI.5.2PROPOSITIONVI.5.2PROPOSITIONVI.5.2PROPOSITIONVI.5.2: Let F be a field of characteristic p = 0 and I
F X1 , . . . , Xn an m-primary irreducible ideal. Then I ex = I p = I fit.

PROPOSITIONVI.5.3PROPOSITIONVI.5.3PROPOSITIONVI.5.3PROPOSITIONVI.5.3PROPOSITIONVI.5.3: Let F be a field of characteristic p = 0 and I
F X1 , . . . , Xn an m-primary irreducible ideal. If I F X −1

1 , . . . , X −1
n

is a generator of the inverse system to I then X −1
1 · · · X −1

n
p−1 · I

p is a
generator for the inverse system to I p .

PROOFPROOFPROOFPROOFPROOF: The strategy of the proof is as follows: regard the inverse poly-
nomial X −1

1 · · · X −1
n

p−1 · I
p as a linear form on F X1 , . . . , Xn k p−1 +pd ,

where k = deg X1 + · · ·+deg Xn and d = f dim F X1 , . . . , Xn I . We
will show that I p

k p−1 +pd=ker X −1
1 · · · X −1

n
p−1 · I

p fromwhich the result
follows by Corollary I.3.3.

Note that F X1 , . . . , Xn I p is a Poincaré duality algebra of formal dimen-
sion k p − 1 + pd (cf. Theorem II.6.6). Therefore I p

k p−1 +pd is a codimen-
sion one subspace of F X1 , . . . , Xn k p−1 +pd . Since the inverse polynomial
X1 · · · X −1

n
p−1 · I

p is nonzero of degree k p − 1 + pd its kernel is also a
codimension one subspace of F X1 , . . . , Xn k p−1 +pd . Hence to establish
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the desired equality I p
k p−1 +pd = ker X −1

1 · · · X −1
n

p−1 · I
p it is enough to

show that X −1
1 · · · X −1

n
p−1 · I

p vanishes on I p
k p−1 +pd .

So suppose that f I p
k p−1 +pd . Choose generators f1 , . . . , fm for I. Then

we may find h1 , . . . , hm F X1 , . . . , Xn so that

f =
m

i=1

hi f
p
i .

If we rewrite each element hi as a sum of terms of the form X A · Hp where
H F X1 , . . . , Xn and A = a1 , . . . , an Nn

0 is an exponent sequence
with no entry larger than p − 1, then we see it is enough to show that

X A · H fi p ∩ X −1
1 · · · X −1

n
p−1 · I

p = 0.

Write F = H fi . If a1 , . . . , an = p − 1 then the preceding formula reduces
to Fp ∩ p

I = F ∩ I
p , which in the module of inverse polynomials is zero

since F Id and I vanishes on Id.

So suppose that ai < p −1 for some index 1 ≤ i ≤ n. Then deg X A < k p −1 ,
so since X A Fp has degree k p − 1 + pd, it must be the case that deg Fp >
pd so deg F > d = − deg I . Therefore deg F ∩ I > 0. Write F ∩ I as a
linear combination of monomials, viz.,

F ∩ I =
B B

B X B .

Then

Fp ∩ p
I =

B B

p
B X

pB

so each monomial X pB in this representation contains at least one variable
raised to a power at least equal to p. In the Laurent polynomial algebra
F X1 , . . . , Xn , X −1

1 , . . . , X −1
n we have

X −1
1 · · · X −1

n
p−1 · p

I · X A · Fp = X a1− p−1
1 · · · X an− p−1

n · p
I · Fp

=
B B

p
B X

pb1+a1− p−1
1 · · · X pbn+an− p−1

n .

This is a linear combination of monomials each of which contains a vari-
able raised to a strictly positive power. Each such monomial is zero in the
module of inverse polynomials, and hence so is the entire sum.

PROOF OF PROPOSITION VI.5.2PROOF OF PROPOSITION VI.5.2PROOF OF PROPOSITION VI.5.2PROOF OF PROPOSITION VI.5.2PROOF OF PROPOSITION VI.5.2: The equality I p = I ex is elemen-
tary. Let Q I be a parameter ideal and h a transition element for I over
Q, so

I = Q : h .
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By Proposition II.6.3

I p = Q p : hp .

Also Q I is a parameter ideal and

I = Q : h ,

where : denotes the ideal of quotients taken in F X1 , . . . , Xn .

Applying to the last equation gives the equalities of graded sets

I = Q : h = Q : h = Q : hp ,

where Q is the set of p-th powers of the elements in Q. Passing to
the ideals generated by these sets we obtain I p = Q p : hp which shows
that I p is the fit extension of I as required.

VI.6 Inverse systems and the Steenrod algebra

If the ground field is the Galois field Fq with q= p elements, then we have
seen in Part III that Fq V supports an additional structure: it is an unstable
algebra over the Steenrod algebra. Such algebras are prevalent throughout
algebraic topology and invariant theory over finite fields. For example the
Dickson algebra D n = Fq V GL n,Fq is such an algebra. We have made
many computations with the Poincaré duality quotients of Fq z1 , . . . , zn
by ideals generated by powers of Dickson polynomials and applied these
to the Hit Problem for Fq z1 , . . . , zn . We would like to be able to use
these same computations to study the Hit Problem for the corresponding
quotient of the Dickson algebra D n itself by the ideal generated by the
same polynomials. This is not as straightforward as it might seem. Already
at this elementary level some surprising new phenomena appear. It is our
intention to return to the many unexplored connections apparent here in
an ulterior investigation.

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 : Consider the Dickson algebra

D 2 = F2 x, y GL 2,F2 = F2 d2,0, d2,1

and recall that the action of the mod 2 Steenrod algebra is given by

Sq d2,1 = d2,1 + d2,0 + d22,1
Sq d2,0 = d2,0 1 + d2,1 + d2,0 .

The maximal ideal D 2 = d2,0, d2,1 in D 2 is certainly A ∗-invariant.
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Since the quotient algebra D 2 D 2
• d2,0d2,1

Sq2

d2,0•
Sq1

• d2,1
• 1

The algebra D 2 d22,0, d22,1

is just the ground field F2 it has triv-
ial Wu classes. However, for the quo-
tient algebra D 2 d22,0, d22,1 ofD 2
by the first Frobenius power D 2 2 =
d22,0, d22,1 of the maximal ideal one
has that Wu2 d22,0, d22,1 = d2,1, so
the algebra D 2 d2,0, d2,1 2 does
not have trivial Wu classes. Indeed,
as Sq1 = Sq1 , Sq2 = Sq2, and

Sq3 = Sq1Sq2 one has Sq3 = Sq2Sq1, so the graphic shows

Wu D 2 = 1+ d2,1 ,
and

Wu D 2 = 1+ d2,1 + d2,0 .

Therefore Corollary III.6.5 does not extend verbatim from Fq V to D n .
For another example of this sort see the example following Corollary VI.7.5.

This example also shows that S. A. Mitchell’s Theorem (see [60] Appen-
dix B or Corollary IV.2.3) does not generalize from P∗-subalgebras of
Fq z1 , . . . , zn to P∗-subalgebras of an arbitrary unstable polynomial al-
gebra. Namely F2 d22,0 , d22,1 is an A ∗-subalgebra of D 2 , but the quotient
D 2 d22,0 , d22,1 does not have trivial Wu classes.

In order to study the phenomena brought to light by this examplewe extend
Macaulay’s theory of inverse systems to deal with P∗-invariant m-primary
irreducible ideals in an unstable polynomial algebra Fq X1 , . . . , Xn where
the variables need not have degree 1. To do so we first need to define an ac-
tion of the Steenrod algebra on the inverse polynomials Fq X −1

1 , . . . , X −1
n

compatible with the F X1 , . . . , Xn -module structure needed for the dou-
ble annihilator correspondence. Here is one way to do so.

Let A be a commutative algebra over the Steenrod algebra which is an
integral domain. Denote by FF A the graded field of fractions of A (see
e.g. [87] Section 5.5). The key observation we need is that the Steenrod
algebra acts on FF A extending the action on A in a unique way. This is
a special case of a basic result of differential algebra [72] and as such has
nothing to do with the instability condition. For the sake of completeness
we record the simple proof from [106]. See [52] Proposition 1.14 for a
somewhat different proof.

PROPOSITIONVI.6.1PROPOSITIONVI.6.1PROPOSITIONVI.6.1PROPOSITIONVI.6.1PROPOSITIONVI.6.1: Let A be a commutative algebra over the Steenrod
algebra P∗ of the Galois field Fq . If S A is a multiplicatively closed
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subset of homogeneous elements, then there is a unique extension of the
P∗-algebra structure to the algebra S−1A obtained by formally inverting
the elements of S. In particular if A is an integral domain the P∗-algebra
structure extends uniquely to the graded field of fractions FF A .

PROOFPROOFPROOFPROOFPROOF: LetB∗ be the free graded associative algebra with unit over Fq

generated by the symbols Pi for i N with deg Pi = i q − 1 . We make
B∗ into a Hopf algebra via the coproduct given by

Pk =
i+j=k

Pi ⊗ Pj ,

with the convention that P0 = 1. There is a natural map of Hopf algebras
: B∗ P∗ given by Pi = P

i so by change of rings A becomes an
algebra over B∗. Let A be the formal power series algebra over A in
the variable of degree 1 − q. Define PPPPP : A A by

PPPPP a =
k≥0

Pk a k ∀ a A.

This is a homomorphism of Fq -algebras. An extension of the B∗-algebra
structure on A to S−1A would of necessity satisfy PPPPP b · PPPPP a/b = PPPPP a
in A for any a A and b S. If we regard this as an equation in the
unknown quantity PPPPP a/b it can be solved recursively on the degree. So
one obtains a formula that can be used to extend the definition of PPPPP to
a ring homomorphism PPPPP : S−1A S−1A . This gives us a B∗-algebra
structure on S−1A.

Next we exploit the grading to show that thisB∗-algebra structure induces
aP∗-algebra structure on S−1A. Let I B∗ be the kernel of the quotient
map : B∗ P∗. Then I annihilates A since A started out as a P∗-
algebra. If Q B∗ acts as a derivation then one finds by the quotient rule
for the B∗-action that Q a/b = bQ a − aQ b b2. Hence the deriva-
tions in I annihilate S−1A. Primitive elements inB∗ act as derivations, so
in particular the elements of I of minimal degree, being primitive, annihi-
late S−1A. By induction on the degree, using that higher degree elements
in I are primitive modulo lower degree elements we conclude that I an-
nihilates S−1A and recover a P∗-algebra structure on S−1A.

In the concrete case of Fq z1 , . . . , zn, z−1
1 , . . . , z−1

n , with the variables
z1 , . . . , zn all of degree 1, one obtains a P∗-algebra structure satisfying

PPPPP
1
zi

=
j=0

−1 j z j q−1 −1
i i = 1 , . . . , n .

Let Fq X1 , . . . , Xn be an unstable polynomial algebra over the Steenrod
algebra P∗. Then Proposition VI.6.1 allows us to extend the action of P∗
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on Fq X1 , . . . , Xn to Fq X1 , . . . , Xn, X −1
1 , . . . , X −1

n . The graded vector
space X F X1 , . . . , Xn , X −1

1 , . . . , X −1
n spanned by all Laurent monomi-

als X E where E = e1 , . . . , en = 0 , . . . , 0 and such that at least one of
e1 , . . . , en is positive is aP∗-submodule. Dividing out this submodule we
obtain a gradedP∗-module which we may identify with the module of in-
verse polynomials F X −1

1 , . . . , X −1
n . The proof of Theorem II.2.2 for dual

systems adapts to the context of inverse systems to yield that the inverse
system M I Fq X −1

1 , . . . , X −1
n of aP∗-invariant m-primary irreducible

ideal I in Fq X1 , . . . , Xn is a P∗-submodule, and conversely, a nonzero
P∗ Fq X1 , . . . , Xn -submodule of Fq X −1

1 , . . . , X −1
n that is cyclic as

Fq X1 , . . . , Xn -module has an m-primary irreducible P∗-invariant ideal
as annihilator. In short, Theorem III.2.1 holds with V replaced by
Fq X −1

1 , . . . , X −1
n . Moreover, after making this same replacement, the ar-

gument used to prove Theorem III.3.4 applies, and so we also have the
following theorem.

THEOREM VI.6.2THEOREM VI.6.2THEOREM VI.6.2THEOREM VI.6.2THEOREM VI.6.2: Let Fq X1 , . . . , Xn be an unstable algebra over the
Steenrod algebra P∗ and I Fq X1 , . . . , Xn a P∗-invariant m-primary
irreducible ideal. Let I Fq X −1

1 , . . . , X −1
n be a generator for the inverse

principal system, then PPPPP I = Wu I ∩ I and PPPPP I = Wu I ∩ I .

We next examine the analog of Theorem III.6.4 in this wider context.

THEOREM VI.6.3THEOREM VI.6.3THEOREM VI.6.3THEOREM VI.6.3THEOREM VI.6.3: Let Fq X1 , . . . , Xn be an unstable algebra over the
Steenrod algebraP∗ of the Galois field Fq with q= p elements, p a prime.
Suppose that I Fq X1 , . . . , Xn is aP∗-invariant m-primary irreducible
ideal. Then

Wu I q = Wu m q · Wu I q Fq X1 , . . . , Xn I q ,

and

Wu I q = Wu m q · Wu I q Fq X1 , . . . , Xn I q .

PROOFPROOFPROOFPROOFPROOF: Let I Fq X −1
1 , . . . , X −1

n be a generator for the inverse system
of I. By Proposition VI.5.3 the element X −1

1 · · · X −1
n

q−1 · I
q generates the

inverse system of I q . The element X −1
1 · · · X −1

n
q−1 of Fq X −1

1 , . . . , X −1
n

generates the inverse system of the ideal m q = X q
1 , . . . , X

q
n . Application

of Theorem VI.6.2 yields

PPPPP I q = PPPPP X −1
1 · · · X −1

n
q−1 · q

I

= PPPPP X −1
1 · · · X −1

n
q−1

PPPPP
q
I

= PPPPP X −1
1 · · · X −1

n
q−1

PPPPP I
q

= Wu m q ∩ X −1
1 · · · X −1

n
q−1 · Wu I q ∩ q

I
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= Wu m q · Wu I q ∩ X −1
1 · · · X −1

n
q−1 q

I

= Wu m q · Wu I q ∩ I q

from which the result follows by applying Theorem VI.6.2 one more time.
The formula for the conjugate Wu clases is proven analagously.

COROLLARY VI.6.4COROLLARY VI.6.4COROLLARY VI.6.4COROLLARY VI.6.4COROLLARY VI.6.4: Let Fq X1 , . . . , Xn be an unstable algebra over the
Steenrod algebraP∗ of the Galois field Fq with q= p elements, p a prime.
Then

Wu X qs
1 , . . . , X qs

n = Wu X q
1 , . . . , X

q
n

qs−1+···+q+1

and

Wu X qs
1 , . . . , X qs

n = Wu X q
1 , . . . , X

q
n

qs−1+···+q+1

for all s ≥ 1.

PROOFPROOFPROOFPROOFPROOF: It is enough to prove the formula for theWu classes as the proof
for the conjugate Wu classes is similar. The result is a tautology for s = 1
so we may proceed by induction on s. Suppose that the result has been
established for all integers r strictly less than s, and s > 1. Apply Theorem
VI.6.3 with I = m qs−1 to obtain from the induction hypothesis

Wu m qs = Wu m q · Wu m qs−1 q = Wu m q · Wu m q qs−2+···+q+1 q

= Wu m q · Wu m q qs−1+···+q2+q = Wu m q qs−1+···+q+1

as required.

Combining Theorem VI.6.3 with Corollary VI.6.4 we obtain by an induction
argument the following result for higher Frobenius powers.

COROLLARY VI.6.5COROLLARY VI.6.5COROLLARY VI.6.5COROLLARY VI.6.5COROLLARY VI.6.5: Let Fq X1 , . . . , Xn be an unstable algebra over
the Steenrod algebra P∗ of the Galois field Fq with q = p elements, p a
prime. Suppose that I Fq X1 , . . . , Xn is aP∗-invariant m-primary irre-
ducible ideal. Then Wu I qs =Wu m qs ·Wu I qs Fq X1 , . . . , Xn I qs

and Wu I qs = Wu m qs · Wu I qs Fq X1 , . . . , Xn I qs .

These results make clear that in the study of the Wu classes ofP∗-Poincaré
duality quotients of an unstable P∗-algbebra over the Galois field Fq the
first step is to determine the Wu classes Wu A/A qe of the quotients of A
by Frobenius powers of the maximal ideal A.



§7] CHANGE OF RINGS AND WU CLASSES 165

VI.7 Change of Rings and Wu Classes

Our goal in this section is to examine the behavior of the Wu classes for
a P∗-invariant ideal and its fit extension across a finite extension of poly-
nomial algebras. The phenomenon that appears here was first examined
by S. A. Mitchell and R. E. Stong in a different setting; see [61] Section
3. For simplicity we confine the discussion to the situation of a finite
extension : Fq X1 , . . . , Xn Fq z1 , . . . , zn where Fq X1 , . . . , Xn
is a polynomial algebra with the structure of an unstable algebra over
the Steenrod algebra, the variables z1 , . . . , zn are of degree 1, and
is a map of algebras over the Steenrod algebra. In view of the main re-
sult of [2] and Theorem 5.3.4 of [66] this is a sort of universal situation
since any unstable polynomial algebra Fq X1 , . . . , Xn admits an embed-
ding : Fq X1 , . . . , Xn Fq z1 , . . . , zn as unstable algebras making
Fq z1 , . . . , zn into a finitely generated module over Fq X1 , . . . , Xn .

Fix an unstable polynomial algebra Fq X1 , . . . , Xn over the Steenrod alge-
bra of the Galois field Fq . Suppose that I Fq X1 , . . . , Xn is an m-primary
irreducibleP∗-invariant ideal and Ifit Fq z1 , . . . , zn its fit extension to
Fq z1 , . . . , zn . Choose an integer s such that X qs

1 , . . . , X qs
n I and

write
X qs
1 , . . . , X qs

n : I = h + X qs
1 , . . . , X qs

n ,
where h Fq X1 , . . . , Xn . Then

X qs
1 , . . . , X qs

n
fit : Ifit = h + X qs

1 , . . . , X qs
n

fit

as ideals in Fq z1 , . . . , zn . By Theorem III.3.5 the element h becomes a
Thom class in the quotient algebra Fq X1 , . . . , Xn X qs

1 , . . . , X qs
n so we

may write

PPPPP h = w · h Fq X1 , . . . , Xn X qs
1 , . . . , X qs

n

for some w = 1 + w1 + · · · Fq X1 , . . . , Xn X qs
1 , . . . , X qs

n . The in-
duced map, namely

: Fq X1 , . . . , Xn X qs
1 , . . . , X qs

n Fq z1 , . . . , zn X qs
1 , . . . , X qs

n
fit ,

is a monomorphism so if we identify Fq X1 , . . . , Xn X qs
1 , . . . , X qs

n with
its image under we also have

PPPPP h = w · h Fq z1 , . . . , zn X qs
1 , . . . , X qs

n
fit .

From Theorem III.3.5 we obtain14

Wu I = w · Wu X qs
1 , . . . , X qs

n Fq X1 , . . . , Xn I

14Although this theorem is stated for the case of all variables being of degree 1 the proof
carries over to the more general case needed here.
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and

Wu Ifit = w · Wu X qs
1 , . . . , X qs

n
fit Fq z1 , . . . , zn Ifit .

The ideal X qs
1 , . . . , X qs

n Fq X1 , . . . , Xn is a regular ideal so its fit and
ordinary extensions are the same and F z1 , . . . , zn is a free module over
Fq X1 , . . . , Xn (see Corollary VI.4.6). Hence

Wu X qs
1 , . . . , X qs

n
fit = Wu X qs

1 , . . . , X qs
n

ex = Wu
Fq z1 , . . . , zn
X qs
1 , . . . , X qs

n
.

Since F X qs
1 , . . . , X qs

n is aP∗-subalgebra of F z1 , . . . , zn we may apply
Mitchell’s theorem (see Corollary IV.2.3) to conclude that

Wu X qs
1 , . . . , X qs

n
fit = 1 Fq z1 , . . . , zn X qs

1 , . . . , X qs
n

and hence also in Fq z1 , . . . , zn Ifit. This means w = Wu Ifit , so we
have proven the following result.

PROPOSITIONVI.7.1PROPOSITIONVI.7.1PROPOSITIONVI.7.1PROPOSITIONVI.7.1PROPOSITIONVI.7.1: Let : Fq X1 , . . . , Xn Fq z1 , . . . , zn be a
finite extension of unstable polynomial algebras over the Steenrod alge-
bra, where z1 , . . . , zn all have degree 1. If I Fq X1 , . . . , Xn is an m-
primary irreducible P∗-invariant ideal and s N0 is large enough so that
X qs
1 , . . . , X qs

n I, then

Wu I = Wu Ifit · Wu X qs
1 , . . . , X qs

n

and

Wu I = Wu Ifit · Wu X qs
1 , . . . , X qs

n

in Fq z1 , . . . , zn Ifit.

Following S. Mitchell and R. E. Stong [61] we note that if Fq X1 , . . . , Xn
is an unstable algebra over the Steenrod algebra P∗ of the Galois field Fq

with q = p elements, p N a prime, then Corollary VI.6.4 implies

Wu X qs+1
1 , . . . , X qs+1

n = Wu X q
1 , . . . , X

q
n

qs+···q+1

= Wu X q
1 , . . . , X

q
n

qs · Wu X qs
1 , . . . , X qs

n

in Fq X1 , . . . , Xn X qs+1
1 , . . . , X qs+1

n . Next observe that the quotient
map

Fq X1 , . . . , Xn i Fq X1 , . . . , Xn X qs+1
1 , . . . , X qs+1

n i

is an isomorphism for i < d qs −1 where d=min{deg X1 , . . . , deg Xn }.
Therefore, we may regardWui X qs

1 , . . . , X qs
n for i ≤ qs −1 as an element

of Fq X1 , . . . , Xn . Doing so, it therefore follows from the preceding for-
mula that Wui X qs+1

1 , . . . , X qs+1
n = Wui X qs

1 , . . . , X qs
n as elements
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of Fq X1 , . . . , Xn for i < qs. This allows us to make the following defini-
tion (cf. [61] Section 3).

DEFINITIONDEFINITIONDEFINITIONDEFINITIONDEFINITION: Suppose Fq X1 , . . . , Xn is an unstable algebra over the
Steenrod algebra P∗ of the Galois field Fq with q = p elements, p N
a prime. The total Mitchell–Stong element ms Fq X1 , . . . , Xn and the
total conjugate Mitchell–Stong element ms Fq X1 , . . . , Xn are the in-
homogeneous elements of Fq X1 , . . . , Xn

1 +ms1 Fq X1 , . . . , Xn + · · · +msi Fq X1 , . . . , Xn + · · ·

and

1 + ms1 Fq X1 , . . . , Xn + · · · + msi Fq X1 , . . . , Xn + · · ·

respectively, that are defined by the requirement that they satisfy

msi Fq X1 , . . . , Xn ≡ Wui X qs
1 , . . . , X qs

n mod X qs
1 , . . . , X qs

n

respectively,

msi Fq X1 , . . . , Xn ≡ Wui X qs
1 , . . . , X qs

n mod X qs
1 , . . . , X qs

n ,

for i < qs in Fq X1 , . . . , Xn i q−1 .

The following result taken from [61] Section 3 provides us with an estimate
of the Frobenius power needed to compute the conjugate Mitchell–Stong
element of an unstable polynomial algebra over the Steenrod algebra. We
include a proof as much for the reader’s convenience as to complete the
one in [61] which is given only for q = 2.

PROPOSITIONVI.7.2PROPOSITIONVI.7.2PROPOSITIONVI.7.2PROPOSITIONVI.7.2PROPOSITIONVI.7.2(Mitchell–Stong): Let Fq X1 , . . . , Xn be an unsta-
ble polynomial algebra over the Steenrod algebraP∗ of the Galois field Fq

with q = p elements, p N a prime. Then msi Fq X1 , . . . , Xn = 0 if
i > n

i=1 deg Xi − 1 .

PROOFPROOFPROOFPROOFPROOF: According to the preceding discussion we need to show that
the i-th conjugate Wu class of the Poincaré duality algebras Fq X1 , . . . , Xn

X qs
1 , . . . , X qs

n
is

zero if i > n
i=1 deg Xi − 1 and i < qs. Let Fq z1 , . . . , zn be the un-

stable polynomial algebra over P∗ with deg zi = 1 for i = 1 , . . . , n.
Choose an embedding : Fq X1 , . . . , Xn F z1 , . . . , zn of algebras
over the Steenrod algebra: this is possible by [2] and [66]. Note that
splits as a map of Fq X1 , . . . , Xn -modules: this is because the extension
is finite (loc. cit.) and hence X1 , . . . , Xn is a system of parameters
in F z1 , . . . , zn , hence a regular sequence, and therefore F z1 , . . . , zn
is a free F X1 , . . . , Xn -module.



168 MACAULAY’S INVERSE SYSTEMS AND APPLICATIONS [PART VI

For s N0 we have the coexact sequence

Fq
Fq X1 , . . . , Xn
X qs
1 , . . . , X qs

n

¯ Fq z1 , . . . , zn
X qs
1 , . . . , X qs

n
ex

Fq z1 , . . . , zn
X1 , . . . , Xn ex Fq

of Poincaré duality algebras. An F X1 , . . . , Xn -splitting of induces an
Fq X1 , . . . , Xn
X qs
1 , . . . , X qs

n
-splitting of and by Proposition VI.4.12

f dim
Fq z1 , . . . , zn
X qs
1 , . . . , X qs

n
ex

=f dim
Fq X1 , . . . , Xn

X qs
1 , . . . , X qs

n
+f dim

Fq z1 , . . . , zn
X1 , . . . , Xn

ex
.

Choose an element a Fq z1 , . . . , zn representing a fundamantal class
of Fq z1 , . . . , zn

X1 , . . . , Xn ex . Let bs = X qs−1
1 · · · X qs−1

n Fq X1 , . . . , Xn which represents a

fundamental class of Fq X1 , . . . , Xn
X qs
1 , . . . , X qs

n
. Then bs · a F z1 , . . . , zn represents

a fundamental class of Fq z1 , . . . , zn
X qs
1 , . . . , X qs

n
ex
by Corollary I.2.5. Let

Wui = Wui
Fq z1 , . . . , zn
X qs
1 , . . . , X qs

n
ex

.

If Wui is nonzero, then there is an element

c
Fq z1 , . . . , zn
X qs
1 , . . . , X qs

n
ex

such that

c · Wui bs = 0.

Note that F z1 , . . . , zn
X qs
1 , . . . , X qs

n ex
has trivial Wu classes by Mitchell’s theorem (see e.g.

Theorem IV.2.3, alternatively by Proposition IV.1.3 and Corollary III.6.5),
so by Proposition III.3.2

c · Wui bs = P
i c bs = P

i c · a bs · a

= c · P i a bs · a .

The largest value of i for which P
i a could be nonzero is

deg a = f dim
Fq z1 , . . . , zn
X1 , . . . , Xn ex =

n

i=1

deg Xi − 1

and the result follows.

As an example we compute the conjugate Mitchell–Stong element for the
mod 2 Dickson algebra D 2 .

EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1EXAMPLE 1 (Mitchell–Stong): Consider the Dickson algebra over the
field F2. By [20] we have D 2 = F2 d2,0, d2,1 where deg d2,0 = 3 and
deg d2,1 = 2. Hence by Proposition VI.7.2 msi D 2 = 0 for i > 3.
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The conjugate Mitchell–Stong classes
• d32,0d

3
2,1

Sq2 =Sq2

d32,0d
2
2,0 • Sq3 =Sq2Sq1

Sq1 =Sq1

• d2,1
.
.
.
• 1

The algebra D 2 d42,0, d42,1

of D 2 coincide with the conjugate
Wu classes of the quotient algebras
D 2 / D 2 2n for n satisfying 2n > 3.
Hence it suffices to compute the con-
jugate Wu classes of the quotient al-
gebra D 2 / D 2 4 . To this end we
note that direct computation shows
that the pattern of conjugate squar-
ing operations into the top degree of
the algebra D 2 d42,0 , d42,1 is as in
the adjacent graphic. In particular

Sq1 is zero into the top degree, as is Sq4 = Sq4 + Sq1Sq2Sq1, and
Sq5 = Sq4 Sq1 . One reads off this diagram and these relations

that Wu D 2 d42,0 , d42,1 is equal to 1 + d2,1 + d2,0 and therefore we
have shown that ms D 2 = 1 + d2,1 + d2,0 .

Using the Mitchell–Stong element we may restate Proposition VI.7.1 in the
following way.

PROPOSITIONVI.7.3PROPOSITIONVI.7.3PROPOSITIONVI.7.3PROPOSITIONVI.7.3PROPOSITIONVI.7.3: Let : Fq X1 , . . . , Xn Fq z1 , . . . , zn be a
finite extension of unstable polynomial algebras over the Steenrod alge-
bra, where z1 , . . . , zn all have degree 1. If I Fq X1 , . . . , Xn is an
m-primary irreducible P∗-invariant ideal then

Wu I = Wu Ifit · ms Fq X1 , . . . , Xn
and

Wu I = Wu Ifit · ms Fq X1 , . . . , Xn

in Fq z1 , . . . , zn Ifit.

There are two extreme cases of Proposition VI.7.3 of particular interest.

COROLLARY VI.7.4COROLLARY VI.7.4COROLLARY VI.7.4COROLLARY VI.7.4COROLLARY VI.7.4: Let : Fq X1 , . . . , Xn Fq z1 , . . . , zn be a fi-
nite extension of unstable polynomial algebras over the Steenrod algebra,
where z1 , . . . , zn all have degree 1. Suppose that I Fq X1 , . . . , Xn is
an m-primary irreducible P∗-invariant ideal and Ifit Fq z1 , . . . , zn its
fit extension to Fq z1 , . . . , zn . If

Wu Ifit · ms Fq X1 , . . . , Xn = 1

or, equivalently,

Wu Ifit · ms Fq X1 , . . . , Xn = 1

in Fq z1 , . . . , zn Ifit then Fq X1 , . . . , Xn I has trivial Wu classes.
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PROOFPROOFPROOFPROOFPROOF: This follows from the fact that

: Fq X1 , . . . , Xn I Fq z1 , . . . , zn Ifit

is monic and Proposition VI.7.3.

The same proof yields in addition the following.

COROLLARY VI.7.5COROLLARY VI.7.5COROLLARY VI.7.5COROLLARY VI.7.5COROLLARY VI.7.5: Let : Fq X1 , . . . , Xn Fq z1 , . . . , zn be a fi-
nite extension of unstable polynomial algebras over the Steenrod algebra,
where z1 , . . . , zn all have degree 1. Suppose that I Fq X1 , . . . , Xn
is an m-primary irreducible P∗-invariant ideal and Ifit Fq z1 , . . . , zn
its fit extension to Fq z1 , . . . , zn . If Ifit has trivial Wu classes, then
Wu I = ms Fq X1 , . . . , Xn as well as Wu I = ms Fq X1 , . . . , Xn
in Fq X1 , . . . , Xn /I.

Example 1 of Section III.3 falls nicely under Corollary VI.7.4. In that
example we saw that the total Wu•d2,1

•1
The algebra D 2 d2,0, d22,1

class of F2 x, y d2,0, d22,1 turned
out to be 1 + d2,1. The Mitchell–
Stong element of the Dickson algebra
D 2 = F2 x, y GL 2,F2 was computed

in Example 1 and we found ms D 2 = 1+d2,1 + d2,0. Hence for the total
Wu class of the quotient algebra D 2 d2,0, d22,1 Corollary VI.7.4 yields
1 + d22,1 = 1, which is pretty obvious as the accompanying graphic shows.

VI.8 The Hit Problem for the Dickson and other algebras

We begin this last section with a generalization of Proposition III.5.3 which
allows us to connect up the Hit Problem for P∗-unstable polynomial alge-
bras with Wu classes of Poincaré duality quotients.

PROPOSITIONVI.8.1PROPOSITIONVI.8.1PROPOSITIONVI.8.1PROPOSITIONVI.8.1PROPOSITIONVI.8.1: Let Fq X1 , . . . , Xn be a P∗-unstable polyno-
mial algebra, I Fq X1 , . . . , Xn a P∗-invariant m-primary irreducible
ideal. Assume that Fq X1 , . . . , Xn Fq X1 , . . . , Xn I, the correspond-
ing P∗-Poincaré duality quotient, has trivial Wu classes. Regard a genera-
tor I−1 Fq X −1

1 , . . . , X −1
n of the inverse principal system as a linear

form on F X1 , . . . , Xn d , where d = f dim Fq X1 , . . . , Xn I . If a mono-
mial XD represents a fundamental class of Fq X1 , . . . , Xn I then XD

is P∗-indecomposable. Furthermore, if X E is P∗-equivalent to XD then
X E also represents a fundamental class. Therefore supp is a union of
P∗-equivalence classes ofP∗-indecomposable monomials.
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PROOFPROOFPROOFPROOFPROOF: Translate the proof of Proposition III.5.3 from the language of
dual systems to that of inverse systems using the results of Sections VI.1
and VI.6.

We examine the consequences for the Dickson algebra. Note that a reg-
ular15 ideal I D n is closed under the action of the Steenrod algebra
if and only if the extended ideal Iex Fq z1 , . . . , zn is closed under the
action of the Steenrod algebra. This means that in the special case q = 2
we have directly from Proposition V.4.1 the following complete list of A ∗-
invariant ideals in D n generated by powers of Dickson polynomials.

PROPOSITIONVI.8.2PROPOSITIONVI.8.2PROPOSITIONVI.8.2PROPOSITIONVI.8.2PROPOSITIONVI.8.2: Let the ground field be F2, and let n, a0 , . . . ,
an−1 N. For k = 0 , . . . , n − 1 write ak = bk · 2sk with bk odd. Then the
ideal

d a0 , . . . , an−1 = da0n,0, d
a1
n,1 , . . . , d

an−1
n, n−1 D n

is A ∗-invariant if and only if 2sk ≥ ak−1 for k = 1 , . . . , n − 1.

Let d a0 , . . . , an−1 = da0n,0 , . . . , d
an−1
n, n−1 D n be invariant under the

action of the Steenrod algebra P∗. Example 1 in Section VI.6 shows
that it need not be the case that D n d a0 , . . . , an−1 has trivial Wu
classes if Fq z1 , . . . , zn d a0 , . . . , an−1 does. To the contrary, Corol-
lary VI.7.5 shows that there is a correction term needed, namely the con-
jugate Mitchell–Stong element of D n . According to [61] this correction
term (see also Example 1 in Section VI.7) for q = 2 is

ms D n = 1+ dn,0 + · · · + dn, n−1
n−1 F2 z1 , . . . , zn .

This leads to a shift in the indices a0 , . . . , an−1 for which the quotient
D n d a0 , . . . , an−1 has trivial Wu classes as opposed to those for which
the corresponding quotient Fq z1 , . . . , zn d a0 , . . . , an−1 has trivial
Wu classes. For q = 2 and a small number of variables we may combine
this with Corollaries V.1.7 and V.3.6 to determine the A ∗-invariant ideals
with trivial Wu classes. This includes the solution to the Hit Problem for
the Dickson algebras D 2 and D 3 (see [81] Lemmas 9.2 through 9.5 for
D 2 and [33] Theorem 2.6 for D 3 ).

15 If A B is an extension of unstable algebras over the Steenrod algebra and I A is aP∗-
invariant ideal, then so is the ideal Iex B. The converse is however problematic: here is
why. If J A is an ideal and Jex B isP∗-invariant, then of course so is Jex ∩ A. However,
it may happen that J Jex ∩ A. In other words, Jex ∩ A may well contain elements not
present in J, which a priori, could be of the form P

i a for some a J. In the case A and B
are polynomial algebras, and J is A-primary and regular, then Jex = Jfit, so Jex lies over J,
and therefore J = Jex ∩ A is P∗-invariant.
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THEOREM VI.8.3THEOREM VI.8.3THEOREM VI.8.3THEOREM VI.8.3THEOREM VI.8.3: An ideal d a, b = da2,0, db2,1 D 2 is invariant un-
der the action of the mod 2 Steenrod algebra A ∗ if and only if when we
write b =2 · c with c odd, then a ≤ 2 . The quotient algebra D 2 d a, b
has trivial Wu classes if and only if a = 1 and b = 2s . Hence the images
of the monomials d2s−12,1 for s ≥ 0 in F2 ⊗A ∗ D 2 provide an F2-vector space
basis for the A ∗-indecomposable elements.

PROOFPROOFPROOFPROOFPROOF: By Proposition VI.8.2, if we write b = 2 · c with c odd, then
a ≤ 2 . In addition, if we choose m N0 such that 2m ≤ c ≤ 2m+1 − 1 then

Wu d a, b ex = 1 + d2,1 + d2,0 2 −a · 1 + d22,1
2m+1− c+1

by Corollary V.1.7. Since d a, b D 2 is a regular ideal its fit and ordi-
nary extensions coincide by Corollary VI.3.2 and Construction VI.4.4. By
Proposition VI.7.1 and Example 1 in Section VI.7 we therefore obtain

Wu d a, b = Wu d a, b fit · ms D 2

= 1 + d2,1 + d2,0 2 −a+1 · 1 + d22,1
2m+1− c+1 ,

where :D 2 F2 x, y is the canonical inclusion. Hence d a, b D 2
has trivial Wu classes if and only if

✣ 1 = 1+ d2,1 + d2,0 2 −a+1 · 1 + d22,1
2m+1− c+1 .

In order that the expansion of the first term contribute no nonzero term of
the form di2,0 it must be the case that the exponent 2 − a + 1 is power of
2 times an odd integer, say

2 − a + 1 = 2t · k

for some k, t N0, k odd. If 2t < 2 then

2t < 2 ≤ 2 · c = b.

So the right hand side of ✣ contains the term d2t2,1 which does not belong
to d a, b and in this case the ideal d a, b D 2 cannot have trivial
conjugate Wu classes. Therefore t = and so a = 1 = k.

If we substitute a = 1 back into the formula ✣ for the conjugate Wu
classes to be trivial we find

1 = 1 + d22,1
2m+1−c .

Since c is odd the expansion of the right hand side contains the term d22,1
which belongs to d2,0, db2,1 D 2 if and only if 2 ≥ b, i.e., if and only if
c = 1. So if an ideal d a, b has trivial Wu classes in D 2 then a = 1 and
b = 2 .

On the other hand if a = 1 and b = 2 then we may choose m = 0 and
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formula ✣

Wu d 1, 2 = 1+ d2,1 + d2,0 2 · 1 + d2,1 2−2

= 1 + d2,1 + d2,0 2 = 1 + d22,1 + d22,0
= 1 mod d 1, 2

completing the proof.

THEOREM VI.8.4THEOREM VI.8.4THEOREM VI.8.4THEOREM VI.8.4THEOREM VI.8.4: Let a0, a1, a2 N and write ai = 2si · bi with bi odd,
i = 0, 1, 2. The ideal d a0, a1, a2 = da03,0, d

a1
3,1, d

a2
3,2 D 3 is A ∗-in-

variant if and only if 2s1 ≥ a0 and 2s2 ≥ a1. The Poincaré duality algebra
D 3 d a0, a1, a2 has trivial Wu classes if and only if

(i) a0, a1, a2 = 1, 1, 2t for some t N0, or
(ii) a0, a1, a2 = 2, 2s , 2r − 2s for some r > s N.

The image in D 3 A ∗ of the monomials d2t−13,2 , d3,0 · d2s−13,1 · d2r−2s−1
3,2 such that

t N0 and r > s N are an F2 basis.

PROOFPROOFPROOFPROOFPROOF: Either by direct computation as in Example 1 of Section VI.7
or from [61] we have that

ms D 3 = 1+ d3,2 + d3,1 + d3,0 2 .

Since the ideal d a0, a1, a2 D 3 is A ∗-invariant by Proposition VI.8.2
we have

a0 ≤ 2s1 and a1 ≤ 2s2 ,
where ai=2si · bi with bi odd for i=0, 1, 2. Moreover, since d a0, a1, a2 is
a regular ideal its fit and usual extension to F2 x, y, z coincide by Corollary
VI.3.2 and Construction VI.4.4.

Choose a large power of 2, say 2r . By Corollary V.3.6

Wu da03,0, d
a1
3,1, d

a2
3,2

= 1+ d3,2 + d3,1 + d3,0 2r−a0 · 1 + d3,2 + d3,1 2r−a1 · 1+ d3,2 2r−a2 ,

so if we apply Proposition VI.7.1 we obtain that

✠ 1 + d3,2 + d3,1 + d3,0 2r−a0+2 · 1 + d3,2 + d3,1 2r−a1 · 1 + d3,2 2r−a2

is the image of the total conjugate Wu class of the ideal d a0, a1, a2
D 3 regarded as an element of F2 x, y, z under the natural inclusion
D 3 F2 x, y, z . This product must yield 1 in the quotient algebra
F2 x, y, z d a0, a1, a2 for the ideal d a0, a1, a2 D 3 to have trivial
Wu classes.

Reasoning as in the proof of Theorem VI.8.3 the expansion of ✠ contains
a power of d3,0 unless 2r − a0 + 2 is an odd multiple of a power of 2, say
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2r − a0 + 2 = 2t0 · k0, with 2t0 ≥ a0 and k0 odd. Since r is large it follows
that 2t0 divides 2r and hence also a0 − 2. If a0 = 2, since 2t0 ≥ a0 it must be
the case t0 = 0. If t0 = 0 then the expansion of ✠ will contain the term
d3,0, so for d a0, a1, a2 D 3 to have trivial Wu classes forces a0 = 1.

To summarize: if d a0, a1, a2 D 3 has trivial Wu classes then a0 = 1
or a0 = 2.

CASECASECASECASECASE: a0 =1. In this situation the formula for the conjugate Wu classes
simplifies to

1 + d3,2 + d3,1 2r+1+1−a1 · 1 + d3,2 2r−a2 .
In order that the expansion not contain nonzero powers of d3,1 we need
that

2r+1 + 1 − a1 = 2t1 · k1
with k1 N odd and 2t1 ≥ a1. Since 2t1 divides 2r+1 it must divide a1 − 1.
As 2t1 ≥ a1 this is only possible if a1 = 1. This means the formula for the
conjugate Wu classes further simplifies to

1 + d3,2 2r+1+2r−a2

since both a0 and a1 are 1. Reasoning as before, this expansion will contain
nonzero powers of d3,2 unless

2r+1 + 2r − a2 = 2t2 · k2

with k2 N odd and 2t2 ≥ a2. Since 2t2 divides 2r+1 and 2r it must also
divide a2. As 2t2 ≥ a2 this can only happen if a2 = 2t2 . Therefore an ideal
d a0, a1, a2 D 2 with trivial Wu classes and a0 = 1 must be as in state-
ment (i) of the theorem. As the preceding analysis shows these ideals in-
deed have trivial conjugate Wu classes.

CASECASECASECASECASE: a0 = 2. The formula for the conjugate Wu classes of the ideal
d 2, a1, a2 simplifies to

1 + d3,2 + d3,1 2r+1−a1 · 1 + d3,2 2r−a2 .

As before, in order that no nonzero powers of d3,1 appear in the expansion
we must have

2r+1 − a1 = 2t1 · k1
where k1 N is odd and 2t1 ≥ a1. Using that 2t1 divides 2r+1 we see that 2t1
also divides a1 so in fact a1 = 2t1 . Given this, the formula for the conjugate
Wu classes simplifies to

1 + d3,2 2r+1+2r−2t1−a2 .

For the conjugate Wu classes to be trivial we must have

2r − 2t1 − a2 = 2t2 · k2
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with k2 N odd and 2t2 ≥ a2. Then 2t2 must divide 2t1 + a2, and since
2t1 = a1 ≤ 2s2 ≤ a2 this can only happen if 2t1 + a2 = 2t2 , i.e., a2 = 2t2 − 2t1 .
Thus those ideals d a0, a1, a2 D 3 with a0 = 2 and trivial Wu classes
are exactly those listed in statement (ii) of the theorem.

We have found no simple construction on ideals in D n analogous to the
Frobenius power operator that produces newA ∗-invariant ideals with triv-
ial Wu classes from old ones. In the general case one needs to multiply the
formula of Theorem V.4.3 with the conjugate Mitchell–Stong element and
redo the computations leading up to the proof of Theorem V.4.7.

In a completely analogous fashion we could obtain results for the Hit Prob-
lem for F2 w2, w3, w4 = H∗ BSO 4 ;F2 from the results of Section V.5.
In this manner one would obtain alternative proofs of results in [109] and
[36].
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[44] K. Kuhnigk, Poincarédualitätsalgebren, Koinvarianten, und Wu Klassen, Dok-
torarbeit, Universität Göttingen, 2003.

[45] E. Kunz, Characterizations of Regular Local Rings for Characteristic p, Am.
J. Math. 91 (1969), 772–784.



180 REFERENCES

[46] G. I. Lehrer, A New Proof of Steinberg’s Fixed-Point Theorem, Int. Math. Res.
Notices 28 (2004), 1407–1411.

[47] T.-C. Lin, Coinvariants of Pseudoreflection Groups, Göttingen: Cuvillier Verlag,
2003.

[48] F. S. Macaulay, On the Resolution of a given Modular System into Primary
Systems, Math. Ann. 74 (1913), 66–121.

[49] F. S. Macaulay, The Algebraic Theory of Modular Systems, Camb. Math. Lib.,
Cambridge: Cambridge University Press, 1916 (reissuedwith an introduction
by P. Roberts 1994).

[50] F. S. Macaulay, Modern Algebra and Polynomial Ideals, Proc. Cambridge Phi-
los. Soc. 30 (1934), 27–46.

[51] W. S. Massey and F. P. Peterson, The Cohomology Structure of Certain Fibre
Spaces I, Topology 4 (1965), 47–65.

[52] B. H. Matzat, Differential Galois Theory in Positive Characteristic, Notes writ-
ten by J. Hartmann, IWR Universität Heidelberg, Preprint 2001-35.

[53] D. M. Meyer, Injective Objects in Categories of Unstable K -modules, Bonn.
Math. Schriften 316 (1999).

[54] D. M. Meyer, Hit Polynomials and Excess in the Mod p Steenrod Algebra,
Proc. Edinburgh Math. Soc. (2) 44 (2001), 323–350.

[55] D. M. Meyer, Stripping and Conjugation in the Mod p Steenrod Algebra and
its Dual, Homology, Homotopy, and Appl. 2 (2000), 1–16 (electronic).

[56] D. M. Meyer and L. Smith, Realization and Nonrealization of Poincaré Duality
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Notation

General
indicates the end of a proof, or that the proof of what has been stated is
left to the reader

E, F Kronecker delta symbol, i.e., 1 if E = F and 0 otherwise
X number of elements in the set X
a=deg a the degree of the homogeneous element a in a graded object
a °= b means a and b are nonzero multiples of each other
n , n for n N are defined by n=2 n · n where n , n N
and n is odd

i n is the i-th digit in the binary expansion of n so n = i=0 i n 2i

an arbitrary object of a specified category

Set Theory
subset
subset or equal
proper subset
an injective map

Rings, Fields, and Vector Spaces
N = {1, 2, 3 , . . . , }, the natural numbers
N0 = {0, 1, 2 , . . . , }, the nonnegative integers
Z = { , . . . , −2, −1, 0, 1, 2 , . . . , }, the ring of integers
Z/m the integers modulo m, cyclic group of order m
Q the field of rational numbers
R the field of real numbers
C the field of complex numbers
Fq the field with q elements (q = p , p N a prime)
F× the group invertible elements in the field F with respect to multiplication

185



186 NOTATION

V ∗ dual vector space of V , if F is the ground field then V ∗ = HomF V , F
PF n projective space of dimension n, i.e., the set of 1-dimensional sub-

spaces of Fn+1

P V projective space of V , i.e., the set of 1-dimensional subspaces of V
is the graded object regraded so kp = k , and 0 otherwise, where

p is the characteristic of the ground field

Groups
GL n, F the group of n × n invertible matrices over F
SL n, F subgroup of GL n, F of matrices A with detA = 1
Uni n, F unipotent subgroup of GL n, F
n the symmetric group of the n-element set

sgn : n Z/2 the signum character of n

sgn the sign of the permutation n

G order of the group G
G : H the index of the subgroup H in G
GL V I for an ideal I F V is the subgroupGL V I= T GL V T I = I

Algebras: Their Elements and Ideals
Iex is the extended ideal of I A to an overring B A
I qs q s-th Frobenius power of the ideal I
F V algebra of homogeneous polynomial functions on the vector space V
S V symmetric algebra on the vector space V
V divided power algebra on the vector space V

k divided power operation on V
f ∩ the action of f F V on V
M for V is the F V -submodule generated by
I⊥ dual system in V of an ideal I F V
I−1 inverse system in F X −1

1 , . . . , X −1
n of an ideal I F X1 , . . . , Xn

I generator for the dual principal system of an F V -primary irreducible
ideal I F V

Cat i, j is the i, j -th catalecticant matrix associated to F X1 , . . . , Xn
zE = ze11 · ze22 · · · zenn a monomial in z1 , . . . , zn , E is called the exponent

sequence
E element of V dual to zE with respect to the monomial basis
ei i-th elementary symmetric polynomial
wi i-th Stiefel–Whitney class
D n Dickson algebra in n variables over a Galois field
dn, i i-th Dickson polynomial in n variables over a finite field
Ln Dickson–Euler class, characterized by Lq−1

n = dn,0 Fq z1 , . . . , zn
d k0 , . . . , kn ideal of Fq z1 , . . . , zn generated by dk0n,0 , . . . , d

kn−1
n, n−1

Dn = deg dn,0 , . . . , deg dn, n−1 Nn
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Dn the n orbit of Dn Nn under the permutation action
A augmentation ideal of the algebra A
m the maximal ideal of the algebra under discussion
A≥k denotes the ideal of all elements in A whose degree is greater than or

equal to k
B//A = F ⊗A B where B is an algebra over the algebra A
F V G algebra of invariants of G GL V , V = Fn

h G Hilbert ideal of G, viz., ideal in F V generated by F V G

F V G algebra of coinvariants of G, viz., F V h G = F ⊗F V G F V
AnnX Y the annhilator in X of Y
over I the set of ideals J that contain I

the self map of over I defined by J = I : J , an involution if I is
A-primary and irreducible

a W the little ancestor ideal of W for W Ad of codimension one
A W = a W + A≥d+1 the big ancestor ideal of W
H #H connected sum of the Poincaré duality algebras H and H
I for 0 = : F V d F is the big ancestor ideal of ker
supp for V is {zD D = deg and zD = 0}
P periodicity operator defined on F z1 , . . . , zn by P f = z1 · · · zn q−1 f q

P periodicity operator defined on V by P = q−1 u1 · · · q−1 un q

Steenrod Algebra and Wu Classes
P∗ Steenrod algebra over a Galois field
P∗∗ = i=0P

i

A ∗ Steenrod algebra over the field F2

A ∗∗ = i=0 A
i

P
i i-th Steenrod reduced power operation over a Galois field

Sqi i-th Steenrod squaring operation over the field F2

PPPPP = 1+ P
1 + · · · + P

k + · · · P∗∗

Sq = 1+ Sq1 + · · · + Sqk + · · · A ∗∗

Qi = Sq dn, i
= 1+ dn, n−1 + · · ·+ dn, i+1 dn, i−1 + · · ·+ dn,0 + dn, i 1+ dn, n−1 + · · ·+ dn, i
: P∗ P∗ the canonical anti-automorphism of P∗

Wuk H , Wu H k-th Wu class respectively k-th conjugate Wu class of
the P∗-Poincaré duality algebra H

Wu H , Wu H total Wu class respectively total conjugate Wu class of the
P∗-Poincaré duality algebra H

Wuk I , Wu I for a P∗-invariant Fq V -primary irreducible ideal I
Fq V the k-th Wu class respectively k-th conjugate Wu class of theP∗-
Poincaré duality algebra Fq V I

Wu I , Wu I for a P∗-invariant Fq V -primary irreducible ideal I
Fq V the total Wu class respectively total conjugate Wu class of the



188 NOTATION

P∗-Poincaré duality algebra Fq V I
ms=1+ms1 + · · · total Mitchell–Stong element of an unstable polynomial

algebra over P∗

ms = 1+ ms1 + · · · total conjugate Mitchell–Stong element of an unsta-
ble polynomial algebra over P∗

F V P∗ module of P∗-indecomposable elements
V P∗

subalgebra of P∗-invariants in V

Topology
H∗ X ;F denotes the cohomology of the space X with coefficients in F
Sd the d-dimensional sphere
RP k the k-dimensional real projective space
CP k the k-dimensional complex projective space, a real 2k-dimensional

manifold
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dn,0 , . . . , dn, n−1
⊥ 88

2-adic expansion 102
2-adic valuation 111–112
∩-product 35, 36

56, 58
Wuk 61
s, t 101
75–76

-operations 33, 71
Ā-primary 19

50
PPPPP 56

14, 15–16, 41, 95
Dn 88, 89
G-set 25
p-adic expansion 34
Wuk 60
A ∗ 54
A ∗-equivalent 75
A ∗-indecomposable 6, 73, 93, 139
A ∗-invariant 64, 97, 105, 109
P∗ 54
P∗ Double Annihilator Theorem.

See Double Annihilator Theorem,
P∗-version

P∗-absorbing 67

P∗-decomposable 65
P∗-equivalence class 68
P∗-equivalent 65
P∗-indecomposable 65, 170–171
P∗-invariant 65
P∗-invariant ideal. See ideal,P∗-

invariant
P∗-invariant subalgebra. See subal-

gebra,P∗-invariant
P∗∗ 56
P

k dn, i 82
Sq 64, 94
Sq d2,0 94, 96
Sq d2,1 94, 96–97
Sq dn, k 109
Dn 88, 89
m-primary ideal 51
D 2 160, 168, 170, 172
D 3 173
D n 81, 85, 160, 171
d2,0 41–42, 63–64, 94, 99, 160
d2,1 41–42, 63–64, 94, 99, 160
dn,0 83
dn, i 81, 82
Ln 83, 85
P 49, 71, 74, 77

189
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absorbing subspace 67–68
Adem–Wu relations 109
ancestor ideal 17–18, 38–39, 133
ancestor ideal, big 17, 18, 21, 76,

137
ancestor ideal, little 17, 137–138
augmentation ideal 9, 42

big ancestor ideal. See ancestor
ideal, big

bilinear pairing 10
binomial coefficient 98
block parameters 118, 121
boundedness conjecture 74

canonical anti-automorphism 56,
58

Cartan formula 86
catalecticant 39, 133, 136, 137–

140, 155
catalecticant equations 137
catalecticant matrix 7, 76, 78, 136
Cauchy–Frobenius lemma 23, 24
change of rings 7, 155, 157, 162
characteristic classes 60
cocommutative 65
cocontraction pairing 155
codimension one subspace 18–19,

158
coexact 50, 51, 86–87, 151–153,

157
coexact sequence. See coexact
cofactor matrix 41, 84, 91
cofibration 152
Cohen–Macaulay 145
Cohen–Macaulay algebra 12
cohomology 95
coinvariants 81, 86
complete intersection 2, 11, 141
comultiplication 32
conjugacy class 27
conjugate Mitchell–Stong element

167
conjugate Wu class, total 61, 64,

117
conjugate Wu classes 61, 62, 97,

108–109, 167

conjugate Wu classes, k-th 61
conjugate Wu classes, trivial 61, 62
connected sum 11, 49, 69, 138, 141
contraction pairing 36, 67
coproduct 32
Cramer’s rule 43
cup-product 53
cyclic 48

degree one 17
diagonal 32
Dickson algebra 7, 81, 85, 87, 160,

168, 170–173
Dickson algebra, fractal of 87
Dickson coinvariants 6, 83, 85
Dickson polynomial 6, 41, 63, 81–

82, 85, 94–96, 100, 105
Dickson polynomial, formulae for

82
Dickson polynomial, power of 93,

95–96, 105, 107–109
Dickson-Euler class 83
differential operator 53
divided power algebra 5, 32
divided power operation 32, 33, 38
divided powers. See divided power

operation
double annihilator 12
Double Annihilator Theorem 5, 37,

58, 65, 134–135
Double Annihilator Theorem,P∗-

version 59, 67
double duality 10
dual principal system 5, 37, 40, 42–

44, 49, 62, 89, 135
dual system 5, 12, 31, 35, 37, 47–49

elementary symmetric polynomial
42–43, 81

expansion, dyadic 120

finite extension 146, 148, 150–151,
155–156, 158, 165, 169–170

finite type 1
fit 149
fit extension 149, 150–151, 156,

165, 169–170
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fitness 154
flat 44–45
formal dimension 1, 9, 17–18, 23
fractal 87
Frobenius automorphism 158
Frobenius functor 44, 51
Frobenius homomorphism 5, 45, 53
Frobenius operator 72
Frobenius periodicity 96, 99
Frobenius power 31, 41, 44, 64, 77,

97, 164
fundamental class 1, 6, 9–10, 15,

17–19, 44, 47, 49, 66, 68, 77–78,
85–86, 90, 93–94, 100, 131, 152,
170

Galois field 5, 23, 41–42, 53–54, 56,
90

Gorenstein algebra 5, 9, 12, 13, 16,
57, 146, 148, 150–151, 155

Hall subgroup 29
Hasse–Schmidt differentials 53
Hilbert ideal 81, 91
Hit Problem 4–7, 54, 65, 74, 93,

100, 123, 160
homogeneous component 94–95
Hopf algebra 5, 12, 31–32, 35, 65,

135, 162

ideal quotient 45
ideal,A ∗-invariant 93, 95–97, 99,

105–110, 112–113, 117, 128,
131, 171

ideal,P∗-invariant 54, 56, 62–63,
162–163, 165, 169–170

ideal, ancestor. See ancestor ideal
ideal, irreducible 4–5, 7, 9, 12, 13,

15–19, 31–32, 35, 40, 42, 46, 49–
50, 53–54, 56, 62–63, 90, 133,
135–136, 139, 146, 148, 150–
151, 155–156, 158, 163, 169–170

ideal, over. See over ideal
ideal, parameter. See parameter

ideal
ideal, principal 13, 15
ideal, regular 7, 12, 142, 171

ideals, decreasing chain 97
indecomposable Poincaré duality al-

gebra 11
index sequence 34
injective hull 135
instability condition 161
integral domain 147
integrally closed 147
inverse polynomial 31, 133–134,

137, 158
inverse polynomial algebra 134
inverse principal system 135
inverse system 5, 31, 135, 156, 158,

163, 170
involution 16, 27, 38, 41, 95
irreducible ideal. See ideal, irre-

ducible
isomorphism classes 19
isotropy subgroup 22

Jordan form 24

Krull dimension 146

lighthouse 95, 100
linear form 57
little ancestor ideal. See ancestor

ideal, little
lying over 7, 145–146, 148

Macaulay dual 6, 37, 41–42, 47–48,
85

Macaulay dual of the ideal d2r2,0d2
r

2,1
101

Macaulay dual of the ideal d2t2,0, d2
s−2t

2,1
101–102

Macaulay inverse 135
Macaulay’s double annihilator corre-

spondence 37
Macaulay’s Double Annihilator Theo-

rem. See Double Annihilator The-
orem

Macaulay’s dual principal system.
See dual principal system

Macaulay’s inverse system 135
map of degree one 17
middle associative 10
middle dimension 100
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Mitchell–Stong element 167
Mitchell–Stong element, conjugate.

See conjugate Mitchell–Stong ele-
ment

modular case 2
module ofP∗-indecomposables 65
moduli space 19, 23
Molien’s theorem 27
monomial 66, 68, 70, 72, 75, 78,

89, 93–94, 138
monomial action 70
monomial ideal 37, 42

nil radical 32
node 94
Noether isomorphism theorem 44
Noetherian algebra 15
nondecreasing sequence 100
nondegenerate 10
number theoretic function 111

obstruction 109
orbit 22, 26, 39, 88
orbit space 19, 23
over ideal 14, 41

palindromic 37, 137
paradigm, K L 5, 31, 40, 88–89,

113
parameter ideal 12, 13, 16, 41, 47,

55, 57, 145, 148–149, 151, 159
parameter ideal,P∗-invariant 55
periodicity map 74
periodicity operator 49, 71, 74, 77,

100
Poincaré dual 15–17, 35, 131, 152,

154
Poincaré duality 17–23, 26–29, 31,

35, 37–40, 44, 49, 51, 53–54, 57–
58, 60–63, 65–66, 68–70, 73–74,
76–79, 81, 83, 85–86, 90, 93–94,
99–100, 105, 123, 131, 146–148,
151–154, 158, 160, 164, 168

Poincaré duality algebra 1, 2, 5, 9,
11, 17–23, 26–29, 31, 35, 37–40,
44, 49–51, 53–54, 57–58, 60–63,
65–66, 68–70, 73–74, 76–79, 81,

83, 85–86, 90, 93–94, 99–100,
105, 123, 131, 146–148, 151–
154, 158, 160, 164, 168, 173

Poincaré duality quotient 6, 17–18,
21, 23, 39, 49, 53–54, 63, 65–66,
70, 73, 77, 79, 90, 93, 95, 100,
170

Poincaré duality quotient of F V 12
Poincaré polynomial 95
Poincaré series 20, 27–28, 99, 137,

141
polynomial algebra 155–156
prime ideal 7, 146
primitive element, Milnor 83
principal 47
principal ideal. See ideal, principal
projective space 19
pseudoreflection group 2

rank 12
rank of a Poincaré duality quotient of

F V 12
rank sequence 138
regular ideal. See ideal, regular
regular sequence 12, 49, 66, 81, 86–

87, 94, 142, 145, 148
relative transfer 148
ring extension, finite. See finite ex-

tension
ring of invariants 81
row-echelon form 137

spike 6, 93
split 50–51, 147–148, 151–152
Steenrod algebra 4–7, 53–54, 58,

66, 79, 100, 160, 163, 169–170
Steenrod operation, total 56, 57,

71, 105, 109
Steenrod operations 7, 54, 66, 71
Steenrod square, total 64
Steinberg, R. 2
Stiefel–Whitney class, power of 93
Stiefel–Whitney classes 62, 93, 123
Stiefel-Whitney classes 6
Stong–Tamagawa formulae 82
stripping operation 35
subalgebra,P∗-invariant 86–87
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subspace, codimension one. See
codimension one subspace

support 36, 70, 78
Sylow subgroup 29
symmetric 10
symmetric coinvariants 6
system of parameters 12, 42, 146,

148

Thom class 56, 57, 63–64, 66, 95–
96, 105, 109, 165

Thom–Wu formulae 4
topological space 95
total Steenrod operation. See Steenrod

operation, total
total Steenrod square. See Steenrod

square, total
totalization 13
transition element 14, 15, 41, 43,

142, 149, 151
transition invariant 14
transitive 155
transversal 27
trivial conjugate Wu classes. See con-

jugate Wu classes, trivial
trivial Wu classes. SeeWu classes,

trivial
type, finite 1

unstable algebra (overP∗) 54
unstable algebra 53–54, 56, 163
unstable Poincaré duality algebra
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